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Retrigvars

Thomas Blasius — Parameterized Algorithms

The Tree of Life
This drmwing Busrates the phylogeny of organiams, |e.. the history of arganismal
Eneages as they change through time, a5 documented by the Tres of Life Wab Project.

Each dof represents 2 species or & growp, ane s firked o i= containing group by an edge.

the projs ) on 9182011
Atotal of 83891 spedies and groups were found on the sie, a smal sample.
of the estimated miions of species on Earth today.

stogencresesy Vien 0. ATAT s - Fseoe
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This drmwing Busrates the phylogeny of organiams, |e.. the history of arganismal

Eneages as they change thiough e, a5 documented by the Tres of Life Wab Project

Esch dot represents a species or & group, and fs irked to it containing group by an edge.
the projs on 4182011

A tatal of 83841 species and groups were found on the sie, a smal sample

of the estimated miions of species on Earth today.
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Phylogenetic trees
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— are often generated automatically, e.g., based on DNA sequencing
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Phylogenetic trees

— are often generated automatically, e.g., based on DNA sequencing

Problem

= different algorithms yield different trees

m different data (e.g., due to measuring errors) yield different trees

= How to compare different trees T; and T, on the same set of leaves L? T T,

Maximum agreement forest % %

m forest F of full binary trees with leaves L

= trees in F are contained in T; and T, (as minors) F I
= minimize the number of trees in F \
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What does this mean exactly?

Leaf-induced subtrees T S
m |et T be a tree with leaves L(T) and let S C L(T)
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= let T be a tree with leaves L(T) and let S C L(T) T(5) T3]

= 7(S) = minimal subtree of T that contains S
= contract all vertices of degree 2in T(S) — T[S] T,

F
Agreement forest \ |
= |et F be a forest consisting of the trees m; T

m 77 and T, are trees (same leaves L(T1) = L(T,) = L(F))
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What does this mean exactly?

Leaf-induced subtrees T S x
= let T be a tree with leaves L(T) and let S C L(T) T(5) T3]

= 7(S) = minimal subtree of T that contains S
= contract all vertices of degree 2in T(S) — T[S] T, F

Agreement forest % ’\ I

= |et F be a forest consisting of the trees 74, .. ., T
m 77 and T, are trees (same leaves L(T1) = L(T,) = L(F))
= F is an agreement forest of T; and 75, if:
- each 7; included in T; and 7»: Tl[L('T,)] = TQ[L(’T,)] = T;
- disjoint 7s: T(L(7;)) N T(L(;)) = 0 (for T € {Ty, To}) ot st

Problem: MAXIMUM AGREEMENT FOREST
Given T1, T,, and a parameter k. Is there an agreement forest of at most k trees?
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Plan: Kernelization

Goal F

T
= find a kernelization algorithm — polynomial reduction rules \ I
= size of the resulting trees only depends on k

T1 T2

<
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= find a kernelization algorithm — polynomial reduction rules \ I

m size of the resulting trees only depends on k T
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<
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Plan: Kernelization

Problem: MAXIMUM AGREEMENT FOREST
Given T1, T,, and a parameter k. Is there an agreement forest of at most k trees?

Goal
= find a kernelization algorithm — polynomial reduction rules

\ X
= size of the resulting trees only depends on k % T
Suggestions?

Before we start reducing: What is the goal? T

m size of the resulting trees only depends on k

= glightly stronger but more specific claim: ‘Wj/\.{
- every tree in the agreement forest has few leaves
- implies: few leaves overall = small instance

T

= Which tree structures contradict this claim? Can we remove them using reduction rules?
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Counterexample
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Undesirable tree structure (1)

Counterexample

= T; and T, may share a subtree T’ with many leaves
= in the agreement forest, T’ could be one of the 7;

7 Thomas Blasius — Parameterized Algorithms

AKIT



Undesirable tree structure (1)

Counterexample
= T; and T, may share a subtree T’ with many leaves
= in the agreement forest, T’ could be one of the 74, .. ., Tk

Reduction rule 1

7 Thomas Blasius — Parameterized Algorithms ﬂ(IT



Undesirable tree structure (1)

Counterexample
= T; and T, may share a subtree T’ with many leaves
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Undesirable tree structure (1)

Counterexample
= T; and T, may share a subtree T’ with many leaves
= in the agreement forest, T’ could be one of the 7, ..., 7«

Reduction rule 1
= find edges in T; and T> that cut off the same subtree T’

= replace T’ by a leaf with a new label (same label in T; and T5)

Proof: next slide

7 Thomas Blasius — Parameterized Algorithms
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Reduction rule 1

Reduction rule 1
= find edges in T; and T, that cut off the same subtree T’

= replace T’ by a leaf with a new label (same label in T; and T5)

! |
Proof ! !

= let F' be an agreement forest of the new instance and let 7; be the tree with the new leaf in F’
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Reduction rule 1

Reduction rule 1
= find edges in T; and T, that cut off the same subtree T’

= replace T’ by a leaf with a new label (same label in T; and T5)

! |
Proof ! !

= let F' be an agreement forest of the new instance and let 7; be the tree with the new leaf in F’
= replace this leaf in 7{ by T’ — agreement forest of the same size for T; and 7>
= other direction: similar
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Reduction rule 1

Reduction rule 1
= find edges in T; and T, that cut off the same subtree T’

= replace T’ by a leaf with a new label (same label in T; and T5)

! |
Proof ! !

= let F' be an agreement forest of the new instance and let 7; be the tree with the new leaf in F’
= replace this leaf in 7{ by T’ — agreement forest of the same size for T; and 7>

m other direction: similar
= polynomial running time: for example by
iteratively eating “cherries” — Y Y
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Example

Solve this instance of MAXIMUM AGREEMENT FOREST

T]_ T2
N RE 2
(1B

SMI [ 1B
AK

7 RE smi N
AK

F sMmI >_< N o 7|
AK (1B e RE
= solution has size 3
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Undesirable tree structures 2

Counterexample

10 Thomas Blasius — Parame terized Algorithms ﬂ(IT



Undesirable tree structures 2

Counterexample
= many leaves in a shared subtree
1 2 3 r 1 2 3 r
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Undesirable tree structures 2

Counterexample

= many leaves in a shared subtree
Reduction rule 2 b & & b bbb b
= find path with attached leaves ¢;,...,£,in T; and T5 \ \

= replace the path by a vertex with a new leaf H ‘—I—.
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Undesirable tree structures 2

Claim: Every tree of the agreement forest has only few leaves. (after applying reduction rule 1)

Counterexample

= many leaves in a shared subtree
Reduction rule 2 b & & b bbb b
= find path with attached leaves ¢;,...,£,in T; and T5 \ '

= replace the path by a vertex with a new leaf I>_T_<> O—T—'
Is this rule safe?
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Undesirable tree structures 2

Claim: Every tree of the agreement forest has only few leaves. (after applying reduction rule 1)

Counterexample
= many leaves in a shared subtree
2 3 r 2 3 r

Reduction rule 2
= find path with attached leaves {1, £, inTyand 75

1 1
= replace the path by a vertex with a new leaf I>_T_<> O—T—'
Problem
= number of required trees may be reduced Is this rule safe?

requires three trees one tree suffices
Kl e2 r el £2 r
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Undesirable tree structures 2

Counterexample
= many leaves in a shared subtree

Reduction rule 2
= find path with attached leaves 41, ...,¢,in Ty and T,

- \ :
= replace it with a path of length three (three new leaves) w ‘_I_I_I_'

L b b3 4, L b &3 4,
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Undesirable tree structures 2

Counterexample
= many leaves in a shared subtree

Reduction rule 2
= find path with attached leaves ¢1,...,4,in T and T, \ '
= replace it with a path of length three (three new leaves) >_I_I_I_’ ‘_I_I_I_'

L b b3 4, L b &3 4,

Proof
m case distinction (not here; but not very difficult)
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Undesirable tree structures 2

Counterexample
= many leaves in a shared subtree

Reduction rule 2 b b b L 0L b 6 4

= find path with attached leaves 41, ...,¢,in Ty and T,

\ .
= replace it with a path of length three (three new leaves) w ‘_I_I_I_'

Proof
m case distinction (not here; but not very difficult)

= polynomial running time: for example by iteratively shortening paths of length 4
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Undesirable tree structures 3

Counterexample
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Undesirable tree structures 3

Counterexample
= many leaves in a shared subtree "[‘[‘II[‘I‘[II’ FHII"HIIT

abc def 8 ab cde f8&8
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Undesirable tree structures 3

Claim: Every tree of the agreement forest has only few leaves. (after applying rules 1 and 2)
Counterexample Z fi fi ﬁ
= many leaves in a shared subtree
abc def & de

Is this really a problem?
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Undesirable tree structures 3

Claim: Every tree of the agreement forest has only few leaves. (after applying rules 1 and 2)
Counterexample Z fi fi ﬁ
= many leaves in a shared subtree
abc def 8§ de

Amortized perspective

' ' Is this really a problem?
m after every three leaves, we see different subtrees

® each of them yields at least one tree in the agreement forest (ifa, b, c d, ... areallinthe same tree)
= few trees in the agreement forest = few leaves

Are we sure, there are no other undesirable structures?
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Undesirable tree structures 3

Claim: Every tree of the agreement forest has only few leaves. (after applying rules 1 and 2)
Counterexample Z fi fi ﬁ
= many leaves in a shared subtree
abc def 8§ de

Amortized perspective

' ' Is this really a problem?
m after every three leaves, we see different subtrees

® each of them yields at least one tree in the agreement forest (ifa, b, c d, ... areallinthe same tree)
= few trees in the agreement forest = few leaves

Lemma

Exhaustively applying reduction rules 1 and 2 to a yes-instance yields an equivalent instance
with at most ck leaves (for a small constant c).

AKIT



Rough plan of action

The degree of a subtree T T2 T
= contract atree 7 of F in T; to a single node (i € {1,2}) % ‘Wj/\.{' ./'L'
= |et deg;(7) be the degree of the resulting node

deg,(1) =1 deg,(17) =2
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Rough plan of action

The degree of a subtree T T T
m contract a tree T of F in T; to a single node (i € {1, 2}) % ‘?:.(, ./'L'
= |et deg;(7) be the degree of the resulting node

Amortized perspective (as before, but more formal) deg, (1) =1 degy(T) =2
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Rough plan of action

The degree of a subtree T T T

m contract a tree T of F in T; to a single node (i € {1, 2}) % ‘?:.(, ./'L.
= |et deg;(7) be the degree of the resulting node

Amortized perspective (as before, but more formal) degy(T) =1 degy(7) =2

= 7 splits T; into deg;(7) subtrees
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Rough plan of action

The degree of a subtree T T T

m contract a tree T of F in T; to a single node (i € {1, 2}) % ,gi}, ./'L'
= |et deg;(7) be the degree of the resulting node

Amortized perspective (as before, but more formal) degy(T) =1 degy(7) =2

= 7 splits T; into deg;(7) subtrees
= it follows: big degree deg;(7) = many trees in F
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Rough plan of action

The degree of a subtree T T2 T

m contract atree T of F in T; to a single node (i € {1, 2}) % l
= |et deg;(7) be the degree of the resulting node

Amortized perspective (as before, but more formal) degy(r) =1 degy(r) =2

= 7 splits T; into deg;(7) subtrees
= it follows: big degree deg;(7) = many trees in F
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Rough plan of action

The degree of a subtree T T>
m contract a tree T of F in T; to a single node (i € {1, 2}) %

= |et deg;(7) be the degree of the resulting node

Amortized perspective (as before, but more formal) L=
= 7 splits T; into deg;(7) subtrees

= it follows: big degree deg;(7) = many trees in F
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The sum of degrees is low

Proof T

m contracteach tof FinT; — tree T

contract T;
e

T5
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The sum of degrees is low

Proof T

m contracteachtof FinT; —tree T
= summing all degrees in T

Z deg(v) =2m =2n — 2
veV(T)

contract T;
e

T5
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The sum of degrees is low

Proof T uncontracted
m contracteach tof FinT; — tree T

] ] contract T; l
= summing all degrees in T -

T5

Z deg(v) =2m =2n—2
veV(T)

™)

m vertex v of T is either: one of the k trees 7; or an uncontracted vertex of T; with degree 3
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The sum of degrees is low

Proof T o
m contracteach T of FinT; — tree T uncontracte
H . contract T;
= summing all degrees in T: — l
T5
S deg(v) =2m=2n-2
veVv(T) @

m vertex v of T is either: one of the k trees 7; or an uncontracted vertex of T; with degree 3
= |et n3 be the number of uncontracted vertices; then:

3n3+ > deg;(1) =2(k + n3) — 2

T€F
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The sum of degrees is low

Proof T o
m contracteach T of FinT; — tree T uncontracte
H . contract T;
= summing all degrees in T: — l
T5
S deg(v) =2m=2n-2
veVv(T) @

m vertex v of T is either: one of the k trees 7; or an uncontracted vertex of T; with degree 3
= |et n3 be the number of uncontracted vertices; then:

3ns + Zdeg,('r) =2(k+m)—2 = n3+ Zdegi('r) =2k-2 = Z deg;(1) <2k —2

T€F TEF T€F
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Trees of low degree have few leaves
abc def &8

ab cde 8
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Trees of low degree have few leaves

Two types of edges in T
= consider how T liesin Ty and 7> TIM TM
T>-ﬂ~<
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Trees of low degree have few leaves

Two types of edges in T
m consider how T liesin T; and T, T }lI-L{L. T;j“/-ﬁl.(o
= each edge of 7 is an [edge or a path in T; )

>
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Trees of low degree have few leaves

Two types of edges in T
m consider how T liesin T; and T, T }lI—L{L. T;j“/—ﬁl.‘/o
= each edge of 7 is an [edge or a path in T; )

= mark it as path if it is a path in T; or T, and [€dgé otherwise . }_ _%
-9
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Trees of low degree have few leaves

Two types of edges in T
m consider how T liesin T; and T, T }lI—L{L. T;j“/ﬁl.‘/o
= each edge of 7 is an [€dge or a path in T; 0
= mark it as path if it is a path in T; or T, and edge otherwise Y

N

Why is the labelling useful?
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Trees of low degree have few leaves

Two types of edges in T

m consider how T liesin T; and T, T }lI—L{L. T;J“/-ﬁl.‘/o
= each edge of 7 is an [edge or a path in T; )
= mark it as jpath if it is a path in T; or T, and edge otherwise Y

Why is the labelling useful? ¢ N

= f#path edges < deg, (7) + deg,(7)
= it remains to show: #leaves < c - #path edges
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Trees of low degree have few leaves

Two types of edges in T
m consider how T liesin T; and T, T }11. L‘i T;j“/-%l.‘/
= each edge of 7 is an [€dge or a path in T; o
= mark it as jpath if it is a path in T; or T, and edge otherwise A

N

Why is the labelling useful?

= f#path edges < deg, (7) + deg,(7)
= it remains to show: #leaves < c - #path edges
N
Two types of leaves in T T )-% .
= classify each leaf by its incident edge: path leaf or ledge leaf
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How do the reduction rules help?

Why is the labelling useful?
= f#ipath edges < deg, () + deg,(7) T
= it remains to show: #leaves < c - #path edges
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How do the reduction rules help?

Why is the labelling useful?
= f#ipath edges < deg, () + deg,(7) T
= it remains to show: #leaves < c - #path edges

What do the reduction rules tell us about +?
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How do the reduction rules help?

Why is the labelling useful?

R
= f#ipath edges < deg, () + deg,( T m-
= it remains to show: #leaves < c - #path edges -
What do the reduction rules tell us about 7? would be reduced by rule 1
= rule 1: no cherry with two |edge leaves }\

15 Thomas Blasius — Parameterized Algorithms ﬂ(IT



How do the reduction rules help?

Why is the labelling useful?

R
= f#ipath edges < deg, () + deg,( T m-
= it remains to show: #leaves < c - #path edges -
What do the reduction rules tell us about 7? would be reduced by rule 1
= rule 1: no cherry with two |edge leaves }\

= rule 2: no “leave-path” of length 4 with only edge edges I_I_I_I would be reduced by rule 2
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How do the reduction rules help?

Why is the labelling useful?

N
= f#ipath edges < deg, () + deg,( T m-
= it remains to show: #leaves < c - #path edges -
What do the reduction rules tell us about 7? would be reduced by rule 1
= rule 1: no cherry with two |edge leaves }\

= rule 2: no “leave-path” of length 4 with only edge edges I_I_I_I would be reduced by rule 2
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orbidden structures
Here comes the proof /fkb o Suenres

Proof
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Here comes the prOOf /fokrbidden structures

Proof
= start with one token @ per leaf — count @
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Here comes the prOOf forbidden structures

A TTIT

Proof ° © _--"0
= start with one token @ per leaf — count @ \ l Tt mo
= delete blueleaves and move e to neighbor _-n@

~.. )

0oL, =0
L
'¢
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Here comes the prOOf forbidden structures

A TTIT

Proof ° © _--"0
= start with one token @ per leaf — count @ \ l Tt mo
= delete blueleaves and move e to neighbor o "0

- only orange leaves and le per leaf and deg-2 vertex . “emeo

e
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Here comes the prOOf /fokrbidden structures

Proof © --"0
. o <
= start with one token @ per leaf — count @ \ l “~m@
= delete bluéleaves and move e to neighbor o -0
- only orange leaves and le per leaf and deg-2 vertex . “emeo
4 f \
this is ok: each lorange leaf is . o
“—

attached to an orange edge © f\' v " “ceme

we need to deal with this ) T T
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Here comes the prOOf /fokrbidden structures

Proof
= start with one token @ per leaf — count @

= delete blue leaves and move e to neighbor

o
- only orange leaves and le per leaf and deg-2 vertex .
- [blue paths of degree-2 vertices have < 4 vertices f

'
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Here comes the prOOf /fokrbidden structures

Proof _.-"0
= start with one token @ per leaf — count @ “~m@
= delete blueleaves and move e to neighbor o _.HQ
- only orange leaves and le per leaf and deg-2 vertex . ““me@

- [blue paths of degree-2 vertices have < 4 vertices e .

A3 ’-\"\ ”:~
@ Te—eo" =@
e o
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Here comes the prOOf forbidden structures

A TTIT

Proof _-zno
= start with one token @ per leaf — count @ ":\}0
= delete blueleaves and move e to neighbor o? _.zn0
- only orange leaves and le per leaf and deg-2 vertex * ":\*;o
- [blue paths of degree-2 vertices have < 4 vertices lc N .
= move each e to closest [deg-3 vertex or orange edge] C S
e
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Here comes the prOOf forbidden structures

A TTIT

Proof _-zno

= start with one token @ per leaf — count @ ':\}.

= delete blueleaves and move e to neighbor o? _.zn0
- only orange leaves and le per leaf and deg-2 vertex * ":C;o
- [blue paths of degree-2 vertices have < 4 vertices Co N .

= move each e to closest [deg-3 vertex or orange edge] C S

Q‘>_';" T"Sie

- <6 eperdeg-3vertex and < 4 e per orange edge e o
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Here comes the prOOf forbidden structures

A TTIT

Proof _-zno

= start with one token @ per leaf — count @ ':\}.

= delete blueleaves and move e to neighbor o? _.zn0
- only orange leaves and le per leaf and deg-2 vertex * ":C;o
- [blue paths of degree-2 vertices have < 4 vertices lo N .

= move each e to closest [deg-3 vertex or orange edge] C S

Q}';" T"Sie

- <6 eperdeg-3vertex and < 4 e per orange edge e o

= #(deg-3 vertices) < #(leaves)

(exercise sheet: n3 = n; — 2)
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Here comes the prOOf forbidden structures

A TTIT

Proof _-2n®
= start with one token @ per leaf — count @ ':\}.
= delete blueleaves and move e to neighbor o? _.zn0
- only orange leaves and le per leaf and deg-2 vertex * ":C;o
- [blue paths of degree-2 vertices have < 4 vertices lo N .
= move each e to closest [deg-3 vertex or orange edge] C\N\ N
’ Q‘/ 77T TR
- <6 eperdeg-3vertex and < 4 e per orange edge e o

= #(deg-3 vertices) < #(leaves) = #orange leaves

(all leaves are orange)
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Here comes the prOOf forbidden structures

A TTIT

Proof
= start with one token @ per leaf — count @

= delete blue’leaves and move e to neighbor
- only orange leaves and le per leaf and deg-2 vertex
- [blue paths of degree-2 vertices have < 4 vertices
= move each e to closest [deg-3 vertex or orange edge] Q./
- <6 e@perdeg-3vertex and < 4 e per orange edge o o

= #(deg-3 vertices) < #(leaves) = #-lorange leaves < m,
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Here comes the prOOf forbidden structures

A TTIT

Proof
= start with one token @ per leaf — count @

= delete blue’leaves and move e to neighbor

- only orange leaves and le per leaf and deg-2 vertex

- [blue paths of degree-2 vertices have < 4 vertices
= move each e to closest [deg-3 vertex or orange edge] Q./

- <6 e@perdeg-3vertex and < 4 e per orange edge o o
= #(deg-3 vertices) < #(leaves) = #orange leaves < m,

m #(leaves of T) = #@ < 6m, + 4m,
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What have we done?

Proof
= just seen: number of leaves of T € F is at most 10(deg, (7) + deg,(7)) ."ﬂ_!ll_ﬂll'

- 7 has many leaves = it splits T; or T, into many subtrees abc def &

ab cde 8
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What have we done?

Proof
= just seen: number of leaves of T € F is at most 10(deg, (7) + deg,(7)) ."I"I_YII_HIF

- 7 has many leaves = it splits T; or T, into many subtrees abc def &
= seen before: ) deg;(T) < 2k
TEF
- 7 € F split T; or T, into many subtrees = F has many trees ab cde f&8
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What have we done?

Proof
= just seen: number of leaves of T € F is at most 10(deg;(7) 4 deg, (7)) ."I"I_YII_HIF
- 7 has many leaves = it splits T; or T, into many subtrees abc def &
= seen before: ) deg;(T) < 2k I I
TEF
- 7 € F split T; or T, into many subtrees = F has many trees ab cde f&

m it follows: F has at most 40k leaves
- many leaves = many trees
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What have we done?

Proof
= just seen: number of leaves of T € F is at most 10(deg;(7) 4 deg, (7)) ."I"I_YII_HIF
- 7 has many leaves = it splits T; or T, into many subtrees abc def 8
= seen before: ) deg;(T) < 2k I I
TEF
- 7 € F split T; or T, into many subtrees = F has many trees ab cde f&

m it follows: F has at most 40k leaves
- many leaves = many trees

Reduction rule 3: more than 40k leaves after applying rule 1 and 2 — no-instance of size O(1)
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Technique
m 3 specific goal beyond “l want a small kernel” helps

18 Thomas Bléasius — Parameterized Algorithms
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Technique
m 3 specific goal beyond “l want a small kernel” helps

= counterexamples tell us how to reduce
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Technique
= a specific goal beyond “l want a small kernel” helps  (e.g., | want every tree in F to have few leaves)

= counterexamples tell us how to reduce
= weakening the goal later might be helpful (e.g., amortizing over all trees in F)
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Technique

= a specific goal beyond “l want a small kernel” helps  (e.g., | want every tree in F to have few leaves)
= counterexamples tell us how to reduce

= weakening the goal later might be helpful (e.g., amortizing over all trees in F)
Not seen today

m specific running time for kernelization

m gspecific running time for brute force on the kernel O(4 - k°) is possible
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Literature

Texts in Computer Science Com mentS
= chapter 4.10 is about the topic from today

= also contains links to the original publication
Rodney G:.Downey:

Michael R. Fellows . = freely available for KIT members
N ‘ link.springer.com/book/10.1007/978-1-4471-5559-1
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