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Problem 1: Stars 8 points

A 5-star is the following graph:

Given an undirected graph G = (V, E) and a parameter k, we want to decide whether G contains
at least k vertex-disjoint induced 5-stars. Use color-coding to show that this problem is in FPT.

Solution 1:

We first consider the COLORFUL STARs problem. Here, in addition to a given graph we are also
given a vertex coloring, and for the stars it must hold that all 6k star vertices have pairwise distinct
colors. If we find an FPT algorithm for this problem, then using a (n,6k)-perfect family of hash
functions we also obtain an FPT algorithm for the original problem.

Because in the COLORFUL STARS problem all star vertices must have different colors, each star
uses 6 distinct colors and the colors of two different stars are also all distinct. Hence we try all
possible assignments of colors to stars. Since there are only 6k colors and k stars, the number
of combinations depends only on k. A rough estimate yields O((6k)!). For each assignment we
examine, for every one of the k stars with its associated color set, all 6-tuples of vertices (O(n®)
many) and check whether the six vertices are correctly colored and induce a subgraph isomorphic
to a 5-star. If for some assignment we find suitable vertex sets for all k stars, we output “yes”,
otherwise “no”. Disjointness of the stars is guaranteed by the coloring.

Running time: A (n,6k)-perfect family of hash functions can be constructed in time O(6.4-n-log? n).
Overall, we get an FPT algorithm with runtime

(9(6.4k - (6k)! - n’ - log? n).

1 please turn the page


https://scale.iti.kit.edu/teaching/2026ss/param_algo/

Problem 2: LONGEST CYCLE 14 points

In the problem LoNGEsT CYCLE, we have given a graph G = (V,E) and a parameter k and we
have to decide whether G contains a cycle of length at least k. Provide an FPT algorithm for this
problem.

Hint: Note that there are graphs that do not contain a cycle of length exactly k, but nevertheless
contain a cycle of length at least k.

Solution 2:

In the following, we outline an FPT algorithm that, for a graph G = (V,E) and a parameter k,
decides whether G contains a cycle of length at least k.

We first develop an algorithm that decides whether there is a cycle of length exactly k. For this we
examine every edge {u,v} € E and check whether there exists a path between u and v of length
exactly k. This can be done with the color-coding based FPT algorithm for LONGESTPATH from the
lecture, by attaching leaf vertices ¥’ and v” to u and v, respectively, and giving ¥’ and v” unique
colors so that any colorful path of length k + 2 must use both v” and v’.

We then proceed as follows: for each i between k and 2k we use the above algorithm to test
whether G contains a cycle of length i. If there exists one, we answer “yes”. Otherwise, we contract
an arbitrary edge and continue the search on the resulting graph, repeating this process until the
graph has only constantly many edges left. This is correct because contracting an edge can reduce
the length of the longest cycle by at most a factor of two. Consequently, if G contains a cycle of
length ¢ > 2k, repeated edge contractions will eventually produce a graph in which the longest
cycle length lies between k and 2k (or another sufficiently long cycle is discovered).

Problem 3: Colors and Kernels 4 + 14 = 18 points

This exercise builds on lecture 8 (June 22).

Show that the following problems do not admit polynomial kernels (when parameterized by the
respective k), unless NP C coNP/ poly.

Part (a) CoLorRFUL GRAPH MoOTIF: Given a graph G = (V,E) and a coloring of its vertices into k
colors (not necessarily a proper coloring), does G have a colorful connected subgraph H of size
exactly k?

You can use without proof that CoLoRFUL GRAPH MOTTIF is NP-complete.
Solution 3a:

To rule out the existence of a polynomial kernel under the assumption that NP ¢ coNP/poly, we
need to construct a cross-composition from an NP-hard problem to CoLORFUL GRAPH MOTIF. Since
the problem itself is NP-hard, we use it as the starting point of the composition. That is, we take ¢



“similar” input instances of COLORFUL GRAPH MOTIF x; = (Gy,k), x2 = (Gy,k), ..., x; = (Gy,k). For
the “similarity” of the input instances, we use the same number of colors k in all graphs G;.

We transform them into one instance of COLORFUL GRAPH MOTIF y = (G,k’) by defining H as
the disjoint union of the graphs G; and setting k’ to k. This can be done in time O(m[ai< x| - £).
e[t

Also it simulates a logical OR of the input: if one G; has a colorful connected subgraph of size k,
then this subgraph is also contained in H. And since the parts of H are disjoint, if H contains a
colorful connected subgraph of size k, it lies completely within one graph G;. We can assume that
the parameter k is at most n, so in particular polynomial in rreliaﬁ( |xi| + log t, as required.

1

Part (b) CoLoRrrUL LEFT-RIGHT DOMINATING SET: Given a bipartite graph G with sides of the
bipartition L and R (called the left and right vertices, respectively), and a coloring of L into ¢ colors.
Is there a colorful set X C L of exactly ¢ left vertices that together dominate all right vertices, i.e.,
N(X) = R? The parameter we consider is k = |R| + £.

You can use without proof that CoLoRFUL LEFT-RIGHT DOMINATING SET is NP-complete.
Hint: Construct an instance selector that consists of right vertices.
Solution 3b:

We construct a cross-composition from CoLORFUL LEFT-RIGHT DOMINATING SET to itself. To begin
with, we let ¢ instances x, ...,x; be given. We let the instances be “similar” by requiring the same
number of colors £ and the same number of right vertices r. For an instance x;, we denote its graph
by G; with sides of the bipartition L; and R;.

We construct a bipartite graph H with the same amount of colors as follows. First, we let the left
side of H be the disjoint union of the left sides L; of the input instances, i.e. L = U;ilLi. For the
right side of H, we identify all R; into one set R of size r (note that we can do this since all R; have
the same size). We copy all edges from the input instances over to graph H, using instead of the
right vertices in R; the respective identified vertices in R. Now, the constructed graph is not yet
the logical OR of the input: There could be a solution in H that combines vertices from different
sets L;, although no input instance has a solution on its own.

We fix this by constructing an instance selector gadget, which will consist of additional right
vertices that have to be dominated. The idea is to ensure that once we picked one vertex from a
set L;, there has to exist a set of right vertices that can only be entirely dominated if we choose
the other £ — 1 vertices from the set L; as well. For this, let Lil, Liz, s Lf denote the color classes of
vertex set L;, i.e. Lf is the set of all vertices of color ¢ in L;. Furthermore, let s be the length of the
binary representation of ¢. The instance selector is constructed as follows.

For each bit position & € [s] in the binary representation of ¢, we create the two vertices dJ and
dl, representing the possible bits 0 and 1 at position a. We denote the set of all these vertices
as D. Then, we make ¢ — 1 copies of D (one copy for every color except the first) and call them
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Dy, Ds, ..., D, and denote the copies of df, and d}, in the set D by dj . and d}, .. We add all sets D;
to the set R, i.e. we get the set " = RU (D, U D3 U ... U Dy).

Now, the idea is to connect all left vertices from set L; of the first color with the vertices in
Dy U D5 U...U D, which correspond to the binary representation of i; for every other color ¢ # 1, we
connect all left vertices of color c in L; with all vertices in D, that correspond to the complement
of the binary representation of i. As we will argue below, this construction has the effect that the
set D, can only be dominated by exactly two vertices of two different colors if they lie in the same
set L;. The construction can be formalized as follows.

For an index i € [t], let its binary representation be denoted by bl(i) béi) ... b®D. We define the sets of
corresponding right vertices d.(i) := {dg?c) | @ € [s]} C D, for every color ¢ € {2, ..., £}. For every
i, we connect all left vertices of the first color, i.e. all vertices in Lil, to all (right) vertices in the
set d.(i) for each color ¢ € {2, ..., £}. Then, for each color ¢ # 1, we connect all vertices in L to all
vertices in D, \ d.(i).

We show that the constructed instance is equivalent to the logical OR of the input instances.
Assume there is an index i € [t], such that the input instance x; has a solution X C L;. We take the
same vertices in the graph H to obtain a solution there: the vertices in R are dominated since X
is a solution for x;. And for each color c, the set D, is dominated by X because all vertices in X
are in the same set L; and, hence, the color-1 vertex in X dominates all vertices in d.(i) and the
color-c-vertex in X dominates D, \ d.(i).

For the other direction, let X C L be a colorful set of size ¢ that dominates all vertices in R’.
We claim that X is entirely contained in a left side L; of an input instance x;. To show this, let
¢ € {2,..., £} and assume there are two vertices v,v. € L with colors 1 and ¢ such that v; € L;
and v, € L;. We need to show that then i = j. Consider the right vertices in the set D, of the
instance selector. By definition, v; dominates the set d.(i) and v, dominates the set D, \ d.(j).
Since all remaining solution vertices in X \ {v1,v.} are not adjacent to any vertex in D, it holds
d.(i)u(D.\d.(j)) = D, since X dominates the entire set D,. Since |d.(i)| = |d.(j)| = |D.|/2 (every
bit is either 0 or 1 in the bit representation), this implies that the sets d (i) and D, \ d.(j) are
disjoint. This means that d.(i) = d.(j) and hence, i = j. Therefore, X is contained in L;. Since the
set X in L; also dominates the set R; and is colorful, we get that it is a solution for instance x;.

The reduction runs polynomial in 3", |x;| and our new parameter is |[R’|+ £ = |R|+ Y.\ _, |D | + £ =
IRy + (£~ 1) - 25 + £, which is polynomial in max;[¢] |x;| + log ¢.

Problem 4: CLOSEST STRING 10 bonus points

In this task, you again have to implement a program that solves the CLOSEST STRING problem (in a
simplified variant). We are given k strings of length n. The goal is to find the smallest D such that
there exists a string s* whose Hamming distance to each input string is at most D.



Solve the problem by means of an ILP as presented in lecture 6. You may introduce further opti-
mizations. In the PDF submission, describe which modifications you made to the ILP formulation
from the lecture and any additional insights that helped you solve the problem. Also list for each
instance the smallest D for which you found a solution.

Additionally submit the source code and your obtained solutions (in the format described below)
as a ZIP archive. You receive a point for every instance you solve.

Input file format: The first line contains k, the number of strings. The next k lines each contain a
string. All strings have the same length and consist only of the lowercase letters a-z.

Output file format: One line with a string s* that achieves the minimal Hamming distance to the
given strings.

Hint: With the file validator.py you can compute the Hamming distance of your solution to
the input strings; it reports the maximum over all distances.

Hint: This task requires an ILP solver. Many languages and solvers are available, but Gurobi is
among the best. To use it, however, you need a license. You can obtain a free academic license
with your university e-mail address.

Solution 4:

String Instance Minimum D

Instance 0 72
Instance 1 731
Instance 2 871
Instance 3 8380
Instance 4 86835
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