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Recap: Kernelization via LP relaxation

G1

G0

G 1
2Reduction rule

solve the LP relaxation → (xv )v∈V

if
P

v∈V xv > k : constant size no-instance

otherwise: delete V0 ∪ V1 and reduce k by |V1| → G 1
2

is the kernel

P
v∈V

xvminimize:

such that:
0 ≤ xv ≤ 1 for v ∈ V
xu + xv ≥ 1 for uv ∈ E

Lemma: The reduction rule is safe.
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Recap: Bounded search tree

Problem: VERTEX COVER
Given a graph G = (V; E) and a parameter k . Does G
have a vertex cover of size k?

(vertex set V ′ ⊆ V with
e ∩ V ′ ̸= ∅ for all e ∈ E)

Is there a vertex cover of
size at most k = 3?
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Recap: Bounded search tree

Problem: VERTEX COVER
Given a graph G = (V; E) and a parameter k . Does G
have a vertex cover of size k?

(vertex set V ′ ⊆ V with
e ∩ V ′ ̸= ∅ for all e ∈ E)

Simple branching algorithm
start: V ′ = ∅ → no edge covered

step: branch on uncovered edge

Is there a vertex cover of
size at most k = 3?

edge {u; v} is uncovered
⇒ u or v must be selected

→ binary decision

solution of size 3

stop if: all edges covered or
already k vertices selected

running time: O(2km)
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Kernelization and search trees

Branch-and-reduce
apply reduction rules whenever possible
no rule applicable: branch once
for VERTEX COVER: highly efficient in practice

branch reduce

FPT perspective
explains why this works well in practice

O(2kn) does not explain much
if n = 1:1M and k = 0:9M

Akibaa, Iwata: Branch-and-reduce exponential/FPT algorithms
in practice: A case study of vertex cover (2016)

solution size is not a good parameter here
better: solution size − value of the LP solution

Really?
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Parameterization above lower bound

Solution size and lower bounds
denote the size of a minimum vertex cover of G with vc(G)

let ‘(G) be a lower bound on vc(G), i.e., we know vc(G) ≥ ‘(G)

so far: parameter vc(G); now: parameter vc(G)− ‘(G)
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Parameterization above lower bound

Solution size and lower bounds
denote the size of a minimum vertex cover of G with vc(G)

let ‘(G) be a lower bound on vc(G), i.e., we know vc(G) ≥ ‘(G)

so far: parameter vc(G); now: parameter vc(G)− ‘(G)

‘LP(G) = optimal solution of the LP-relaxation

Problem: VERTEX COVER ABOVE LP
Given a graph G = (V; E) and a parameter k . Does G
have a vertex cover of size ‘LP(G) + k?

(vertex set V ′ ⊆ V with
e ∩ V ′ ̸= ∅ for all e ∈ E)

Plan for today
FPT algorithm for VERTEX COVER ABOVE LP
note: vc(G) (previous parameter) can be much bigger than vc(G)− ‘LP(G) (new parameter)
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Branch-and-reduce: How does k change?

Reduce: if the LP relaxation has a solution with G 1
2
( G, reduce to G 1

2

G1

G0

G 1
2
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Branch-and-reduce: How does k change?

Reduce: if the LP relaxation has a solution with G 1
2
( G, reduce to G 1

2

Branch: for an edge uv , consider the child instances G − u and G − v

How to adjust the parameter?

G1

G0

G 1
2
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target solution size
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G1
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G 1
2

|
{z

}

k

target solution size

k

|
{z

}
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Problem: VERTEX COVER ABOVE LP
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Branch-and-reduce: How does ‘LP change?

Reduce: if the LP relaxation has a solution with G 1
2
( G, reduce to G 1

2

Branch: for an edge uv , consider the child instances G − u and G − v
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Branch-and-reduce: How does ‘LP change?

Reduce: if the LP relaxation has a solution with G 1
2
( G, reduce to G 1

2

Branch: for an edge uv , consider the child instances G − u and G − v

G1

G0

G 1
2

Reduction rule
we add |V1| vertices to the vertex cover

target solution size

lower bound

target solution size

lower bound

selected vertices

lower bound change

|{z}
|{z}

|
{z

}

k

|
{z

}

k

|V1|
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2
) = ‘LP(G)− |V1|
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|
{z

}
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1 vertex is added to the vertex cover

next slide: ‘LP shrinks by 1
2

this implies: the parameter k shrinks by 1
2

1

1
2
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How does ‘LP(G − v) compare to ‘LP(G)?

Lemma
We cannot apply the reduction rule (i.e., setting xv = 1

2 for all v ∈ V is the only LP-solution) if
and only if ‘LP(G − v) = ‘LP(G)− 1

2 for all v ∈ V .
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How does ‘LP(G − v) compare to ‘LP(G)?

Proof for “⇐”: xv = 1
2 is only LP-solution ⇐ ‘LP(G − v) = ‘LP(G)− 1

2 (for all v ∈ V )

Lemma
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How does ‘LP(G − v) compare to ‘LP(G)?

assume there is a LP-solution with xv = 1 for a vertex v

Proof for “⇐”: xv = 1
2 is only LP-solution ⇐ ‘LP(G − v) = ‘LP(G)− 1

2 (for all v ∈ V )

Lemma
We cannot apply the reduction rule (i.e., setting xv = 1

2 for all v ∈ V is the only LP-solution) if
and only if ‘LP(G − v) = ‘LP(G)− 1

2 for all v ∈ V .

1

1
2

1
2

1
2

v
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Running time

Lemma
We cannot apply the reduction rule (i.e., setting xv = 1

2 for all v ∈ V is the only LP-solution) if
and only if ‘LP(G − v) = ‘LP(G)− 1

2 for all v ∈ V .

Branching rule
1 vertex is added to the vertex cover

previous slide: ‘LP shrinks by 1
2

this implies: the parameter k shrinks by 1
2
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Running time

Lemma
We cannot apply the reduction rule (i.e., setting xv = 1

2 for all v ∈ V is the only LP-solution) if
and only if ‘LP(G − v) = ‘LP(G)− 1

2 for all v ∈ V .

Branching rule
1 vertex is added to the vertex cover

previous slide: ‘LP shrinks by 1
2

this implies: the parameter k shrinks by 1
2

search tree height ≤ 2k ⇒ 22k = 4k leaves

Reduction rule

How can we check that every LP-solution has xv = 1
2 for all v ∈ V ?

|{
z}
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Running time

Lemma
We cannot apply the reduction rule (i.e., setting xv = 1

2 for all v ∈ V is the only LP-solution) if
and only if ‘LP(G − v) = ‘LP(G)− 1

2 for all v ∈ V .

Branching rule
1 vertex is added to the vertex cover

previous slide: ‘LP shrinks by 1
2

this implies: the parameter k shrinks by 1
2

search tree height ≤ 2k ⇒ 22k = 4k leaves

Reduction rule
solve the LP for G − v for every v ∈ V
lemma: reduction applicable ⇒ we find v ∈ V with ‘LP(G − v) < ‘LP(G)− 1

2

note: this means that there is an optimal LP-solution with xv = 1
|{

z}
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Wrap-Up: VERTEX COVER ABOVE LP

Problem: VERTEX COVER ABOVE LP
Given a graph G = (V; E) and a parameter k . Does G
have a vertex cover of size ‘LP(G) + k?

(vertex set V ′ ⊆ V with
e ∩ V ′ ̸= ∅ for all e ∈ E)

Theorem
There is an FPT algorithm for VERTEX COVER ABOVE LP with running time 4k · nO(1).

Branch-and-reduce
reduce if possible using LP-relaxation
if reduction not possible: branching makes progress (even above lower bound)
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How long is the break?

min.: B + r + e + a+ k

such that: B + k ≥ 2
r − e ≥ 2
2e + a ≥ 1
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Optimal solution (value 5):
B = 1, r = 2:5, e = 0:5, a = 0, k = 1
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How long is the break?

Optimal solution (value 5):
B = 1, r = 2:5, e = 0:5, a = 0, k = 1

Why is there no better solution?

min.: B + r + e + a+ k

such that: B + k ≥ 2
r − e ≥ 2
2e + a ≥ 1
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Finding upper bounds

Goal: Find an upper bound for the optimal solution maximize: 2x1 + 3x2

such that: 4x1 + 8x2 ≤ 12

2x1 + 1x2 ≤ 3

3x1 + 2x2 ≤ 4

x1; x2 ≥ 0
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Why do we need this?additionally require y1; y2; y3 ≥ 0
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Matrix form

maximize: 2x1 + 3x2

such that: 4x1 + 8x2 ≤ 12

2x1 + 1x2 ≤ 3

3x1 + 2x2 ≤ 4

x1; x2 ≥ 0

minimize: 12y1 + 3y2 + 4y3

such that: 4y1 + 2y2 + 3y3 ≥ 2

8y1 + 1y2 + 2y3 ≥ 3

y1; y2; y3 ≥ 0

Dual linear programPrimal linear program
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Duality theorem

Theorem (without proof)
For the linear programs

maximize cT x with Ax ≤ b and x ≥ 0 and (P)

minimize bT y with AT y ≥ c and y ≥ 0; (D)

exactly one of the following statements holds:
Neither (P) nor (D) has a feasible solution.
(P) is unbounded and (D) has no feasible solution or vice versa.
Both have feasible solutions. Then the maximum of (P) equals the minimum of (D).
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Duality theorem

Notes
the dual yields a perfect upper bound for the primal
works for arbitrary LPs; not just ones in the above form

Theorem (without proof)
For the linear programs

maximize cT x with Ax ≤ b and x ≥ 0 and (P)

minimize bT y with AT y ≥ c and y ≥ 0; (D)

exactly one of the following statements holds:
Neither (P) nor (D) has a feasible solution.
(P) is unbounded and (D) has no feasible solution or vice versa.
Both have feasible solutions. Then the maximum of (P) equals the minimum of (D).

relation to vertex cover: the dual can be a nice tool to get a different perspective → exercise
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Back to FPT: Lenstra’s theorem

Theorem (without proof)
For A ∈ Zm×n and b ∈ Zm, one can answer the question whether there exists an x ∈ Nn with
Ax ≤ b in O(n2;5n|A; b|) time, where |A; b| is the length of the binary encoding of the instance.



Thomas Bläsius – Parameterized Algorithms16

Back to FPT: Lenstra’s theorem

It follows
ILP (as decision problem) with parameter n = (number of variables) is in FPT

Theorem (without proof)
For A ∈ Zm×n and b ∈ Zm, one can answer the question whether there exists an x ∈ Nn with
Ax ≤ b in O(n2;5n|A; b|) time, where |A; b| is the length of the binary encoding of the instance.

(n is also called the dimension of the ILP)



Thomas Bläsius – Parameterized Algorithms16

Back to FPT: Lenstra’s theorem

It follows
ILP (as decision problem) with parameter n = (number of variables) is in FPT
number of inequalities contributes only polynomially to the running time
size of the numbers contributes only logarithmically to the running time

Theorem (without proof)
For A ∈ Zm×n and b ∈ Zm, one can answer the question whether there exists an x ∈ Nn with
Ax ≤ b in O(n2;5n|A; b|) time, where |A; b| is the length of the binary encoding of the instance.

(n is also called the dimension of the ILP)



Thomas Bläsius – Parameterized Algorithms16

Back to FPT: Lenstra’s theorem

It follows
ILP (as decision problem) with parameter n = (number of variables) is in FPT
number of inequalities contributes only polynomially to the running time
size of the numbers contributes only logarithmically to the running time

Theorem (without proof)
For A ∈ Zm×n and b ∈ Zm, one can answer the question whether there exists an x ∈ Nn with
Ax ≤ b in O(n2;5n|A; b|) time, where |A; b| is the length of the binary encoding of the instance.

(n is also called the dimension of the ILP)

Metatheorem
A parameterized problem with parameter k that can be formulated as an ILP with f (k) many
variables is in FPT.
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Example: CLOSEST STRING

s1
s2
s3

A
C
F

A
B
B

B
B
A

C
D
E

F
A
F

G
G
C

D
D
A

C
B
C

G
G
G

E
B
B

B
E
B

Problem: CLOSEST STRING
Given k strings s1; : : : ; sk ∈ Σn and d ∈ N. Is there a string
s ∈ Σn, that has Hamming distance at most d for every si?

(k is our parameter)
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Wrap-Up

Theorem
There is an FPT algorithm for VERTEX COVER ABOVE LP with running time 4k · nO(1).
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Wrap-Up

Theorem
There is an FPT algorithm for VERTEX COVER ABOVE LP with running time 4k · nO(1).

Other lower bounds
the size of a maximum matching ‘M(G) is also a lower bound
from duality it follows: ‘M(G) ≤ ‘LP(G) ⇒ today’s algo is also FPT for VC ABOVE MATCHING

(see exercise sheet)

one can show: 2‘LP(G)− ‘M(G) is also a lower bound
VERTEX COVER ABOVE 2‘LP(G)− ‘M(G) is also FPT

(and it is stronger)

Duality
systematic calculation of upper bounds
strong duality theorem: very useful tool in many areas
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