Parameterized Algoritms

Exercise 6 — Sheet 5, Evaluation, Treewidth

Elly, Jean-Pierre, Wendy
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Given a bipartite graph G with sides L and R and a
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What do you think about things?

= ratio: sheets vs problem solving vs solutions?
(should one of them be shorter/longer?)

= difficulty level of problems during exercises?
= topics you would have wanted more/less focus on?

= comments on problem sheets and grading/correction?

= don’t forget telling us what you liked :)

https://onlineumfrage.kit.edu/evasys/online.php?p=6F1T3
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Recap: Treewidth G

Tree decomposition of a graph G = (V, E)
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T X1 X2 X3 X4
E X5
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Show the following statements: = two-player game on graphs, where ¢
cops want to catch one robber

Every tree with more than one vertex has treewidth 1. B beginning: cops choose their starting

2 vertices, then robber chooses a vertex

In each round:

For each k € N, the k x k-grid has treewidth at most k. "
ok B one cop announces new position v € V

and enters helicopter

... atleast k. 3% -
® robber may move arbitrarily far along
edges, but not through cops
® cop lands at position v
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Game Over: robber loses if colocated
with cop at round end
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TreeW|dth Of GrIdS Further reading:

For each k € N, the k x k-grid has treewidth at least k.

k—1

Treewidth Lower Bounds with Brambles (Bodlaender, Grigoriev, Koster)
https://link.springer.com/article/10.1007/s00453-007-9056-z

Graph Theory (Diestel) — c.f. Theorem 12.4.3 (In Fifth Edition)
https://daiwz.net/course/disc_math/2023/Diestel_Graph_Theory.pdf

smallest
hitting set

set S of vertices s.t. every subgraph in
the bramble contains a vertex from S

k—1 “crosses”

8 Elly, Jean-Pierre, Wendy — Parameterized Algorithms
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Every Clique Lives in a Bag

Proof: Induction over |C|

For each clique C in a graph G, every tree decomposition of G has a bag X; with C C X;

® |C| = 2: Cis an edge, so claim follows from definition of tree decomposition

assume we find a bag for all cliques smaller than |C]

let C' = C\ {v}withveC

consider subtree T of bags that contain C’

and subtree /', of bags that contain v

if T N

+ (): done v/

contains C
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Proof: Induction over |C|

® |C| = 2: Cis an edge, so claim follows from definition of tree decomposition

assume we find a bag for all cliques smaller than |C]

let C' = C\ {v}withveC

For each clique C in a graph G, every tree decomposition of G has a bag X; with C C X;

consider subtree T of bags that contain C’
and subtree /', of bags that contain v

if Tcr0T, # 0: done v/

else: consider the bag X of

that is closest to 7«
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Every Clique Lives in a Bag

For each clique C in a graph G, every tree decomposition of G has a bag X; with C C X;

Proof: Induction over |C|

® |C| = 2: Cis an edge, so claim follows from definition of tree decomposition

assume we find a bag for all cliques smaller than |C]
let C' = C\ {v}withveC

consider subtree T of bags that contain C’
and subtree /', of bags that contain v

if Tcr0T, # 0: done v/
else: consider the bag X of /', that is closest to 7
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Every Clique Lives in a Bag

For each clique C in a graph G, every tree decomposition of G has a bag X; with C C X;

Proof: Induction over |C|

® |C| = 2: Cis an edge, so claim follows from definition of tree decomposition

assume we find a bag for all cliques smaller than |C]
let C' = C\ {v}withveC

consider subtree T of bags that contain C’
and subtree /', of bags that contain v

if Tcr0T, # 0: done v/
else: consider the bag X of /', that is closest to 7

there is vertex v/ € C’ that is not contained in X
— V' is not contained in since T,/ is connected

edge v, v’ is not contained together in any bag! f

tree decomposition
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Cops and Robber

In a connected graph with treewidth < k,
there is a winning strategy for k+1 cops.

Graph Searching and a Min-Max Theorem for Tree-Width (Seymour & Thomas)
https://www.sciencedirect.com/science/article/pii/S0095895683710270
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