Parameterized Algoritms

Treewidth: Courcelle’s Theorem and Chordal Graphs

Thomas Blasius
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Courcelle’s theorem

Previously seen
= dynamic program on tree decomposition
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Courcelle’s theorem

Previously seen
= dynamic program on tree decomposition
= yields FPT algorithm for many problems (parameterized by treewidth):

VERTEX COVER MAXCUT STEINER TREE HAMILTON CYCLE LONGEST CYCLE CYCLE PACKING
DOMINATING SET ODD CYCLE TRANSVERSAL LONGEST PATH CONNECTED DOMINATING SET
INDEPENDENT SET FEEDBACK VERTEX SET HAMILTON PATH CONNECTED VERTEX COVER
CHROMATIC NUMBER  CONNECTED FEEDBACK VERTEX SET
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= meta theorem of the form:
if a problem has property XY/, then it is in FPT when parameterized by treewidth
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Courcelle’s theorem

Previously seen
= dynamic program on tree decomposition

= yields FPT algorithm for many problems (parameterized by treewidth):

VERTEX COVER MAXCUT STEINER TREE HAMILTON CYCLE LONGEST CYCLE CYCLE PACKING
DOMINATING SET ODD CYCLE TRANSVERSAL LONGEST PATH CONNECTED DOMINATING SET
INDEPENDENT SET FEEDBACK VERTEX SET HAMILTON PATH CONNECTED VERTEX COVER
CHROMATIC NUMBER  CONNECTED FEEDBACK VERTEX SET

Today

= meta theorem of the form:
if a problem has property XY/, then it is in FPT when parameterized by treewidth

= we don’t prove the theorem here
= put I'll tell you, what XY is
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MSO, on graphs

(MSO = monadic second order logic)

Example: What is the meaning of the following formula?
= (V,E)isagraphand X CV
m forveVandec E,inc(v,e)istrue < visavertex of e
A(X) = Vyg\/ [(Elu1\,€xu cYAv §§ Y)
= (JeceTuvex inc(u, e) Ainc(v,e) AueY Av ¢Y)]
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= solution: A(X) =true & X C V induces a connected graph
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MSO, on graphs

(MSO = monadic second order logic)

Example: What is the meaning of the following formula?
= (V,E)isagraphand X CV
m forveVandec E,inc(v,e)istrue < visavertex of e
AX) =Yycv|(Buvexu EY Av €Y)
= (JeceTuvex inc(u, e) Ainc(v,e) AueY Av ¢Y)]
= solution: A(X) =true & X C V induces a connected graph

What is allowed in MSO,?
Second Order: you can quantify over elements first order: second order:
(first order) and over relations (second order) Vyev Vycv Vycvxv Vycvxvxv
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MSO, on graphs

(MSO = monadic second order logic)

Example: What is the meaning of the following formula?
= (V,E)isagraphand X CV
m forveVandec E,inc(v,e)istrue < visavertex of e
AX) =Yycv|(Buvexu EY Av €Y)
= (JeceTuvex inc(u, e) Ainc(v,e) AueY Av ¢Y)]
= solution: A(X) =true & X C V induces a connected graph

What is allowed in MSO,?

Second Order: you can quantify over elements first order: second order:
(first order) and over relations (second order) Vyev Vycv Yyersv Yycysvxv

not all relations, only sets
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MSO, on graphs

(MSO = monadic second order logic)

Example: What is the meaning of the following formula?
= (V,E)isagraphand X CV
m forveVandec E,inc(v,e)istrue < visavertex of e
AX) =Yycv|(Buvexu EY Av €Y)
= (JeceTuvex inc(u, e) Ainc(v,e) AueY Av ¢Y)]
= solution: A(X) =true & X C V induces a connected graph

What is allowed in MSO,?

Second Order: you can quantify over elements first order: second order:

(first order) and over relations (second order) Vyev Vycv Yyevrsv Yycwsvxv
not all relations, only sets

o> you can quantify over V' and over E Vvev Vece Vvicv VECE

(MSOj: only over V)
AT



Formulating HAMILTONIAN CYCLE in MSO

Express existence of a Hamiltonian cycle in MSO,
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= note: C C E is solution < GJ[C] is connected and 2-regular
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Formulating HAMILTONIAN CYCLE in MSO

Express existence of a Hamiltonian cycle in MSO,
= note: C C E is solution < GJ[C] is connected and 2-regular

= high-level formula: hamiltonian = J¢cce conn(C) AV, ey deg2(v, C)
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Formulating HAMILTONIAN CYCLE in MSO»

Problem: HAMILTONIAN CYCLE
Given a graph G. Does G have a
cycle that visits all vertices? >

Express existence of a Hamiltonian cycle in MSO,
= note: C C E is solution < GJ[C] is connected and 2-regular

= high-level formula: hamiltonian = J¢cce conn(C) AV, ey deg2(v, C)

= connectedness: conn(C) = Vycv |(Fuvevu €Y AV ¢Y)

= (JeccTueyvgy inc(u, €) Ainc(v, e)]
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Formulating HAMILTONIAN CYCLE in MSO»

Problem: HAMILTONIAN CYCLE
Given a graph G. Does G have a
cycle that visits all vertices? >

Express existence of a Hamiltonian cycle in MSO,
= note: C C E is solution < GJ[C] is connected and 2-regular

= high-level formula: hamiltonian = J¢cce conn(C) AV, ey deg2(v, C)

= connectedness: conn(C) = Vycv |(Fuvevu €Y AV ¢Y)

= (JeccTueyvgy inc(u, €) Ainc(v, e)]

L 2-regu|arity: deg2(v, C) — Elel,eQEC [el 7é e N inc(v, e1) A\ inc(v, 62)/\

(Ve3ec inc(v, 63) — (63 — e Ve = 62))]
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Courcelle’s theorem
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Courcelle’s theorem

Example

= property to have a Hamiltonian cycle: can be expressed with a MSO., formula of constant size
= thus: HAMILTONIAN CYCLE parameterized with treewidth is FPT
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Courcelle’s theorem

Example
= property to have a Hamiltonian cycle: can be expressed with a MSO., formula of constant size
= thus: HAMILTONIAN CYCLE parameterized with treewidth is FPT

What are the free variables for?
= useful, if the input is not just the graph but, e.g., consists of G = (V, E) and X C V
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Courcelle’s theorem

Example
= property to have a Hamiltonian cycle: can be expressed with a MSO., formula of constant size
= thus: HAMILTONIAN CYCLE parameterized with treewidth is FPT

What are the free variables for?
= useful, if the input is not just the graph but, e.g., consists of G = (V, E) and X C V

m example: for STEINER TREE, the input consists of a graph and a set of terminal vertices

7 Thomas Blasius — Parameterized Algorithms ﬂ(IT



Courcelle’s theorem — another example

Another example: k-VERTEX COVER
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Courcelle’s theorem — another example

Another example: k-VERTEX COVER
= high-level formula: k-ve = Ixcy (ve(X) A size-k(X))
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Courcelle’s theorem — another example

Another example: k-VERTEX COVER
= high-level formula:

k-ve = dxcv(ve(X) A size-k(X))

= covering all edges: ve(X) = VeceTdvex inc(v, €)
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Courcelle’s theorem — another example

Another example: k-VERTEX COVER
= high-level formula:

k-vc = ngv(VC(X) A\ SiZG—k(X))
= covering all edges: ve(X) = Veeevex inc(v, e)
= at most k vertices:  size-k(X) = V,,

_____ Vkevvo¢X\/---\/Vk%X\/Vo:V1\/V0:V2\/---\/Vk_1:Vk
(for every set of k 4 1 vertices, one is not in X or two are the same vertex)
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Courcelle’s theorem — another example

Another example: k-VERTEX COVER
= high-level formula: k-ve = Ixcy (ve(X) A size-k(X))
= covering all edges: ve(X) = Veeevex inc(v, e)

= at most k vertices:  size-k(X) =V vevv0 € XV Vi & XV =11 Vvo=12V- V1= vk
(for every set of k 4 1 vertices, one is not in X or two are the same vertex)

Note: |¢| = | k-vc| depends on k
= Courcelle’s theorem only gives an FPT-algorithm for parameter k + t
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Courcelle’s theorem — optimization

p
affine function: a(xq, .. ., Xp) = a0 + 2_ aix;
i=1
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Courcelle’s theorem — optimization

P
] affine function: a(xi, ..., = ap + iXi
Example: VERTEX COVER unction: ax(x1, .., xp) = 20 + 2 aix
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Courcelle’s theorem — optimization

P
Example: VERTEX COVER affine function: a(x1, . . ., Xp) = a0 + Y ajx;

i=1

= one free variable X C V
m goal 1: X is a vertex cover: p(X) = vc(X) = Vece3dvex inc(v, e)
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Courcelle’s theorem — optimization

P
Example: VERTEX COVER affine function: a(x1, . . ., Xp) = a0 + Y ajx;

i=1

= one free variable X C V
m goal 1: X is a vertex cover: p(X) = vc(X) = Vece3dvex inc(v, e)
= goal 2: X is minimum among all vertex covers: a(x) = x
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Courcelle’s theorem — optimization

P
Example: VERTEX COVER affine function: a(x1, . . ., Xp) = a0 + Y ajx;

i=1

= one free variable X C V

m goal 1: X is a vertex cover: p(X) = vc(X) = Vece3dvex inc(v, e)

= goal 2: X is minimum among all vertex covers: a(x) = x

= || is constant = VERTEX COVER parameterized by treewidth is FPT

9 Thomas Blasius — Parameterized Algorithms ﬂ(IT



What is the problem?

Another example
= formula ¢(X) with free variables X and T

(p(X) = Vyg\/ [(Hu,veTU cYAv §§ Y)

=(Juvevdeexu €Y Av & Y Alinc(u, e) Ainc(v, e))}
mo(x)=x

= instance: G = (V, E) is the shown graphand T ={B, R, E,A, K} CV

Your task: find X C E, such that a(|X|) is minimized




What is the problem?

Another example
= formula ¢(X) with free variables X and T

(X)) =Vycv |(Guveru €Y AV EY)
=(FuvevIeexu €Y Av €Y Alinc(u, €) Ainc(v, e))]
mo(x)=x
= instance: G = (V, E) is the shown graphand T ={B, R, E,A, K} CV

Your task: find X C E, such that a(|X|) is minimized

Solution: connected subgraph with minimum number of edges that
contains all vertices of T = STEINER TREE




Lecture evaluation

(the exercise sessions are evaluated separately)

1.19 What | liked most: ‘

1.20 What | did not like at all: ‘
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Lecture evaluation

(the exercise sessions are evaluated separately)

What was good and should be kept?
1.19 WhatiHiked-most

How can the lecture be improved?
1.20 Wheat-didrotitie—atalt-
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Lecture evaluation

(the exercise sessions are evaluated separately)

What was good and should be kept? [ l.
H_B

1.19 WheatHikked-mesE

[0t

How can the lecture be improved?
1.20 Wheat-didrotitie—atalt-

https://onlineumfrage.kit.edu/evasys/online.php?p=KATXX

AT
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Interval graphs

Definition Is
= set of nintervals {I, ..., I.}inR —
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Interval graphs

Definition
m set of nintervals {I, .. ., I.}inR — E—
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Interval graphs

I
Definition | —_—
m set of nintervals {I, .. ., I.}inR T = - 7
m graph G = (V,E),V ={wq, ..., Vot E=4{vi,v;} | ;NI # 0}
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Interval graphs

Definition I

= set of nintervals {I, ..., I.}inR T = T

mgraph G = (V,E),V ={w, ..., vpo}, E={{vi,v;} | ;N I; # 0} L5

m [;,..., I, is the interval representation of G V2 va

= g graph is an interval graph < it has an interval representation Vl@
V3
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Interval graphs

Definition ECEN

= set of nintervals {I, ..., I.}inR T = T

mgraphG = (V,E),V ={w,....,va}, E={{vi,v;} | I N I; # 0} L5

m [;,..., I, is the interval representation of G V2 va

= g graph is an interval graph < it has an interval representation V1'<Ia
V3

What is the pathwidth of an interval graph?
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Interval graphs

Definition ECEN

= set of nintervals {I, ..., I.}inR T = T

mgraphG = (V,E),V ={w,....,va}, E={{vi,v;} | I N I; # 0} L5

m [;,..., I, is the interval representation of G V2 va

= g graph is an interval graph < it has an interval representation V1'<Ia
V3

What is the pathwidth of an interval graph?
= let w(G) be the clique number and pw(G) be the pathwidth of G
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Interval graphs

Definition L I

= set of nintervals {I, ..., I.}inR T = T

m graph G = (V,E),V = {w,..., oty E={{vi,v;} | ;N I; # 0} I3

m [;,..., I, is the interval representation of G V2 va

= g graph is an interval graph < it has an interval representation V1'<Ia
V3

What is the pathwidth of an interval graph?
= let w(G) be the clique number and pw(G) be the pathwidth of G

= then: pW(G) < w(G) —1 (interval representation yields path decomposition)
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Interval graphs

Definition

= set of nintervals {I, ..., I.}inR

m graph G = (V,E),V ={wq, ..., Vot E=4{vi,v;} | ;NI # 0}
m Iy,...,1I,is the interval representation of G

m g graphis an interval graph < it has an interval representation

What is the pathwidth of an interval graph?
= let w(G) be the clique number and pw(G) be the pathwidth of G

= then: pW(G) < w(G) —1 (interval representation yields path decomposition)

®m and: pW(G) > w(G) —1 (vertices of a clique must share a bag)

Is
I 1 I3 I 4
V2
V4
" Q
V3 Vs
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Interval graphs

Definition I

= set of nintervals {I, ..., I.}inR T = T

mgraph G = (V,E),V ={w, ..., vpo}, E={{vi,v;} | ;N I; # 0} L5

m [;,..., I, is the interval representation of G V2 va

= g graph is an interval graph < it has an interval representation Vl@
V3 Vs

What is the pathwidth of an interval graph?

= let w(G) be the clique number and pw(G) be the pathwidth of G
= then: pW(G) < w(G) —1 (interval representation yields path decomposition)

= and: pw(G) > w(G) — 1 (vertices of a clique must share a bag) } = pw(6) =wl6) ~1
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Interval graphs

Definition I

= set of nintervals {I, ..., I.}inR T = T

mgraph G = (V,E),V ={w, ..., vpo}, E={{vi,v;} | ;N I; # 0} L5

m [;,..., I, is the interval representation of G V2 va

= g graph is an interval graph < it has an interval representation Vl@
V3

What is the pathwidth of an interval graph?

= let w(G) be the clique number and pw(G) be the pathwidth of G
= then: pW(G) < w(G) —1 (interval representation yields path decomposition)

= and: pw(G) > w(G) — 1 (vertices of a clique must share a bag) } = pw(6) =wl6) ~1

Interval width
= interval-width(G) = min{w(G’) | G € G"and G" is an interval graph}
= = pw(G) = interval-width(G) — 1
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Chordal graphs

interval graph interval representation subpaths of a path chordal graph subtrees of a tree
V2 V: V5 V6 V6
I I4 V3 Vi V2L Ly
I3
v3 Vs V3 ./‘\.
V5 V].. V3 .V5

13 Thomas Blasius — Parameterized Algorithms ﬂ(IT



Chordal graphs

interval graph interval representation subpaths of a path chordal graph subtrees of a tree

V2 V5 Vo6 Vo6

V2 I Is
% Q I T I, V3 Vi vol Lva
V3 3

Vs V3 o/.\c
V5 V- . V3 .

Equivalent definition
m G chordal < G has no induced cycle of length at least 4
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Chordal graphs

interval graph interval representation subpaths of a path chordal graph subtrees of a tree

V2 V5 Vo6 Vo6

V — Z
1 ‘<Ia I T I, V3 Vi Vo L Ly
V3 3

Vs V3 o Ve
V5 V].. 3 .

Equivalent definition
m G chordal < G has no induced cycle of length at least 4

V5

Chordal width
m chordal-width(G) = min{w(G") | G C G’ and G’ is chordal}

® = tw(G) = chordal-width(G) — 1

13 Thomas Blasius — Parameterized Algorithms ﬂ(IT



Wrap-Up

Courcelle’s theorem
= problem can be formulated in MSO, = FPT when parameterized by treewidth
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m powerful tool, as many problems can be formulated in MSO»
= Warning: Courcelle yields really bad running times:
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= problem can be formulated in MSO, = FPT when parameterized by treewidth
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- f(k) is multi-exponential; think of: 22"
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m powerful tool, as many problems can be formulated in MSO»
= Warning: Courcelle yields really bad runnlng times:
- f(k) is multi-exponential; think of: 22~

- height of the power tower is not bounded by a constant
(linear in the number of alternations between V and )
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Wrap-Up

Courcelle’s theorem
= problem can be formulated in MSO, = FPT when parameterized by treewidth

m powerful tool, as many problems can be formulated in MSO»
= Warning: Courcelle yields really bad runnlng times:
- f(k) is multi-exponential; think of: 22~

- height of the power tower is not bounded by a constant
(linear in the number of alternations between V and )

Chordal graphs
= treewidth = smallest clique number of chordal supergraph
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Wrap-Up

Courcelle’s theorem
= problem can be formulated in MSO, = FPT when parameterized by treewidth

m powerful tool, as many problems can be formulated in MSO»
= Warning: Courcelle yields really bad runnlng times:
- f(k) is multi-exponential; think of: 22~

- height of the power tower is not bounded by a constant
(linear in the number of alternations between V and )

Chordal graphs
= treewidth = smallest clique number of chordal supergraph

= cligue number and optimal tree decomposition of chordal graphs can be computed efficiently
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