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Exercise certificate

hand in here:
https://ilias.studium.kit.edu/ilias.php?baseClass=ilrepositorygui&ref_id=2902870

Goal: % of the points in total and % on every exercise sheet

What if | don’t find the solution?
= you get points for explaining what you tried and why it did not work

= and: there are many ways to get support
- talk to your peers
- ask in the exercise session or on discord

What if | can’t manage to hand in an exercise sheet?
= sometimes, life can get in the way (for all sorts of reasons, e.g., sickness)
- talk tO us We’” .I:Ind a SOlUtion we don’t want to make your life hard and we also don’t bite

we just want you to learn something and have fun doing so
Our goal
= you spend some time with the content of the lecture and write down your solution

® then, the exercise certificate should not be a big obstacle
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Parameterized perspective

Can we solve VERTEX COVER efficiently?
m k-VERTEX COVER is NP-complete

What if the considered graphs are well-behaved?
= What if G has small maximum degree?

m What if the minimum vertex cover of G is small?
= What if G has small chromatic number?
= Or small cligue number? Small treewidth? Small ... ?

Goal
= analyze running time not only depending on input size, but also take parameter into account
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Fundamental definition: FPT

Definition
A parameterized problem is a language L C >* x N. An algorithm solves L if it correctly
decides (x, k) € L for every instance (x, k) € £* x N. The parameter of (x, k) is k.

Definition
A parameterized problem is fixed parameter tractable (FPT) if it can be solved in O(f(k)n°)
time, where f is a computable function, n is the input size, and c is a constant.

Which running times belong to FPT-algorithms?
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Fundamental definition: FPT

Definition
A parameterized problem is a language L C >* x N. An algorithm solves L if it correctly
decides (x, k) € L for every instance (x, k) € £* x N. The parameter of (x, k) is k.

Definition
A parameterized problem is fixed parameter tractable (FPT) if it can be solved in O(f(k)n°)
time, where f is a computable function, n is the input size, and c is a constant.

Which running times belong to FPT-algorithms? Observation for FPT algorithms
m k constant = polynomial running time
A=2Kn*+k*) D=k?>nl G =klnlogn = k constant = asymptotic running time
B — klogn E — n17kk! H — nkn2 independent of k
) This second point is important! It does not hold for n.
C:2k +2log n F:nlogk I:2k|ogn

AT
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Example: Parameterized VERTEX COVER

Complexity
m VERTEX COVER is NP-complete

= enumerating all (}) subsets of size k (brute-force): O(n*m)
= is VERTEX COVER € FPT?

poly for constant k
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Basic FPT-techniques

Bounded search tree

= for instance (A, k) compute in time n€ instances (A1, k1), . . ., (Ag, kq), such that:

(A, k) yes instance < (A;, k;) yes instance foran i € [1, d]
= bound d by a function f; (k)
= bound tree height by f,(k) (example: parameter shrinks in each step)

= = FPT-algo with running time O(f (k)% n<)

(A, k)

¥

(A1, k1)

v

"

- [(Ad, ka)
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Kernelization for VERTEX COVER

Reduction rule 1: delete an isolated vertex

Reduction rule 2
= add a vertex v with deg(v) > k to the VC

= new instance: remove v, reduce k by 1

Proof: obvious
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Kernelization for VERTEX COVER

Reduction rule 1: delete an isolated vertex

Reduction rule 2
= add a vertex v with deg(v) > k to the VC

= new instance: remove v, reduce k by 1

Proof
m either v or every neighbor of v must be part of the vertex cover

= if we don’t choose v, the vertex cover will be too large (deg(v) > k)
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: Does G have a vertex cover of size k?
u add ad VerteX "4 W|th deg(V) > k ’[O the VC (vertex set V/ C V with enV’/ # Qforale € E)

= new instance: remove v, reduce k by 1
Apply reduction rule 2 exhaustively

Solution:
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Reduction rule 1: delete an isolated vertex

Reduction rule 2
= add a vertex v with deg(v) > k to the VC

= new instance: remove v, reduce k by 1

Apply reduction rule 2 exhaustively

Solution: B)(R) (E)
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Kernelization for VERTEX COVER

Reduction rule 1: delete an isolated vertex

Reduction rule 2
= add a vertex v with deg(v) > k to the VC

= new instance: remove v, reduce k by 1

Reduction rule 3
= rules 1 and 2 not applicable and m > k?: reduce to NO-instance of constant size

Proof
= rule 2 not applicable = deg(v) < kforall v € V

m every vertex covers at most k edges
= k vertices cover at most k? edges = NO-instance, as m > k2
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Reduction rule 2 Given a graph G = (V, E) and a parameter k. ﬂ
: Does G have a vertex cover of size k?
u add ad VerteX "4 W|th deg(V) > k ’[O the VC (vertex set V/ C Vwithen v/ # Qforale € E)

= new instance: remove v, reduce k by 1

Reduction rule 3
= rules 1 and 2 not applicable and m > k?: reduce to NO-instance of constant size

Kernelization
= apply reduction rules exhaustively

= it remains a [problém'core of size O(k?)
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Reduction rule 2
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= new instance: remove v, reduce k by 1
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Kernelization for VERTEX COVER

Reduction rule 1: delete an isolated vertex

Reduction rule 2
= add a vertex v with deg(v) > k to the VC

= new instance: remove v, reduce k by 1

Reduction rule 3
= rules 1 and 2 not applicable and m > k?: reduce to NO-instance of constant size

Kernelization
= apply reduction rules exhaustively — .
= it remains a [problémcore| of size O(k?) k=4 k=3

FPT algorithm
m pbrute-force on the kernel: 0(2"2 k?)
m or better: search tree on the kernel
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Basic FPT-techniques

Bounded search tree

= for instance (A, k) compute in time n€ instances (A1, k1), . . ., (Ag, kq), such that:

(A, k) yes instance < (A;, k;) yes instance foran i € [1, d]
= bound d by a function f; (k)
= bound tree height by f,(k) (example: parameter shrinks in each step)

= = FPT-algo with running time O(f (k)% n<)

successively apply safe reduction rules
show: what remains is a core, whose size only depends on k

(A, k)

¥

(A1, k1)

v

"

- [(Ad, ka)

¥ ] N X | N
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VERTEX COVER COMPRESSION

Idea
m guessasubset X C Z; =2\ X

= isthereaVC Z' mit |Z'| < kund Z'NIZ = X?
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VERTEX COVER COMPRESSION

Idea
m guessasubset X C Z; =2\ X

= isthereaVC Z' mit |Z'| < kund Z'NIZ = X?

Case 1: G[M] has edges = Z’ does not exist
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VERTEX COVER COMPRESSION

Idea
m guessasubset X C Z; =2\ X

= isthereaVC Z' mit |Z'| < kund Z'NIZ = X?
Case 1: G[¥| has edges = Z’ does not exist

Case 2: otherwise the following holds:
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VERTEX COVER COMPRESSION

Problem: VERTEX COVER COMPRESSION
Given a graph G, a parameter k, and a VC Z of size k + 1. Is there are VC of size k?

Idea
m guessasubset X C Z; =2\ X

m jsthereaVC Z' mit |Z'| < kund Z'NZ = X?

Case 1: G[M] has edges = Z’ does not exist

Case 2: otherwise the following holds:
= 7' must contain all neighbors N(Y) of M Why?
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VERTEX COVER COMPRESSION

Idea
m guessasubset X C Z; =2\ X

= isthereaVC Z' mit |Z'| < kund Z'NIZ = X?

Case 1: G[¥| has edges = Z’ does not exist

Case 2: otherwise the following holds:

= Z' must contain all neighbors [N(Y) of ¥
= and X UN(Y) isa VC

= the VC Z’ exists < | X UN(Y)| < k
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VERTEX COVER COMPRESSION

Idea
m guessasubset X C Z; =2\ X

= isthereaVC Z' mit |Z'| < kund Z'NZ = X?

Case 1: G[¥| has edges = Z’ does not exist

Case 2: otherwise the following holds:
= Z' must contain all neighbors [N(Y) of ¥ Algorithm

= and X UN(Y) isaVC = apply this procedure to every subset X C 1Z
= the VC Z’ exists < | X UN(Y)| < k
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VERTEX COVER COMPRESSION

Idea
m guessasubset X C Z; =2\ X

= isthereaVC Z' mit |Z'| < kund Z'NZ = X?

Case 1: G[¥| has edges = Z’ does not exist

Case 2: otherwise the following holds:
= Z' must contain all neighbors [N(Y) of ¥

Algorithm
= and X UN(Y) isaVC = apply this procedure to every subset X C [Z
= the VC Z’ exists < | X UN(Y)| < k = there are 2“*! such subsets
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VERTEX COVER COMPRESSION

Problem: VERTEX COVER COMPRESSION
Given a graph G, a parameter k, and a VC Z of size k + 1. Is there are VC of size k?

Idea
m guessasubset X C Z; =2\ X

m jsthereaVC Z' mit |Z'| < kund Z'NZ = X?
Case 1: G[M] has edges = Z’ does not exist

Case 2: otherwise the following holds:
= 7' must contain all neighbors N(Y) of M

Algorithm
= and X UN(Y) isaVC = apply this procedure to every subset X C | Z
= the VC Z’ exists & | X UN(Y)| < k = there are 21 such subsets

= O(m) for each X = overall O(2Xm) time
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lterative compression

Just seen: O(2%m)-algorithm for VERTEX COVER COMPRESSION
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Just seen: O(2%m)-algorithm for VERTEX COVER COMPRESSION

Algorithm for VERTEX COVER
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m start: in Gy, all vertices form a VC of size k
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lterative compression

Just seen: O(2%m)-algorithm for VERTEX COVER COMPRESSION

Algorithm for VERTEX COVER
= iterate over the subgraphs G; induced by the vertices wgy===wi
m start: in Gy, all vertices form a VC of size k

= assumption for i > k: for [Gj=y, we know a VC Xj_; of size k
= = Xi—3 U{v;}isaVCof size k+1in |G}
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lterative compression

Just seen: O(2%m)-algorithm for VERTEX COVER COMPRESSION

Algorithm for VERTEX COVER
= iterate over the subgraphs G; induced by the vertices gy
m start: in Gy, all vertices form a VC of size k
= assumption for i > k: for [Gj=y, we know a VC Xj_; of size k
= = Xi—3 U{v;}isaVCof size k+1in |G}
= yuse algo for VERTEX COVER COMPRESSION:
- case 1: G; has a VC of size kK = continue with G;, 4
- case 2: G; has no VC of size k = G has no VC of size k = stop
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lterative compression

Problem: VERTEX COVER COMPRESSION

Given a graph G, a parameter k, and a VC Z of size k + 1. Is there are VC of size k?

Just seen: O(2%m)-algorithm for VERTEX COVER COMPRESSION

Algorithm for VERTEX COVER
m jterate over the subgraphs G; induced by the vertices gy
m start: in Gy, all vertices form a VC of size k
m assumption for i > k: for G;—1, we know a VC X;_1 of size k
m = X; 1 U{v;}isaVC ofsize k + 1in |G;
= use algo for VERTEX COVER COMPRESSION:
- case 1: G; has a VC of size k = continue with G;, 1
- case 2: G; has no VC of size k = G has no VC of size k = stop
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lterative compression

Problem: VERTEX COVER COMPRESSION

Given a graph G, a parameter k, and a VC Z of size k + 1. Is there are VC of size k?

Just seen: O(2%m)-algorithm for VERTEX COVER COMPRESSION

Algorithm for VERTEX COVER
m jterate over the subgraphs G; induced by the vertices gy
m start: in Gy, all vertices form a VC of size k
m assumption for i > k: for G;—1, we know a VC X;_1 of size k
m = X; 1 U{v;}isaVC ofsize k + 1in |G;
= use algo for VERTEX COVER COMPRESSION:
- case 1: G; has a VC of size k = continue with G;, 1
- case 2: G; has no VC of size k = G has no VC of size k = stop

O(2Knm)
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Basic FPT-techniques

Bounded search tree

= for instance (A, k) compute in time n€ instances (A1, k1), . . ., (Ag, kq), such that:
(A, k) yes instance < (A;, k;) yes instance foran i € [1, d] (A, k)
= bound d by a function f; (k) ¥l N
= bound tree height by f,(k) (example: parameter shrinks in each step) (A ki) | -+ |(Ad, ka)

I'd N X N
= = FPT-algo with running time O(f,(k)%?(¥) n°) ¢ ¢

successively apply safe reduction rules
show: what remains is a core, whose size only depends on k

Iterative compression
= compression algo: solve the problem under the assumption of knowing a slightly larger solution

= grow the instance step by step and maintain a small solution via repeated compression
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Wrap-Up

VERTEX COVER € FPT
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Wrap-Up

VERTEX COVER € FPT

(when parameterized with the solution size!)
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Formally correct answer: It does not
m NPNFPT = (Z) (NP is a set of problems, FPT is a set of parameterized problems)

= if L is decidable, then there are parameterizations L’ and L" with:

- L' e FPT (running time of the algorithm as parameter)
- L ¢ FPT,unless L € P (constant parameter) NP

Typical situation: What is the goal of FPT?
= solve problems in NPC in reasonable time

= we mainly consider problems in NPC NP
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FAQ: How does FPT relate to NP?

Formally correct answer: It does not
m NPNFPT = (Z) (NP is a set of problems, FPT is a set of parameterized problems)

= if L is decidable, then there are parameterizations L’ and L" with:

- L' e FPT (running time of the algorithm as parameter)
- L ¢ FPT,unless L € P (constant parameter) NP

Typical situation: What is the goal of FPT?
= solve problems in NPC in reasonable time

= we mainly consider problems in NPC NP
u good intuition: FPT builds a bridge between P and NPC (although this is a technically malformed statement)

FPT | NPC

Bonus info: para-NP
= para-NP is the equivalent of NP for parameterized problems
= FPT relates to para-NP like P to NP
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FAQ: Why must f be computable?

How can f be not computable?
= your algorithm: solves some parameterized problem for input (G, k)

= you show: for every fixed k, it runs in O(n¢) time
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FAQ: Why must f be computable?

How can f be not computable?
= your algorithm: solves some parameterized problem for input (G, k)
= you show: for every fixed k, it runs in O(n¢) time

: : : (every class of graphs closed under taking minors is
= your proof uses something like the graph minors theorem ~ [/7°> ~=>° | by a finite set of forbidden minors)
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= your proof uses something like the graph minors theorem ~ [/7°> ~=>° | by a finite set of forbidden minors)
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FAQ: Why must f be computable?

Definition
A parameterized problem is fixed parameter tractable (FPT) if it can be solved in O(f(k)n®)
time, where f is a computable function, n is the input size, and c is a constant.

How can f be not computable?
= your algorithm: solves some parameterized problem for input (G, k)

= you show: for every fixed k, it runs in O(n¢) time

= your proof uses something like the graph minors theorem e s o 0o o farticdon samors)
= you don’t know what f is, but maybe you an show that busy beaver is an upper bound for
Weaker variants of FPT

= f not being computable makes your result slightly weaker

m even weaker: non-uniform (i.e., different algorithms for different k)

= also see: Section 2.2 of Downey & Fellows book
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Recommended Books

Parameterized
Algorithms

Cvwry

bty
BHERGH
Fiire
b3

@ Springer

Parameterized Algorithms
= excellent book

= (almost) all discussed topics can be found there

m free for KIT students: link.springer.com/book/10.1007/978-3-319-21275-3

Fundamentals of Parameterized Complexity  [B& ===
= slightly older book

= also free for KIT students:
https://link.springer.com/book/10.1007/978-1-4471-5559-1

Michael R. Fellows

Fundamentals
of Parameterized
Complexity

@ Springer
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