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Abstract

Treewidth is one of the most important and powerful graph parameters. However, many
real-world instances do not admit tree-decompositions of small width, even though their
bags exhibit a simple internal structure. To address this limitation, numerous refinements of
treewidth have been proposed. At present, though, only few efficient algorithms for computing
such parameters are known. One such refinement, for which many N'P-complete problems
can be solved in FPT-time, while no efficient algorithms for computing the parameter have
been established so far, is clique-partitioned treewidth. This parameter refines treewidth by
capturing the internal structure of bags through partitions of the bags into logarithmically
weighted cliques.

We investigate the computational complexity of clique-partitioned treewidth and present

o . . . A K)ok
several algorithmic results. First, we develop an exact algorithm with running time 220" 243,

n
Second, we give a 4k + 3-approximation algorithm running in time 22°“ . 3. Furthermore,
we design an FPT-algorithm with running time 22°" - n? for computing globally-partitioned
treewidth, a variant of clique-partitioned treewidth that employs a global partition of the
input graph instead of local partitions of the bags. Finally, we prove that computing either
parameter exactly, as well as computing any additive approximation of either parameter, is

NP-hard.

Zusammenfassung

Baumweite ist einer der wichtigsten und méchtigsten Graphparameter. Allerdings besitzen
viele reale Instanzen keine Baumzerlegungen mit kleiner Weite, obwohl ihre Bags eine einfache
interne Struktur aufweisen. Um diese Einschrinkung zu iiberwinden, wurden zahlreiche
Verfeinerungen der Baumweite vorgeschlagen. Gegenwiértig sind jedoch nur wenige effiziente
Algorithmen zur Berechnung solcher Parameter bekannt. Eine solche Verfeinerung, mit deren
Hilfe viele N'P-vollstindige Probleme in FPT-Zeit gelost werden kénnen, wiahrend bislang
keine effizienten Algorithmen zur Berechnung des Parameters bekannt sind, ist die cliquen-
partitionierte Baumweite. Dieser Parameter verfeinert die Baumweite, indem er die interne
Struktur der Bags durch Partitionen in logarithmisch gewichtete Cliquen erfasst.

Wir untersuchen die Berechnungskomplexitit der cliquen-partitionierten Baumweite und
prasentieren mehrere algorithmische Ergebnisse. Zunichst entwickeln wir einen exakten

O(k) k
227 .l

Algorithmus mit Laufzeit *3. Aulerdem geben wir einen 4k + 3-Approximations-

k . o .
227" . 13 an. Dariiber hinaus entwerfen wir einen FPT-Algorithmus

algorithmus mit Laufzeit
mit Laufzeit 22”* -n? zur Berechnung der global-partitionierten Baumweite, einer Variante der
cliquen-partitionierten Baumweite, die eine globale Partition des Eingabegraphen anstelle der
lokalen Partitionen der Bags nutzt. Schliefilich zeigen wir, dass sowohl die exakte Berechnung

beider Parameter als auch jede additive Approximation dieser Parameter N'P-schwer ist.
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1 Introduction

Many fundamental graph problems, such as TSP, HAMILTONCYCLE, and INDEPENDENTSET, have
been shown to be N'P-complete. Although NP-complete problems are generally considered
algorithmically intractable, many practical applications, such as route planning, scheduling,
and integrated circuit design [LK75], rely on solving them efficiently. Fortunately, many real-
world instances exhibit additional structural properties that can be exploited algorithmically
(see for example [Lam+19]). Parameterized complexity provides a framework for partially
explaining this phenomenon by formalizing structural features of instances that enable efficient
algorithms. Formally, an integer parameter k is associated with the input, and the goal is to
design fixed-parameter tractable (FPT) algorithms with running time f(k) - n®1), where f is
a computable function and n denotes the input size.

One structural property frequently exhibited by real-world instances is the presence of
hierarchical structures that resemble trees. This observation is particularly promising because
many N P-hard problems can be solved efficiently on trees. The parameter treewidth formalizes
this idea by measuring how tree-like a graph is. It is defined via tree-decompositions, which
organize the graph into a recursive hierarchy of balanced separators, that are called bags.
While at first glance this concept may appear somewhat artificial, perhaps the strongest
evidence for its naturalness lies in the fact that it was discovered independently on three
separate occasions: by Bertele and Brioschi [BB73], by Rudolf Halin [Hal76], and by Robertson
and Seymour [RS86]. Since its introduction, treewidth has become a powerful tool in algorithm
design and has been used to obtain FPT-algorithms based on dynamic programming over
tree-decompositions for numerous problems, including INDEPENDENT SET, DOMINATING SET,
and HamiLToN CyCLE (see [Cyg+15]). Despite its usefulness for algorithm design, for a long
time a major open question was whether optimal tree-decompositions could be computed
efficiently. Towards answering this question, both an exact XP-algorithm [ACP87] and an FPT-
time approximation algorithm [BGKH91 | RS95] were developed. Finally, in 1996, Bodlaender
and Kloks [BK96] presented an FPT-algorithm for computing optimal tree-decompositions.
These results laid the foundation for the widespread success of treewidth, which has since
become one of the most extensively studied graph parameters.

However, many real-world graphs admit only tree-decompositions with large bags while still
exhibiting hierarchical decompositions into highly-structured balanced separators. Chordal
graphs, for example, admit tree-decompositions in which every bag forms a clique. Con-
sequently, they may have large treewidth, even though the structure of bags can be ex-
ploited algorithmically [Gol04]. More generally, large cliques are a major contributor to
high treewidth [Bod98], despite their simple and well-understood structure. To address this
limitation, several refinements of treewidth have been proposed that incorporate additional
structural information, such as the presence of large cliques, into the parameter. Typically,
these parameters assign each bag a weight depending on the subgraph induced by the bag
and define the parameter in terms of these weights rather than the bag sizes alone.

One of the earliest such parameters is P-flattened treewidth, introduced by De Berg et al.
[Ber+18]. This parameter captures the structure of bags using a global partition of the input
graph into cliques together with the contraction of unions of constantly many such cliques.



1 Introduction

The weight of a bag is then defined using the logarithms of the sizes of these unions. As
a consequence, large cliques contribute only logarithmically to the parameter value. This
parameter has been used to establish algorithms and lower bounds for several N'P-hard
problems on specific classes of intersection graphs [Ber+18]. However, the only known
algorithm for computing the parameter is an exponential-time approximation algorithm
restricted to certain graph classes [Ber+18].

Extending this idea, Blasius et al. [BKW23] introduced clique-partitioned treewidth, which
replaces the global clique-partition by local partitions of the individual bags. Again, each
clique contributes only logarithmically to the weight of a bag. The algorithmic potential
of clique-partitioned treewidth has already been investigated. In particular, it has been
shown that clique-partitioned treewidth never performs worse than treewidth for algorithm
design [Gei23]. Although improvements in the parameter value may in the worst case be
offset by a stronger running time dependence on the parameter, several problems, including
INDEPENDENT SET, MaxiMUM INDUCED FOREsT, and FEEDBACK VERTEX SET, admit improved
algorithms when clique-partitioned treewidth is significantly smaller than treewidth [Gei23].
For the computation of the parameter, however, only experimental results are currently
available. Blésius et al. [BKW23] proposed an approach that first computes a low-width tree-
decomposition and then uses heuristics and other approaches to determine clique-partitions
for each bag. Nevertheless, no efficient algorithms for computing the parameter either exactly
or with a guaranteed approximation ratio are known so far. This thesis aims to close this gap
by designing several approaches for computing clique-partitioned treewidth.

Besides assigning logarithmic weights to cliques, other approaches for capturing the struc-
tural simplicity introduced by large cliques have also been studied. These approaches are
based on graph-theoretic concepts closely related to clique-partitions. One such concept is
the size of a minimum edge clique-cover, which, in contrast to weighted clique-partitions,
assigns a constant weight to each clique while additionally requiring all edges to be covered.
Using this quantity to define the weight of a bag led to the introduction of tree-clique width by
Aronis [Aro21]. Although no algorithmic applications of this parameter are currently known,
several complexity results regarding its computation haven been established. In particular,
computing tree-clique width is A/P-complete and no polynomial constant-factor approxima-
tion algorithm exists unless P = NP [Aro21]. On the algorithmic side, single-exponential
algorithms for general graphs and polynomial-algorithms for special graph classes such as
cographs and permutation graphs are known [Aro21].

Another concept closely related to cliques is that of independent sets. In particular, defin-
ing the weight of a bag as the size of a maximum independent set ensures that each clique
contributes at most one to the parameter value. Using this approach, Dallard et al. [DMS24]
introduced the tree-independence number. This parameter can be used to solve several N'P-
hard-problems, including MaximuM INDEPENDENT SET, GRAPH HOMOMORPHISM, and MAXI-
MUM INDUCED MATCHING, in time n®*) [Yol18 | DMS24]. For its computation, an XP-time
approximation algorithm is known [Dal+26]. However, for every fixed constant k, deciding
whether the tree-independence number of a graph is at most k is known to be N'P-hard
[Dal+26]. While we do not improve upon these algorithmic or hardness results, we use the
tree-independence number as a baseline for placing our results on clique-partitioned treewidth
into context.

Overall, parameters refining treewidth appear to be in a position similar to that of treewidth
in its early days. Many promising parameters are known, but efficient algorithms for comput-
ing optimal tree-decompositions for them are still lacking. In particular, one of the central
open questions in this context is for which of these refinements of treewidth, most notably
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the tree-independence number, FPT-algorithms with respect to either the parameter itself
or treewidth can be obtained. This thesis contributes towards answering this problem by
studying the computation of two parameters that are based on logarithmically weighted
clique-partitions. Besides clique-partitioned treewidth mentioned above, we also introduce
and study globally-partitioned treewidth, a new parameter based on a global clique-partition

of the graph.

1.1 Results

In our study of clique-partitioned treewidth and globally-partitioned treewidth, we present
three main contributions. As our first contribution, we adapt two well-known approaches for
computing treewidth to the setting of clique-partitioned treewidth. In particular, we show
that the parameter can be computed exactly in XP-time, more precisely in time 2200 p2tes,
and that a 4k + 3-approximation can be obtained in FPT-time, more precisely in time 22" - n®,
We further show that a direct adaptation of these approaches fails for the closely related
parameter of tree-clique-cover number, further demonstrating that not all refinements of
treewidth allow this adaptation.

Our second contribution establishes lower bounds for the computational complexity of
determining clique-partitioned treewidth. More precisely, we present a reduction from PATH-
WIDTH to CLIQUE-PARTITIONED TREEWIDTH. As part of this reduction, we introduce a novel
intermediate problem and develop a new technique based on grid constructions to enforce
specific configurations in path-decompositions. Using this reduction, we derive that comput-
ing clique-partitioned treewidth is N'P-hard and that computing an approximation within an
additive constant is also NP-hard.

While these algorithmic and hardness results provide an initial understanding of the
complexity of computing clique-partitioned treewidth, a gap remains between the upper
and lower bounds. To address this gap, our third contribution introduces a variant called
globally-partitioned treewidth. This parameter is larger than clique-partitioned treewidth
but has the additional property that all local clique-partitions are compatible and together
form a global partition of the input graph. Exploiting this additional structure, we adapt the
FPT-algorithm of Bodlaender and Kloks [BK96] for computing treewidth to this new setting.
We thus obtain a 22°" - n?-time algorithm for computing globally-partitioned treewidth. In
the course of developing this algorithm, we further improve upon the simplified formulation
of the original algorithm due to Althaus and Ziegler [AZ21]. Combined with an extension of
the earlier hardness result to globally-partitioned treewidth, this yields a complete complexity
classification for the parameter. Overall, our results demonstrate that parameters based on
weighted clique-partitions can be computed more efficiently than the tree-independence
number.

We extend this comparison by considering both the relative sizes of the different parameters
and the graph problems that admit efficient algorithms when parameterized by them. In
particular, we show that clique-partitioned treewidth improves on treewidth with respect to
parameter size while still admitting many parameterized algorithms. In contrast, all considered
parameters that are strictly smaller than clique-partitioned treewidth admit strictly fewer
algorithms than treewidth.

Taken together, these contributions lay the groundwork for the systematic study and com-
putation of clique-partitioned treewidth. In particular, they provide efficient approximation
algorithms for clique-partitioned treewidth and efficient exact algorithms for the larger pa-
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rameter of globally-partitioned treewidth. To the best of our knowledge, these are the first
exact or approximation algorithms running in FPT-time with respect to either the parameter
itself or even treewidth for any of the aforementioned refinements of treewidth.

1.2 OQOutline

We structure this thesis as follows. In Chapter 2, we introduce the notation used throughout
the thesis and define the different parameters under consideration. In Chapter 3, we present
several well-known results on weighted clique-partitions and treewidth and extend them to
fit our setting and applications. In Chapter 4, we compare clique-partitioned treewidth and
globally-partitioned treewidth with several related parameters from literature with respect
to both parameter size and algorithmic usefulness. We then turn to algorithmic aspects
and our first contribution in Chapter 5, where we develop an XP-algorithm for the exact
computation of clique-partitioned treewidth, as well as an FPT-time approximation algorithm.
Before presenting our second contribution, namely hardness-results for our two parameters,
in Chapter 7, we establish an auxiliary result in Chapter 6. There, we show that certain bags
in every path-decomposition must satisfy a minimum-size condition. This structural insight
is then used in the reduction presented in Chapter 7. Finally, in Chapter 8, we present our
third contribution. We reformulate the algorithm of Bodlaender and Kloks [BK96 | AZ21]
for computing treewidth and adapt it to the setting of globally-partitioned treewidth. We
conclude in Chapter 9 with a summary of our results and a discussion of open problems.



2 Preliminaries

In this chapter, we outline the concepts used in this work. We begin with general graph-
theoretic notation and selected fundamental notions. We then introduce several graph families
that will be used throughout the thesis. Finally, we give a brief introduction to the tree-
decomposition-based parameters considered in this work.

2.1 On graphs

This section provides a brief overview our graph-theoretic notation and terminology.

2.1.1 Notation

We write [n] = {1,...,n} for the set of the first n natural numbers. Throughout this work,
logarithms are taken to base 2 unless stated otherwise. For a set X, we denote its power set
by 2X.

Unless stated otherwise, we consider only simple, undirected graphs and abbreviate an
edge {u, v} by uv. For a graph G, we use V(G) and E(G) to denote its vertex and edge sets,
respectively. We write n = |V(G)| and m = |E(G)| whenever the graph is clear from the
context. For a vertex set X C V(G), we denote the subgraph induced by X as G[X]. For a
vertex v, we denote by N(v) the neighbourhood of v, that is, the set of all vertices adjacent to
v. We use + and — to denote the insertion and removal of elements from a set. This notation
naturally extends to graphs: We write G+ v, G+ X, G —v, and G — X for the graph obtained by
inserting or removing a vertex v (or vertex set X) together with all incident edges. Similarly,
G —uv denotes the removal of the edge uv while keeping its endpoints. Given a weight function

w : V(G) — Ry on vertices, we extend it to vertex sets by defining w(X) = >, w(x).
xeX

2.1.2 Selected graph concepts

We now introduce several concepts that will be used throughout this work. A vertex set
S € V(G) is called a separator if G — S has strictly more connected components that G. In
particular, if G is connected, then G — S must be disconnected. We say that a separator S
separates a graph G = (V, E) into two vertex sets Vi and Vo, if V. = SU VU V,, Vi NV, = 0,
and there are no edges between V; and V;. For a weight function w : V(G) — Ry, such a
separator S is called a-balanced, if w(Vy) < a - w(V(G)) and w(V,) < a - w(V(G)).

A vertex v is called universal with respect to a vertex set X if it is adjacent to all vertices
in X. For a graph G = (V, E), its complement graph is defined as G = (V, () — E). A vertex
set X is a clique if every pair of vertices in X is adjacent. The size of a maximum clique in
G is called the clique number »(G) of G. A clique-cover of a graph G is a sequence of sets
Vi U--- UV, = V(G) such that each V; is an clique. The minimum number of such sets in any
clique-cover is called the clique-cover number k(G) of G. If the sets V3, ..., V, are pairwise
disjoint, we call this a clique-partition. For a set X and a clique-partition P, we denote by P[X]
the restriction of P to X. A vertex set X is independent if no pair of vertices in X is adjacent.
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The size of a maximum independent set in G is called the independence number a(G) of G. A
vertex colouring of a graph G is a partition of V(G) into disjoint set Vi U - - - UV, = V(G) such
that each V; is an independent set. The minimum number of such sets in any vertex colouring
is called the chromatic number y(G) of G. Observe that in the complement graph, cliques
correspond to independent sets and vice versa. Similarly, vertex colourings correspond to
clique-covers in the complement graph.

In this thesis, we consider parameterized problems. A problem II parameterized by a
parameter T is a formal language I1, € ¥* X IRy over an alphabet X. Since tree-decomposition-
based methods can only be applied to problems containing a graph, we restrict our attention
to graph problems. A problem I1; is called a graph problem parameterized by a parameter t if,
for each instance (I, k) € I, the instance I contains a graph G such that 7(G) = k.

2.2 Graph families

We now introduce several graph families used throughout this work. The family of edgeless
graphs consists of all graphs with vertex set [n], n € IN,, and empty edge set. In contrast,
the family of complete graphs contains all graphs with vertex set [n] and edge set ([’21]). We
denote these graphs by K},. In particular, Kj is called a triangle. The family of paths consists of
graphs with vertex set [n], n € N4, and edge set {{i,i + 1} | i € [n — 1]}. The family of cycles
is obtained by adding the edge {1, n} to such paths. The family of trees consists of connected
graphs with n vertices and n — 1 edges, n € IN;. The family of grids contains all graphs with
vertex set [a] X [f], where @ € Ny is the number of rows and f € N is the number of
columns. The edge set consists of all pairs {(a,b), (a + 1,b)} fora € [@ — 1], b € [f], and
{(a,b),(a,b+ 1)} fora € [a], b € [ — 1]. An induced subgraph of a grid is called a grid
graph. Finally, we consider chordal graphs. A graph G is chordal if it does not contain an
induced cycle of length greater than three. Equivalently, every cycle of length at least four
has a chord, that is, an edge connecting two non-consecutive vertices of the cycle. For a graph
G, we define the family of G-free graphs as the family of graphs that do not contain G as an
induced subgraph.

2.3 A brief introduction to treewidth, clique-partitioned
treewidth, and related parameters

We now introduce the different parameters studied in this thesis. We first define the parameters
and their associated decompositions, together with additional notions specific to individual
parameters. We then present several general definitions that apply across all parameters.

2.3.1 Defining the parameters

We begin by introducing pathwidth and treewidth, followed by the parameters clique-parti-
tioned treewidth and globally-partitioned treewidth, as well as several related measures.

Pathwidth. A path-decomposition of a graph G is a pair (P, B), where P is a path and
B: P — 2V(9) s a function that assigns to each node p € V(P) a subset of vertices, called bag,
such that the following conditions hold: (1) Vertex coverage: every vertex of G is contained in
at least one bag, (2) Edge coverage: for every edge uv € E(G), there exists a bag containing
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both u and v, and (3) Connectivity: for each vertex v € V(G) the set of nodes whose bags
contain v induces a connected subpath of P. The width of a path-decomposition is the size
of its largest bag minus one. The pathwidth pw(G) of G is the minimum width over all
path-decompositions of G.

Throughout this work, we use the following notation for (path-)decompositions. We refer
to the vertices of the path P as nodes and reserve the term vertices for the elements of V(G).
Thus, nodes correspond to vertices of the decomposition structure, while bags are sets of
vertices of G. Properties defined for nodes or bags are extended to the other in the natural
way. Given a path-decomposition (P = (p1, ..., pq), B) we say that a node p; € V(P) is strictly
left of anode p; € V(P), if i < j. Similarly, p; is strictly right of p;, if i > j.

Treewidth. Tree-decompositions generalize path-decompositions by replacing the path P
with a tree T. A tree-decomposition is defined analogously to a path-decomposition, with the
connectivity condition requiring that the bags containing any fixed vertex induce a connected
subtree of T. Analogously, the width of a tree-decomposition is the size of its largest bag
minus one. The treewidth tw(G) of G is the minimum width over all tree-decompositions of
G.

We use the same notation for tree-decompositions as for path-decompositions, with the
following additions. The restriction of a tree-decomposition (T, B) of a graph G to an induced
subgraph G’ of G is obtained from (T, B) by removing all vertices of V(G) — V(G’) from every
bag. A tree-decomposition is called redundant, if some bag of this tree-decomposition is a
subset of the bag of a neighbour. All other tree-decompositions are non-redundant. By fixing
arootr € V(T), we obtain a rooted tree-decomposition. For a rooted tree-decomposition, we
use G; to refer to the subgraph of G induced by the set of vertices appearing in bags of the
subtree rooted at some node ¢t. This includes the vertices of B(t). We write children(t) for the
set of children of a node ¢ in a rooted tree-decomposition.

On the weight of cliques. We introduce a way to measure the weight of sets based on
clique-partitions that will be used in defining the following parameters. Let G be a graph and
let X € V(G) be a vertex set. For a clique-partition Px of G[X], the weight of a clique C € Px
is defined as log(|C| + 1). The weight of the clique-partition Py is the sum of the weights
of its cliques. The weight of G[X], and as a shorthand of X, is the minimum weight over
all clique-partitions of G[X]. Given a fixed clique-partition Px of G[X], the weight of G[X]
under Px is simply the weight of Px. Again, we use X as a shorthand instead of G[X]. If a
clique-partition of a supergraph is given, it naturally restricts to a clique-partition of G[X].
When only the relative quality of partitions matters, we may equivalently use the multi-
plicative formulation [[cep, (IC|+1) for the weight of a clique-partition Px. This formulation

is equivalent for relative comparisons, since log(Ilcep, (|C| +1)) = 2, log(|C| + 1) and the
CePx
logarithm is monotone.

Clique-partitioned treewidth. We now turn to parameters that refine treewidth by tak-
ing into account the internal structure of bags. We begin by formally introducing clique-
partitioned treewidth as originally defined by Blasius et al. [BKW23], which is the param-
eter this thesis focuses on. A clique-partitioned tree-decomposition, abbreviated as cp-tree-
decomposition, of a graph G is a triplet (T, B, P), where (T, B) is a tree-decomposition and P
is a function that assigns to each node t € V(T) a clique-partition of G[B(t)]. We say that
P partitions each bag into cliques. The clique-partitioned weight of a bag B(t) is weight of
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Y y
(@) (b)

Figure 2.1: An example graph for which P-flattened treewidth is strictly larger than gp-
treewidth. Part (a) shows the graph together with a partition into two cliques. Part (b) presents
a gp-tree-decomposition of this graph with gp-weight 2 - 2 = 4, using the multiplicative
formulation of weight. For P-flattened treewidth, any partition into two cliques yields
adjacent cliques, and thus every bag in the resulting decomposition must contain all vertices,
leading to a strictly larger weight. A case analysis shows that partitions into more than two
cliques do not improve the situation.

B(t) under P(t). The clique-partitioned weight of a cp-tree-decomposition is the maximum
clique-partitioned weight of a bag of this decomposition. We use the abbreviation cp-weight
for the clique-partitioned weight. The clique-partitioned treewidth cptw(G) of a graph G,
abbreviated as cp-treewidth, is the minimum cp-weight over all cp-tree-decompositions of G.

We define clique-partitioned path-decompositions (short cp-path-decompositions) and the
clique-partitioned pathwidth cppw(G) of a graph G, abbreviated as cp-pathwidth, analogously
by using an underlying path-decomposition instead of a tree-decomposition.

Globally-partitioned treewidth. As the next parameter, we introduce globally-partitioned
treewidth, which differs from cp-treewidth in that the local partitions of the bags must be
compatible and together form a global partition of the entire graph. A globally-partitioned
tree-decomposition, abbreviated as gp-tree-decomposition, of a graph G is a triplet (T, B, P),
where (T, B) is a tree-decomposition and P is a clique-partition of the entire graph G. The
globally-partitioned weight of a bag B(t) is weight of B(t) under P. The globally-partitioned
weight of a gp-tree-decomposition is the maximum globally-partitioned weight of a bag of
this decomposition. We use the abbreviation gp-weight for the globally-partitioned weight.
The globally-partitioned treewidth gptw(G) of a graph G, abbreviated as gp-treewidth, is the
minimum gp-weight over all gp-tree-decompositions of G.

We may also fix a clique-partition. In this variant of gp-treewidth, only gp-tree-decomposi-
tions that respect the given clique-partition are considered.

It can be seen, that globally-partitioned treewidth is closely related to the parameter P-
flattened treewidth introduced by De Berg et al. [Ber+18] for k = 1. In particular, both
parameters are based on global partitions of the entire graph. The P-flattened treewidth
additionally contracts each clique into a single vertex before computing tree-decompositions,
and can thus be viewed as form of weighted treewidth. This contraction ensures that, for
every clique, either all or none of its vertices are contained in any given bag. Consequently,
gptw(G) is always at most the P-flattened treewidth of G, and the inequality is strict for some
graphs (see Figure 2.1).

Tree-treewidth. Similarly, we define tree-treewidth. A tree-treewidth tree-decomposition,
for short tt-tree-decomposition, is a triplet (7, B, D), where (T, B) is a tree-decomposition and
D is a function that assigns to each node ¢t € V(T) a tree-decomposition of G[B(t)]. The tree-
tree weight of a bag B(t) is the width of D(t) and the tree-tree weight of a tt-tree-decomposition
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is the maximum tree-tree-weight of a bag of this decomposition. Similar to before, we use
the abbreviation tt-weight. The tree-treewidth ttw(G) of a graph G is the minimum tt-weight
over all tt-tree-decompositions of G.

Tree-independence number. Next, we define the tree-independence number, a parameter
that has been studied extensively in the literature [Yol18 | DMS24 | Dal+26]. Recall, that we
define the independence number of a graph G to be the maximum size of an independent
set in G. Then, the independence number of a bag B(t) is the independence number of the
subgraph G[B(t)] induced by B(t). The independence number of a tree-decomposition is the
maximum independence number of a bag of this decomposition. The tree-independence number
tree-a(G) of a graph G is the minimum independence number over all tree-decompositions
of G.

Tree-clique-cover number. Analogously, we extend the clique-cover number to tree-
decompositions. This parameter has also been used by Hilaire et al. [HMV26]. As defined
earlier, the clique-cover number of a graph G is the minimum size of a clique-cover of G. Then,
the clique-cover number of a bag B(t) is the clique-cover number of the subgraph G[B(t)]
induced by B(t). Then, the clique-cover number of a tree-decomposition is the maximum
clique-cover number of a bag of this decomposition. The tree-clique-cover number tree-k(G)
of a graph G is the minimum clique-cover number over all tree-decompositions of G.

2.3.2 An addendum to the definitions of parameters

We conclude this part with several definitions related to the considered parameters. First
note, that all definitions introduced for tree-decompositions extend naturally to cp-, gp- and
tt-tree-decompositions, as these are tree-decompositions augmented with additional structure.
Whenever the type of weight is clear from the context or is irrelevant, we omit the prefixes
cp, gp, or tt.

For algorithmic purposes like dynamic programming approaches, it is common to work
with nice tree-decompositions. We define these for tree-decompositions and note that the
concept extends directly to nice cp-, gp- and tt-tree-decompositions. A nice tree-decomposition
(T, B) is a rooted tree-decomposition with root r such that B(r) = 0, and every non-root
node is one of the following types: A leaf-node is a node t with no children and B(¢) = 0.
An introduce-node is a node t with exactly one child ¢’ such that B(¢) = B(t') + v, for some
introduced vertex v ¢ B(t’). A forget-node is a node t with exactly one child ¢’ such that
B(t) = B(t") — v, for some forgotten vertex v € B(t"). A join-node is a node t with exactly two
children t; and t, such that B(t) = B(t;) = B(t,).

Finally, since this work is primarily concerned with the computation of these parameters,
we formalize the corresponding decision problems. For instance, in the TREEWIDTH problem,
we are given a graph G and an integer k, and the task is to decide whether G admits a
tree-decomposition of width at most k. The problems cP-TREEWIDTH, GP-TREEWIDTH, TT-
TREEWIDTH, TREE-INDEPENDENCE NUMBER, and TREE-CLIQUE-COVER NUMBER are defined
analogously using the respective parameters and decomposition variants. Note, that cp-
TREEWIDTH and GP-TREEWIDTH are defined with real-valued parameters.






3 Fundamental properties of
tree-decompositions and weighted
clique-partitions

In this chapter, we present several fundamental properties of clique-partitions and tree-
decompositions that are used throughout this thesis. These results are well-known and have
appeared in previous work. We state them for completeness and, where helpful, provide brief
proof sketches.

3.1 Chosen fundamental properties of weighted
clique-partitions
We begin by studying basic properties of clique-partitions. Most of the following results are

either straightforward or have been established by Blésius et al. [BKW23]. We first consider
the effect of removing vertices.

Observation 3.1: Let X be a vertex set and let S C X be a subset of X. Then, the weight of S is
at most the weight of X.

Proof. Consider an optimal clique-partition P of X and use wp for the weight with respect to
P. For every clique C* of P[S], there exists a clique of P that is a superset of C*. Since the
logarithm is monotone, it follows that

wp($)= >, wp(C)

CeP[S]

< > wp(C)

C'eP
= WP(X)

This observation immediately extends to the corresponding parameters.
Corollary 3.2: The cp-treewidth and gp-treewidth are monotone under taking subsets.
Next, we consider the behaviour under unions of disjoint sets.

Observation 3.3: Let X and Y be two disjoint vertex sets. Then, the weight of X U'Y equals the
sum of the weights of X and Y.

Proof. Combining an optimal clique-partition of X with an optimal clique-partition of Y yields
a clique-partition of X U Y. Since the sets are disjoint, the partitions do not interact, and the
weights add. a

11
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To gain further intuition on weights, we consider how they depend on the balance of clique
sizes. Informally, less balanced partitions have smaller weight. As we are only interested in
relative comparisons, we use the multiplicative formulation of weight.

Lemma 3.4 (Lemma 3 of [BKW23]): Let v,x,y,z € Ny such thatv+x =y +zandv > x,y >
z,z>x. Then, v+1)-(x+1) <(y+1)-(z+1).

This notion of balancedness extends to sequences.

Lemma 3.5 (Lemma 4 of [BKW23]): Let (sy, ..., sg) and (ri,. .., r;) be different non-increasing
sequences of natural numbers such that2 <k < ¢, Y s;= ) riyands; >r; forallie [k—-1].

ie[k] ie[?]
Then, [] (si+1) < [] (r; +1).
iek] ie[?]

3.2 Chosen fundamental properties of tree-decompositions

We continue with several well-known properties of tree-decompositions. We begin by consid-
ering how cliques are represented by tree-decompositions.

Lemma 3.6 (Lemma 4 of [Bod98]): Let G = (V, E) be a graph, let (T, B) be a tree-decomposition
of G, and let C C V be a clique. Then, there exists a node t € V(T) such that C C B(t).

Next, we consider non-redundant decompositions and show that optimal tree-decomposi-
tions of bounded size exist. We state the result for a general notion of weight, assuming only
monotonicity under taking subsets.

Lemma 3.7: Let G = (V, E) be a graph and let (T, B) be a tree-decomposition of G. Then, there
exists a non-redundant tree-decomposition of G with the same weight as (T, B) and at most |V |
nodes.

Proof Sketch. We obtain an non-redundant tree-decomposition by repeatedly contracting any
node whose bag is a subset of the bag of a neighbour into this neighbour. This preserves
the weight due to monotonicity under taking subsets. Using induction on |V| and the fact
that every leaf of a non-redundant tree-decomposition must contain a vertex not appearing
elsewhere, one obtains the claimed bound on the number of nodes. A full proof can be found
in [AZ21]. a

Since every path-decomposition is a tree-decomposition, the same result holds in that
setting.

Corollary 3.8: Let G = (V,E) be a graph and let (P, B) be a path-decomposition of G. Then,
there exists a non-redundant path-decomposition of G with the same weight as (P, B) and at
most |V| nodes.

We now show that every tree-decomposition can be converted into a nice tree-decomposi-
tion without increasing the weight. Again, we state the result for a general notion of weight,
assuming only monotonicity under taking subsets.

Lemma 3.9: Let G = (V, E) be a graph and let (T, B) be a tree-decomposition of G with width tw.
Then, a nice tree-decomposition of G with the same weight as (T, B), width tw, and O(tw -|V)
nodes can be computed in time O(tw? -(|V| + |E|)).

12
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Proof Sketch. To obtain a nice tree-decomposition, we address three issues. First, we ensure
that all leaves have empty bags by adding appropriate child nodes. Second, we enforce that
adjacent bags differ by at most one vertex by inserting paths of intermediate bags of length
O(tw). Third, we replace nodes of degree greater than two by binary trees. The resulting
decomposition satisfies the desired properties. A full proof for cp-tree-decompositions and a
short discussion on the origins of this proof can be found in [Gei23]. a

We now show that bags act as separators.

Lemma 3.10: Let G = (V,E) be a connected graph, let (T, B) be a non-redundant tree-
decomposition of G and lett € V(T) be a non-leaf. Then, B(t) is a separator of G.

Proof. Since t is a non-leaf, it has at least two neighbours ¢’ and ¢*. By non-redundancy B(t’)
contains some vertex a not in B(¢). Similarly, B(t*) contains some vertex b not in B(t). Let Ty
and T, be a partition of T — t into two components such that a is contained in some bag of Ty
and b is contained in some bag of T,. By the connectivity-property of tree-decompositions, no
vertex appears in bags of both T; and T,. Hence, by edge coverage, no edge between vertices
of different components exists and a and b are separated by B(t). a

An analogous result holds for edges of the decomposition.

Lemma 3.11: Let G = (V,E) be a connected graph, let (T, B) be a non-redundant tree-
decomposition of G and let tt" be an edge in T. Then, B(t) N B(t") is a separator of G.

Proof. First, note that by non-redundancy B(t) contains some vertex a not in B(t’) and B(#’)
contains some vertex b not in B(t). We then proceed analogous to Lemma 3.10 but consider
components of T with the edge ¢/, but not its endpoints, removed. a

We now turn to chordal graphs, which are of particular interest as they admit well-structured
tree-decompositions. The following well-known lemma formalizes this property. A proof can
be found in [Dvo15].

Lemma 3.12: Let G be a chordal graph. Then, there exists an optimal tree-decomposition (T, B)
of G such that, for eacht € V(T), the bag B(t) induces a clique.

We now turn to a graph construction that enforces strong structural properties on the
bags of any tree-decomposition. In particular, we show that this construction guarantees
that one of two copies of a given graph is fully contained in every bag. This allows us to
relate the tree-independence number to the classical independence number, and similarly for
clique-cover variants. Our approach extends Observation 5.1 and Lemma 5.1 of [Dal+26] to
all bags and to our setting.

Lemma 3.13: Let G = (V,E) be a graph and let H be constructed from two disjoint copies G;
and G, of G by connecting each pair of vertices x € V(G1),y € V(G,) with an edge. Let (T, B)
be a non-redundant tree-decomposition of H, and let t be a node of T. Then, at least one of G; or
G, is fully contained in B(t), i. e. V(Gy) C B(t) or V(G,) C B(t).

Proof. We distinguish cases based on the structure of B(t) and the position of ¢ in T.

If T consist of a single node, then B(f) = V(H) and the claim is immediate.

Assume now that T has at least two nodes. First, consider the case where t is a leaf
with unique neighbour t’. If B(t) already contains one of the copies G; or G,, we are done.
Otherwise, since (T, B) is non-redundant, there exists a vertex v € B(t) — B(t"). W.lo.g. let
v be a vertex of G;. Furthermore, let u € G, be a vertex not in B(t). Such a vertex exists, as

13
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B(t) does not contain all of G, by assumption. Then, the edge uv is not covered by any bag of
the decomposition, since the vertex v appears only in B(t), while u does not appear in B(t).
This contradicts the edge coverage property of tree-decompositions. Hence, the case of a leaf
containing neither of G; or G, cannot occur.

It remains to consider the case where t is a non-leaf. Then, removing t from T yields at
least two connected components. Let T be one such component and let T be the union of
the remaining components. Let X and Y denote the sets of vertices that appear exclusively in
bags of T, and T, respectively, but not in B(t). We note, that X and Y are disjoint, non-empty
vertex sets that are not connected by an edge in H (see Lemma 3.10). Additionally, the union
of X, Y and B(t) is exactly the vertex set of H.

We distinguish cases based on how the set X intersects the vertex sets of G; and G,.

If X contains vertices only from G, then no vertex of G, can lie in Y. This is, since every
vertex of G, is adjacent to every vertex of G; and since X and Y are not connected by an edge.
Hence, B(t) must contain all vertices of Gz, as neither X nor Y contains any vertices from G,.
The case where X contains only vertices of G, is symmetric.

If X contains vertices from both G; and G, then Y cannot contain any vertex from either
copy, by similar arguments. However, this implies Y = (), a contradiction. This completes the
proof. a

We now use this result to relate parameters of H to those of G.

Lemma 3.14: Let G = (V, E) be a graph and let H be constructed from two disjoint copies Gy
and G, of G by connecting each pair of vertices x € V(G1),y € V(G,) with an edge. Let (T, B)
be a non-redundant tree-decomposition of H and let t be a node of T. Then, the independence
number of B(t) equals the independence number of G. Moreover, the clique-cover number of B(t)
equals the clique-cover number of G.

Proof. By Lemma 3.13, the bag B(t) contains all vertices of one copy, say G;. Each vertex in
V(G;) N B(t) is adjacent to all vertices of Gy, and thus V(Gz) N B(t) forms a set of universal
vertices with respect to G;. Therefore, any independent set of B(t) is either contained entirely
in Gy or entirely in V(Gz) N B(t). Hence, the independence-number of B(t) is exactly the
independence number of G.

For clique-covers, observe that any clique-cover of G; can be extended to a clique-cover of
B(t) by assigning each vertex in V(G,) N B(¢) to the corresponding clique in G;. This does
not increase the number of cliques in the cover, and thus the clique-cover number of B(t)
equals that of G. a
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4 Comparing tree-decomposition based
parameters

In this section, we compare cp-treewidth and gp-treewidth to several other tree-decomposition-
based parameters such as treewidth and tree-independence number. When evaluating such
parameters, three aspects are of interest: (1) size: the parameter value should be as small
as possible, (2) usefulness: the parameter should enable the design of FPT-algorithms for a
wide range of problems, (3) computability: the parameter should be efficiently computable.
In this chapter, we focus on the first two aspects, as algorithms and hardness results for
computing the other parameters are already well-documented in the literature (see for example
[BK96 | Bon25 | Dal+26]). Algorithms and hardness results concerning the computation of the
parameters cp-treewidth and gp-treewidth will be presented in later chapters.

The goal of this chapter is to establish two hierarchies. The first hierarchy orders the pa-
rameters according to their size. More precisely, we show that for a given tree-decomposition,
the weight as measured by one parameter is smaller than the weight as measured by another.
The second hierarchy orders the parameters according to their algorithmic potential. To this
end, we analyse for which problems these parameters admit FPT-algorithms. In this chapter,
we extend the comparisons established by Geif3ler [Gei23]. Accordingly, we largely follow
their notation and several of their proof techniques, and we also reuse some of their results.

4.1 A hierarchy of parameter-sizes

When comparing the sizes of parameters, we consider two aspects. First, we establish a
sequence of guaranteed upper bounds such that, for every tree-decomposition, the parameter
value decreases at each step of the sequence. Second, we study the maximum possible gap
between two parameters. To this end, we bound the smaller parameter as a function of the
larger one.

4.1.1 Getting smaller in each step

In this subsection, we show that the considered parameters form a hierarchy in which the
parameter value decreases in every step. Rather than restricting the comparison to optimal
tree-decompositions, we prove a stronger statement that applies to all tree-decompositions.
To this end, we use decomposition-wise comparisons. More precisely, we consider an arbitrary
graph together with an arbitrary tree-decomposition and the additional structures required for
the larger parameter (such as clique-partitions). We then show that the additional structures
for the smaller parameter can be chosen so that its weight is at most the weight of the larger
parameter. Since our parameters are defined as the minimum over all tree-decompositions
and all corresponding additional structures, it follows directly that, for every graph, the
smaller parameter is indeed at most as large as the larger one. In particular, given an optimal
decomposition together with suitable structures for the larger parameter, we can construct
structures for the smaller parameter whose weight is no larger.
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Therefore, we show the following hierarchy.

Theorem 4.1: Let G be a graph and let (T, B) be a tree-decomposition of G. Then, there exists a
clique-partition P of G such that, for every such P, there exists a function P mapping each node
t of T to some clique-partition of G B(t)] with the following property.

Let tree-a denote the independence number of (T, B), let tree-x denote the clique-cover number
of (T, B), let cptw denote the cp-weight of (T, B, P), let gptw denote the gp-weight of (T, B, P),
and let tw denote the width of (T, B). Then, tree-a < tree-k < cptw < gptw < tw +1.

To prove this theorem we consider the individual inequalities. As the first parameter, we
analyse the classical notion of treewidth. Our goal is to show that it is the largest among the
parameters under consideration. We therefore begin by comparing it to gp-treewidth.

Lemma 4.2: Let G be a graph and let (T, B) be a tree-decomposition of G with width tw.
Then, there exists a clique-partition P of G such that the gp-tree-decomposition of (T, B, P) has
gp-weight at most than tw +1.

Proof. We construct such a clique-partition explicitly. Here, we use the trivial partition P of
G into single-vertex cliques. Let ¢ be a node of the resulting gp-tree-decomposition (T, B, P),
and let P[¢] denote the restriction of P to the bag G[B(t)]. Then, the gp-weight of ¢ is

> log(ICl+1)

CeP[t]

Here, we used that, for the partition into single-vertex cliques, summing over all cliques is
equivalent to summing over all vertices in the bag. Since this bound also holds for the bag
with maximum gp-weight, the gp-weight of (T, B, P) is at most tw +1. Note, that choosing a
more refined clique-partitions can only decrease the gp-weight. a

It is straightforward to verify that this bound is tight. For example, consider edgeless graphs,
for which the above clique-partition is optimal.

We now extend the hierarchy to the next smallest parameter. In particular, we consider
cp-treewidth.

Lemma 4.3: Let G be a graph and let (T, B, P) be a gp-tree-decomposition of G with gp-weight
gptw. Then, there exists a function P that maps each node t to a clique-partition of G[B(t)] such
that the cp-tree-decomposition (T, B, P) has cp-weight at most gptw.

Proof. We construct a clique-partition for each bag by restricting the global partition to the
vertices of the bag. Formally, for every node t € V(T), we define P(t) as the restriction of
P to the vertex set B(t). With this choice, the cp-weight of each bag equals its gp-weight.
Consequently, the cp-weight of (T, B, P) is exactly the gp-weight of (T, B, P). As before,
selecting more suitable clique-partitions for the bags can only decrease the cp-weight. W
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Again, it is straightforward to verify that this bound is tight. In particular, for complete
graphs all vertices are contained in a single bag (see Lemma 3.6), and therefore the local and
global partitions coincide.

In the next step, we consider the tree-clique-cover number.

Lemma 4.4: Let G be a graph and let (T, B, P) be a cp-tree-decomposition of G with cp-weight
cptw. Then, the clique-cover number of each bag in (T, B, P) is at most cptw.

Proof. We construct a clique-cover of the required size for each bag by reusing the given
clique-partition. Since every clique contributes at least 1 to the cp-weight, it follows that
the clique-cover number of each bag is at most cptw. As before, selecting more suitable
clique-covers for the bags can only decrease the clique-cover number. a

It is straightforward to verify that this bound is tight. For example, consider edgeless graphs,
for which the above clique-cover is optimal.

As the final parameter, we consider the tree-independence number. This lemma concludes
the proof of Theorem 4.1.

Lemma 4.5: Let G be a graph and let (T, B) be a tree-decomposition of G with tree-clique-cover
number tree-x. Then, the independence number of each bag in (T, B, P) is at most tree-x.

Proof. Let B(t) be abag and let I C B(¢) be an independent set in G[B(t)]. By definition, each
vertex of I must lie in a different clique of a minimum clique-cover of G[B(t)]. Choosing I to
be a maximum independent set in G[B(t)] yields the desired statement. a

For chordal graphs, the two parameters clearly coincide, since each bag induces a clique
(see Lemma 3.12), and a clique-cover consisting of a single clique is optimal.

To illustrate that not all parameters fit into such a clear hierarchy, we now consider tree-
treewidth. Here, we will see that this parameter is bounded by treewidth, but that we are
unable to compare it to the other parameters in the hierarchy.

Lemma 4.6: Let G be a graph and let (T, B) be a tree-decomposition of G with width tw. Then,
there exists a function D that maps each node t to a tree-decomposition of G[B(t)] such that the
tt-tree-decomposition (T, B, D) has tt-weight at most tw.

Proof. We construct such a tree-decomposition for each bag. For this purpose, we use the
trivial tree-decomposition consisting of a single bag. With this choice, the tt-weight of each
bag equals its width. Consequently, the tt-weight of (T, B, D) equals the width of (T, B).
As before, choosing more suitable tree-decompositions for the bags can only decrease the
tt-weight. a

However, tree-treewidth is incomparable to the other parameters. We show that there
exists a graph family in which tree-treewidth is smaller, and another in which it is larger.

Lemma 4.7: There exists an infinite family of graphs G such that a graph G € G with n vertices,
has tree-treewidth in O(1), gp-treewidth in Q(\/n), cp-treewidth in Q(\/n), tree-clique-cover
number in Q(+/n), and tree-independence number in Q(\/n).

Proof. We consider the family of grids with equal number of rows and columns. Let G be such
a grid with v/n rows and v/n columns. We verify that the parameters have the claimed values.
Remember, that the treewidth of G is v/n [Bod98]. A tree-decomposition that processes the
grid column by column achieves this width. In this decomposition, each bag induces a tree.
Hence, this decomposition can be extended to a tt-tree-decomposition with tt-weight 1.
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Now let (T, B) be a tree-decomposition of G. We show that the weight of (T, B) is at least
Q(+/n) for the other three parameters. Since G has treewidth +/n, there must be a node
t € V(T) whose bag has size at least \/n + 1. The graph G contains no cliques of size at

least three, and therefore the same holds for G[B(t)]. Consequently, every clique-cover of

G[B(t)] contains at least @ cliques. Thus, the gp-weight, the clique-cover number, and
the cp-weight of this bag B(t) are in Q(+/n). Finally, consider the tree-independence number.
In any tree-decomposition of G there exists a bag that contains a vertex from each row or
from each column (Claim 88A of [Bod98]). Taking a vertex from every second row (or every

second column) yields an independent set, since edges occur only between adjacent rows (or
columns). Thus, this bag has independence number at least \/75
Since this holds for every tree-decomposition, the three parameters all are in Q(y/n). @

The last lemma shows that there is an infinite family for which tree-treewidth is smaller
than the remaining parameters. We now show the opposite direction by constructing an
infinite family for which tree-treewidth is larger than the remaining parameters.

Lemma 4.8: There exists an infinite family of graphs G such that a graph G € G with n vertices,
has tree-treewidth in ©(n), gp-treewidth in O(log(n)), cp-treewidth in O(log(n)), tree-clique-
cover number in O(log(n)), and tree-independence number in O(log(n)).

Proof. We consider the family of complete graphs. Let G be such a graph with n vertices. By
Lemma 3.6, every tree-decomposition of G must contain one bag that includes the all vertices
of the graph. Therefore, the tree-treewidth of G is n — 1.

For the remaining three parameters, note that by Lemma 4.3, Lemma 4.4, and Lemma 4.5,
it suffices to bound the gp-treewidth. Consider the gp-tree-decomposition consisting of a
single bag together with a clique-partition that contains the entire vertex set as one clique.
The gp-weight of this decomposition is in O(log(n)). a

4.1.2 Bounding the gaps between parameters

We now investigate by how much the parameters in our hierarchy may differ. More precisely,
we study which function of the smaller parameter is sufficient to bound the larger one. We
formalize this using the following notion. We say that a parameter 7 is f-bounded in a
parameter p, if f is a function such that 7z is smaller than f(p) in a decomposition-wise
comparison for all graphs.

As a first step, we again consider the two clique-partition-based parameters and treewidth.
To relate them, we use the following folklore auxiliary lemma, which compares sums and
products of sequences.

Lemma 4.9 (Folklore, for a proof see Lemma 3.1 of Geif}ler [Gei23]): Let x1,...,xx be a

k k
sequence of length k € N with x; > 2 for each i € [k]. Then, }, x; < [] x;.
i=1 i=1

Using this lemma, we obtain the following bound.

Lemma 4.10: Let G = (V,E) be a graph and let P be a clique-partition of G with w =

>, log(|C| + 1). Then, |V| < 2™.
CePpP
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4.1 A hierarchy of parameter-sizes

Proof. First, note that the number of vertices equals the sum of the clique sizes. Hence,

V=) Icl

CeP

< Z(|C|+1)

CeP
<[ ]aci+1

2 log(ICl+1)
2CeP

=2V

The second inequality follows from Lemma 4.9, since each clique has size at least one and
thus |C| + 1 > 2. -

This immediately implies analogous statements for gp-treewidth and cp-treewidth. Hence,
treewidth is 2¥-bounded in both gp-treewidth and cp-treewidth.

Corollary 4.11: Let G be a graph and let (T, B, P) be a gp-tree-decomposition of G with gp-
weight gptw. Then, (T, B) has width at most 28PV.

Corollary 4.12: Let G be a graph and let (T, B, P) be a cp-tree-decomposition of G with cp-weight
cptw. Then, (T, B) has width at most 2°P™.

Both bounds are asymptotically tight, as witnessed by complete graphs.
Next, we show that gp-treewidth is 2*-bounded in cp-treewidth.

Lemma 4.13: Let G be a graph and let (T, B, P) be a cp-tree-decomposition of G with cp-weight
cptw. Then, there exists a clique-partition P of G such that the gp-tree-decomposition of (T, B, P)
has gp-weight at most 2°P™ + 1.

Proof. By Lemma 4.2, the tree-decomposition (T, B) can be extended to a gp-tree-decomposi-
tion whose gp-weight is at most one more than the width of (T, B). By Corollary 4.12, this
width is at most 2PV, a

To see that this bound is asymptotically tight, consider the following graph family.

Lemma 4.14: There exists an infinite family of graphs G such that a graph G € G with n vertices,
has cp-treewidth in O(log(log(n))) and gp-treewidth in Q(log(n)).

Proof. We adapt the proof of Lemma 1 of Blasius et al. [BKW23] to the setting of gp-treewidth.
We choose G as follows. For every h € IN,, we add the following graph G, to G. G, is a
complete binary tree of height h, where all paths from a leaf to the root are connected to form
a clique. Since the graph contains @(2") vertices, we have h € ©(log(n)).

We first construct a cp-tree-decomposition (T, B, P) of G, with cp-weight O(log(log(n)).
We choose T to be a path and create one bag for each path from a leaf to the root. Since
each bag consists of a single clique, this cp-tree-decomposition has cp-weight log(h + 1) €
O(log(log(n))).

Let (T, B, P) be a gp-tree-decomposition of Gj. By simple induction argument, we can see
that there exists a path from a leaf to the root in G, whose vertices are assigned to pairwise
distinct cliques by P. However, such a path forms a clique and thus is entirely contained in
at least one bag by Lemma 3.6. This bag therefore contains at least h cliques and hence has
gp-weight at least h - log(1 + 1) € Q(log(n)). a
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Finally, we consider the tree-independence number and the tree-clique-cover number. In
contrast to the previous parameters, there exists no function f such that cp-treewidth is
f-bounded in either of those parameters. We say that cp-treewidth is unbounded in the
tree-independence number and the tree-clique-cover number. This can be seen by considering
complete graphs.

Lemma 4.15 (Extension of Lemma 3.12 of Geif}ler [Gei23]): There exists an infinite family
of graphs G such that a graph G € G with n vertices, has tree-independence number in O(1),
tree-clique-cover number in O(1), and cp-treewidth in Q(log(n)).

It remains to analyse how the tree-clique-cover number and the tree-independence number
are related. Similar to before, there exist graphs where the tree-independence number is
constant while the tree-clique-cover number is unbounded.

Lemma 4.16: There exists an infinite family of graphs G such that, for each r € N, there exists
a graph G € G with tree-independence number in O(1) and tree-clique-cover number exactly r.

Proof. We define the family G as follows. Let G be a triangle-free graph with chromatic
number r. Such a graph exists for every r [Erd59]. In particular, its complement G contains
no 3K as an induced subgraph. We construct a graph H by taking two disjoint copies of G,
denoted by G; and G,, and connecting each pair of vertices x € V(G,),y € V(G,) with an
edge. We let G be the family of all such graphs H.

We first analyse the independence number and the clique-cover number of G. Since G
contains no 3Kj, every independent set has size at most 2. Moreover, since G has chromatic
number r, the minimum clique-cover of the complement G has size exactly r. By Lemma 3.14,
each bag in a tree-decomposition of H inherits these properties from G. Consequently, the
tree-independence number is bounded by a constant, while the tree-clique-cover number is
exactly r. a

In summary, we have shown that cp-treewidth and gp-treewidth can be at most logarith-
mically smaller than treewidth, and that this logarithmic improvement can be distributed
arbitrarily between the two steps of the hierarchy. Moreover, the tree-independence number
and the tree-clique-cover number may remain constant while the other parameters grow with
the size of the graph.

4.2 Comparing the algorithmic potential of parameters

Besides the size of parameters, their algorithmic potential is also of interest. In particular, we
ask for which problems fixed-parameter tractable algorithms exist with respect to a given
parameter. To study this question, we consider FPT-reductions from graph problems parame-
terized by one parameter to the same problem parameterized by another. Such reductions
allow us to translate between parameters and thereby apply existing algorithms.

4.2.1 Treewidth, clique-partitioned treewidth, and globally-partitioned
treewidth have the same algorithmic potential

We begin by establishing pairwise reductions between the variants of a general graph problem
parameterized by treewidth, gp-treewidth or cp-treewidth. Here, we may use the size-bounds
established in the previous subsection because the parameters influence only the running
time of the algorithm, but not the correctness or quality of the solution.

These reductions allow us to transfer the W[t]-hardness results from one variant to another.
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Theorem 4.17 (Extension of Theorem 4.3 of Geifler [Gei23]): Lett > 0 be an integer. Let Iy, be
a graph problem parameterized by treewidth, let Il .pty be the same graph problem parameterized
by cp-treewidth and let Igpry, be the same graph problem parameterized by gp-treewidth. Then,
the following statements are equivalent.

@ Il is W[t]-hard.
@ Ilepw is W[t]-hard.

@ Igpew is W[t]-hard.

Proof. To prove this theorem, we provide the following three FPT-reductions which closely
mirror the reductions established in Corollary 4.1 and 4.2 of Geif3ler [Gei23]. (1) a reduction
from Igpty to Meptw, (2) @ reduction from Iyt to iy, and (3) a reduction from Iy, to Mgpiw.

We begin with some general observations that apply to all three reductions. First, note that
instances of Iy Hcptw and Hgpy differ only in the parameter and the given decomposition.
In particular, the underlying graph and the problem statement remain unchanged. Therefore,
each reduction only needs to transform the type of tree-decomposition associated with the
first parameter into the type associated with the second, while ensuring that the second
parameter is f-bounded, for some function f, in the first one. It remains to verify that
each such reduction can be carried out in FPT-time with respect to the relevant parameter.
Correctness then follows immediately, since neither the graph nor the problem statement is
altered.

We now describe the individual reductions. For (1), the reduction from IIgpty to Heptw,
we use Lemma 4.3, which bounds the cp-weight of a decomposition by the gp-weight of
this decomposition. This is done by interpreting the global partition as a local one. For
(2), the reduction from Iyt to Iliy, we use Corollary 4.12, which ensures that the width
of a decomposition is 2*-bounded in the cp-weight of this decomposition. This is done by
ignoring the partition of the graph. Finally, for (3), the reduction from Iliy to Igptw, we use
Lemma 4.2, which bounds the gp-weight of a decomposition by one more than the width of
this decomposition. This is done by considering the partition into single-vertex-cliques. All
three reductions can be applied in FPT-time for the relevant parameter, since we only adjust
the parameter and apply a simple modification to the decomposition. This establishes the
required reductions and thus proves the theorem. a

Similarly, these reductions transfer results on the containment in complexity classes from
one variant to another.

Theorem 4.18 (Extension of Corollary 4.4 of Geif3ler [Gei23]): Let t > 0 be an integer. Let
Iliw be a graph problem parameterized by treewidth, let Il .pr be the same graph problem
parameterized by cp-treewidth and let lgpry be the same graph problem parameterized by
gp-treewidth. Then, the following statements are equivalent.

@ Il contained in the class W[t].
@ Il piw contained in the class WJt].
@ Il contained in the class W[t].

Furthermore, the following statements are equivalent.
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4 Comparing tree-decomposition based parameters

@ Il contained in the class FPT.
@ Ilcptw contained in the class FPT.
@ Il contained in the class FPT.

Informally, these results show that the three parameters are equivalent with respect to
which graph problems admit an FPT-algorithm. However, the concrete running times of
these algorithms may still differ. A simple approach is to apply one of the reductions above
and then run an existing algorithm for the target parameter. Note that this may increase
the dependence on the parameter in the running time bound because the parameter value
changes according to the corresponding bound. Since many algorithms for treewidth are
already known, the most relevant reductions are those from gp-treewidth or cp-treewidth to
treewidth.

Corollary 4.19 (Corollary 4.5 of Geifler [Gei23]): Let G = (V,E) be a graph with a given
cp-tree-decomposition of cp-weight cptw and width tw, and let (I, cptw) be an instance of a graph
problem I epty. Assume there exists an traditional FPT-algorithm for Iy, with running time
f(tw) - q(|V]), where f is a computable function and q a polynomial. Then, an FPT-algorithm
deciding (I, cptw) in f(2P™Y) - q(|V|) exists. If a gp-tree-decomposition of gp-weight gptw and
width tw is given with the corresponding instance (I, gptw), then an FPT-algorithm deciding
(L gptw) in f(28P™Y) - q(|V]) exists.

4.2.2 The tree-independence number, the tree-clique-cover number, and
tree-treewidth admit fewer algorithms and stronger hardness results

A natural question is whether the previous equivalence of algorithmic potential also extends
to the tree-independence number, the tree-clique-cover number and the tree-treewidth. A first
indication that this is not the case comes from the graph classes identified earlier in which
these parameters remain constant while the treewidth grows. Consequently, the treewidth
is unbounded in these parameters. Thus, the relationship is inherently asymmetric: In one
direction, algorithms transfer between parameters, while in the other direction this transfer
fails for certain problems.
We first consider the tree-independence number.

Lemma 4.20: Let I1, be a graph problem with a given tree-decomposition that is param-
eterized by the width tw of this tree-decomposition. Let e, be a graph problem with a
given tree-decomposition that is parameterized by the independence number tree-a of this tree-
decomposition. Then, there exists a FPT-reduction for the parameter treewidth from iy 10 iee-q
such that the given tree-decomposition of width tw is transformed into a tree-decomposition of
independence number tree-a < tw +1.

Proof. We use a reduction similar to those in the proof of Theorem 4.17. As seen in this proof,
it suffices to bound the independence number by the treewidth. We reduce Iy to Tiee-o by
using the same tree-decomposition as before. Since every bag has size at most tw +1, the
independence number of each bag is also at most tw +1. Hence, the independence number of
this decomposition is at most tw +1. a

We then continue with the tree-clique-cover number.
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Lemma 4.21: Let Iy, be a graph problem with a given tree-decomposition that is parameter-
ized by the width tw of this tree-decomposition. Let Iy ee- e a graph problem with a given
tree-decomposition that is parameterized by the tree-clique-cover number tree-x of this tree-
decomposition. Then, there exists a FPT-reduction for the parameter treewidth from Iy, 10 iree-x
such that the given tree-decomposition of width tw is transformed into a tree-decomposition of
clique-cover number tree-k < tw +1.

Proof. We use a reduction similar to those in the proof of Theorem 4.17. As seen in this proof,
it suffices to bound the tree-clique-cover number by the treewidth. We reduce Ty, to [iees
by using the trivial clique-cover of single-vertex cliques. Since every bag has size at most
tw +1, the clique-cover number of each bag is also at most tw +1. Hence, the clique-cover
number of this decomposition is at most tw +1. a

We now consider tree-treewidth and obtain a similar reduction.

Lemma 4.22: Let 1y, be a graph problem with a given tree-decomposition that is parameterized
by the width tw of this tree-decomposition. Let Iy, be a graph problem with a given tt-tree-
decomposition that is parameterized by the tt-weight ttw of this tt-tree-decomposition. Then,
there exists a FPT-reduction for the parameter treewidth from Iy, to Iy, such that the given tree-
decomposition of width tw is transformed into a tt-tree-decomposition of tt-weight ttw < tw +1.

Proof. Again, we use a reduction similar to those in the proof of Theorem 4.17. As seen in
this proof, it suffices to bound the tree-treewidth by the treewidth. We reduce Iy, to Iy
by assigning, to each bag of the given tree-decomposition, the trivial tree-decomposition
consisting of a single bag. Then, the resulting tt-tree-decomposition has tt-weight at most
tw +1. a

Informally, these reductions ensure that any algorithm using the tree-independence num-
ber, tree-clique-cover number, or tree-treewidth can be transformed into an algorithm for
treewidth. Furthermore, hardness results for treewidth translate to hardness results for the
tree-independence number, the tree-clique-cover number and the tree-treewidth. In particular,
the W[t]-hardness of Il;y, implies the W{t]-hardness of Iiree-¢r, Hiree-x> and iy, Analogously,
containment in W(t] for one of ITiyee-g» Iiree-x> and Iy implies containment in W{t] for I,
as well as containment in FPT for one of ITiree-gs [iree-xs and Iy implies containment in FPT
for Iiy,.

Next, we show that the reverse directions of the above reductions and results do not hold,
assuming P # N'P. We begin with the tree-independence number as well as the tree-clique-
cover number and identify several problems that are in FPT for treewidth (and therefore
also for cp-treewidth and gp-treewidth), but not for the tree-independence number and the
tree-clique-cover number, unless P = N'P.

Lemma 4.23: If P # NP, then there exists no FPT-algorithm solving DOMINATINGSET, HAMIL-
TONCYCLE, HAMILTONPATH or MAXCUT on chordal graphs when parameterizing by either the
tree-independence number or the tree-clique-cover number.

Proof. Both the tree-independence number and the tree-clique-cover number of chordal
graphs is 1, since chordal graphs admit a tree-decomposition in which every bag forms a
clique (see Lemma 3.12). Additionally, all of the listed problems are known to be A"P-complete
on chordal graphs [BJ82|BB86|BJ00]. Hence, an FPT-algorithm parameterized by either
parameter would imply an polynomial-algorithm for these problems on chordal graphs,
contradicting P # N'P. a
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For comparison, we note that these problems are fixed-parameter tractable when parame-
terized by treewidth for general graphs and thus also for chordal graphs.

Lemma 4.24 ([Cyg+15|BCKN15|BJ00]): There exists an FPT-algorithm solving DOMINAT-
INGSET, HAMILTONCYCLE, HAMILTONPATH and MaxCuUT when parameterizing by treewidth.

Similarly for tree-treewidth, there also are problems that admit FPT-algorithms with respect
to treewidth but not with respect to tree-treewidth.

Lemma 4.25: If P # NP, then there exists no FPT-algorithm solving DOMINATINGSET, HAMIL-
TONCYCLE or HAMILTONPATH on grid graphs when parameterizing by tree-treewidth.

Proof. As observed earlier, grid graphs have tree-treewidth 1 because they admit a tree-
decomposition in which every bag induces a tree. Additionally, all of the listed problems
are known to be AN'’P-complete on grid graphs [IPS82|CCJ90]. Hence, an FPT-algorithm
parameterized by tree-treewidth would imply an polynomial-algorithm for these problems on
grid graphs, contradicting P # N'P. a

Lemma 4.26 ([Cyg+15|BCKN15|BJ00]): There exists an FPT-algorithm solving DOMINAT-
INGSET, HAMILTONCYCLE and HAMILTONPATH when parameterizing by treewidth.

In summary, treewidth, cp-treewidth, and gp-treewidth have the same algorithmic potential,
whereas the tree-independence number, the tree-clique-cover number, and the tree-treewidth
admit strictly fewer FPT-algorithms and strictly stronger hardness results.
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5 Algorithms for CLIQUE-PARTITIONED
TREEWIDTH

It has been shown that, given a cp-tree-decomposition of small weight, a wide range of FPT-
algorithms parameterized by cp-treewidth exist [Gei23]. However, no method for computing
cp-tree-decompositions of small weight is known so far. In this chapter, we address this gap
by presenting two algorithms for computing cp-tree-decompositions of small weight. We first
introduce an XP-algorithm that computes the cp-treewidth of a graph exactly by enumerating
all separators of small weight. As the running time of this approach is insufficient for many
use cases, we then present an FPT-algorithm that computes a 4 - k + 3-approximation of
cp-treewidth by considering balanced separators. Throughout this chapter, we use n = |V| for
the input graph G = (V,E).

5.1 An XP-algorithm for cLIQUE-PARTITIONED TREEWIDTH

In this section, we present an exact XP-algorithm for verifying whether the cp-treewidth of a
graph is at most a given real number k. Our approach adapts the algorithm introduced by
Arnborg et al. [ACP87] to the setting of cp-treewidth.

This algorithm is inspired by the observation that the bags of a cp-tree-decomposition
form separators of the graph with weight at most k. Our approach inverts this perspective.
Instead of starting from a tree-decomposition, we enumerate all separators of weight at most
k and use them as candidates for bags of a cp-tree-decomposition. Such separators can be
enumerated in XP-time by scanning all vertex sets of size at most 2¥, which is the maximum
possible size for sets of weight k by Corollary 4.12, and testing whether they are separators and
whether their weight is at most k. Given a separator S of weight at most k, the algorithm must
then verify whether S can serve as a bag of a cp-tree-decomposition. That is, we must check
whether the connected components induced by S admit cp-tree-decompositions of weight
at most k that can be combined with the bag defined by S. We formalize this requirement
in our first lemma. Based on this structural characterization, one could design a recursive
algorithm that checks this condition independently for each connected component induced by
a separator. However, such a recursive approach would require enumerating all separators of
each connected component, leading to an exponential running time. To overcome this issue,
we introduce a second lemma that shows how, for a connected component, the existence of the
needed decomposition can be determined using only separators of the original graph. More
specifically, the lemma checks for the existence of a family of closely related separators such
that the connected components induced by these separators, each admitting a compatible cp-
tree-decomposition of weight at most k, collectively cover the current connected component.
Finally, we combine these two structural insights to obtain our algorithm. The algorithm is
formulated as a dynamic program that records, for each connected component induced by a
separator of weight at most k, whether the condition of the second lemma is satisfied. This
allows the algorithm to verify the existence of a cp-tree-decomposition of weight at most k
without explicitly recursing on all separators of subgraphs.
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We begin by presenting the first lemma, which characterizes when a separator can be used
as a bag. This is done by specifying the structural requirements on the connected components
it induces. To describe how a bag can be combined with a cp-tree-decomposition, we introduce
the following notation. We say that a cp-tree-decomposition (T, B, P) has an interface I if
there exists a node t € V(T) such that B(t) = I.

Lemma 5.1: Let G = (V, E) be a graph and let k be a positive real number. Then the following
statements are equivalent:

G has cp-treewidth at most k.

There exists a separator S C V of G with weight at most k such that, for every connected
component C of G — S, the graph G[C U S| admits a cp-tree-decomposition of weight at
most k with interface S.

Proof. We first show the implication from (1) to (2). Since the cp-treewidth of G is at most
k, there exists a non-redundant cp-tree-decomposition (T, B, P) of G with weight k. We
now select a bag to serve as the separator and then construct the required partial tree-
decompositions using a modified variant of this decomposition. Let t € V(T) be a non-leaf
node. For each neighbour ¢’ of ¢ in (T, B, P), we insert a copy of t between ¢ and ’. This
yields a cp-tree-decomposition (77, B’, P’) of the same weight. Now let S = B’(t). Then,
S is a separator of G (see Lemma 3.10) and, for each connected component of G — S, the
corresponding connected component of T” — ¢ forms a cp-tree-decomposition with interface
S and weight at most k.

Next, we show the implication from (2) to (1). To this end, we construct a cp-tree-
decomposition of G with weight k by combining the given partial decompositions. We
start with a root bag whose content is exactly the separator S. For each connected component
C of G-, we attach a cp-tree-decomposition of G[CUS] with weight at most k and interface S
as a descendant of the root. This is done by connecting some bag whose content is S to the root
bag. The vertex coverage, edge coverage and connectivity conditions of tree-decompositions
follow directly from the defining properties of separators and the correctness of the partial
decompositions. Finally, the weight of the resulting cp-tree-decomposition is at most k, since
both the separator S and all partial decompositions have weight at most k. a

At this stage, an algorithm could verify property (2) of this lemma by recursively searching
for cp-tree-decompositions of each connected component. We now introduce the following
condition, visualized in Figure 5.1, that enables a different and more efficient verification of
whether the connected components admit the necessary tree-decompositions. Informally, to
verify for a connected component C induced by a separator S whether the graph G[C U §]
admits a cp-tree-decomposition with the required structure, we must check for the existence
of a family of separators with the following properties. Each separator in this family consist
of a subset of S together with one additional vertex. Moreover, the connected components
induced by this family that admit suitable well-structured cp-tree-decompositions together
cover the all vertices of C. Clearly, this condition is easier to verify, since few separators are
related to S in this manner. Consequently, all such separators and all well-formed connected
components induced by them can be enumerated in XP-time.

Lemma 5.2: Let G = (V,E) be a graph and let k be a positive real number. Let S C V be a
separator of G with weight at most k and let C be a connected component of G — S containing at
least two vertices. Then, the following statements are equivalent.

26



5.1 An XP-algorithm for CLIQUE-PARTITIONED TREEWIDTH

P
& O ¢ W

Figure 5.1: An example of the structures described in Lemma 5.2 is shown. In part (a), we
depict a graph G together with the initial separator S (coloured purple) and the selected
connected component C (coloured green). Parts (b) and (c) illustrate the same graph with the
two separators (coloured purple in the intersection with S and orange for the added vertex)
Sy (in b) and S, (in c) that form the family F. Additionally, the corresponding connected
components Cs;, & C and Cs, & C (coloured green) are shown. Taken together, these
connected components cover all vertices of C — | J F.

G[C U S] admits a cp-tree-decomposition (T, B, P) of weight at most k with interface S.

There exists a family F = {S,,...,S,} of separators of G such that:
each S; € F has weight at most k,
each S; is the disjoint union of some subset S, C S and some vertex v € C,

for every vertex w € C—J F not contained in some separator, there exists a separator
S; € F and a connected component Cs, & C of G — S; such that w € Cs, and
G[Cs, U S;] admits a cp-tree-decomposition of weight at most k with interface S;.

Proof. We first show the implication from (1) to (2). For this, we construct a family of separators
with the required properties. To this end, we assume that (T, B, P) is non-redundant, except
that the bags with content S may be a strict subset of another bag. Let t € V(T) be such a
node with B(t) = S. We construct a cp-tree-decomposition (T’, B, P’) of weight at most k
from (T, B, P) by inserting an additional node between ¢ and each of its neighbours. Let ¢’
be a neighbour of ¢. Since (T, B, P) is non-redundant, there exists a vertex w € B(t") — B(?).
We now introduce a new node t* with B’ (¢*) = (B(t) N B(t")) + w between t and t’. We then
define the family F as the collection of bags corresponding to all newly introduced neighbours
t* of t in (T’, B, P’). It remains to verify that the family F satisfies the desired properties.
Every S; € F is a separator, since the connected component C contains at least two vertices
and we add only a single vertex to the bag. Moreover, each separator has weight at most k, as
it is a subset of some bag B(t"), for a neighbour t’ of t. Property (II) holds by construction.
Finally, observe that for each separator S; € F, the connected components of G —S; correspond
exactly to the vertex sets appearing in the connected components of T’ — t*. Thus, for each
vertex in C — | J F, we can identify a separator and a corresponding component satisfying the
required conditions.

Next, we show the implication from (2) to (1). To this end, we construct a cp-tree-
decomposition of G[C U S] with weight at most k and interface S by combining the given
partial decompositions. We start with a root bag whose content is exactly the separator S. We
then iteratively extend the current decompositions by adding a partial decomposition of a
connected component induced by a separator of F. Let S; € F be a separator of the family
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and let Cs; ¢ C be a connected component of G — S; such that G[Cs, U S;] admits a cp-tree-
decomposition (T;, B;, P;) of weight at most k with interface S;. If Cs, is disjoint from the
previously added connected components, we attach (T;, B;, P;) to the root by connecting some
bag whose content is S; to the root bag. The vertex coverage and edge coverage conditions
of tree-decompositions follow directly from fact that the connected components induced
by F cover all vertices of C, together with the defining properties of the separators and the
correctness of the partial decompositions. It remains to verify the connectivity condition,
namely that for every vertex w, the set of bags containing w induces a connected subtree. First,
observe that each vertex w € C appears in exactly one of the added connected components
or in one of the separators S;, since we only attach pairwise disjoint connected components.
Hence, the bags containing such a vertex are connected within the corresponding partial
decomposition. For vertices v € S, all occurrences in different partial decompositions are
connected via the root bag. Thus, the connectivity condition of cp-tree-decompositions is
satisfied. Finally, the weight of the resulting cp-tree-decomposition is at most k, since both
the separator S and all partial decompositions have weight at most k. a

Together, these lemmas yield the following recursive algorithm for deciding whether the
cp-treewidth of a graph is at most a given real number k. Informally, the algorithm employs
a dynamic programming approach and stores, for each connected component induced by a
separator of weight at most k, whether it admits a cp-tree-decomposition of weight at most k
with the required interface. For this, the algorithm enumerates all separators of weight at most
k together with the connected components they induce. Using the condition established in the
previous lemma, it then determines how the stored value should be set for each such connected
component. Processing components in order of increasing size ensures that all values required
for recursive checks are already available since the condition only considers strictly smaller
connected components. Finally, the algorithm verifies whether there exists a separator that
satisfies the condition of the first lemma, that is, whether the partial decompositions can be
combined into a cp-tree-decomposition of the whole graph. We now formalize this idea in
the following theorem.

Theorem 5.3: Let G = (V,E) be a graph and let k be a positive real number. Then, there exists
an algorithm that decides whether G has cp-treewidth at most k in time 220" p2tes,

Proof. We prove this statement by describing a dynamic programming algorithm that checks
the conditions described by the two lemmas. This algorithm uses the following partial
solutions. For each pair (C, S), where S is a separator of G with weight at most k and C is a
connected component of G — S, we store a flag indicating whether G[C U S] has a cp-tree-
decomposition of weight at most k with interface S or not. To obtain all pairs (C, S) for which
the flag must be computed, the algorithm enumerates all separators of G with weight at most
k. This can be done by iterating over all sets of size at most 2¥ and checking for each set
whether a given set is a separator and whether its weight is at most k. For each such separator
S, we then compute the connected components of G — S. In the next step, the pairs (C, S) are
processed in increasing order of |C| and for each component the value of the flag is determined
using the following two rules.

If |CU S| < k, we construct a cp-tree-decomposition consisting of two bags connected by
an edge. One bag contains all vertices of C U S, the other contains exactly the vertices of S.
Both bags use clique-partitions in which every vertex forms its own clique. Hence, in this
case the flag can be set to true.
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Now consider a pair (C,S) with |C U S| > k. We first enumerate all separators of weight
at most k that can be obtained from S by taking a subset and adding a single vertex. Then,
let the family F of separators be given by the set containing all separators enumerated in
this step. The algorithm verifies the condition introduced in Lemma 5.2 and thus decides
the value of the flag for (C, S) by testing whether F forms a valid family in the sense of the
lemma. For this, we consider all connected components Cs; ¢ C induced by a separator S; € F
such that G[Cs, U S;] admits a cp-tree-decomposition of weight at most k with interface S;.
Observe, that these are exactly the connected components Cs, & C of G — S; where the flag
for (Cs,, S;) is set to true. If these connected components together cover all vertices of C that
are not contained in any of the separators, then the flag for (C, S) is set to true. Also note that
for every such connected component Cs,, the value of the flag for (Cs,, S;) has already been
computed, since Cg, is strictly smaller than C.

Finally, we iterate over all separators of weight at most k and check whether there exists
a separator S for which the dynamic program has set the flag to true for all connected
components induced by S. If such a separator exists, then condition (2) of Lemma 5.1 is
satisfied and G has cp-treewidth at most k by this lemma.

It remains to analyse the running time of the algorithm. We first consider the time needed
to enumerate all separators. First, observe that a vertex set of weight k has size at most 2¥
by Corollary 4.12 and that there are at most n?" vertex sets of size at most 2. For each such
set, we can check in O(n?) time whether its forms a separator. To compute the weight of the
separator, we brute-force all possible clique-partitions. Here, we use that a set of x vertices
has at most x* clique-partitions, since each clique-partition is a function mapping x vertices
to x cliques. Thus, for a set of size at most 2¥, the number of clique-partitions is bounded
by (2F )zk = o2, Computing the weight of a fixed clique-partition takes O(2¥) time. So the
time needed to enumerate all separators of weight at most k by, for each set, testing whether
it forms a separator and brute-forcing its weight is

n? . ((’)(nz) + O(Zk'zk . 2k))

O(k) k
C 22 . n2 +2.

Next, we continue with the set-up of the connected components. For a fixed separator,
its connected components can be computed in time linear in n. To process the pairs (C, S)
in increasing order of |C|, we use bucket-sorting, which runs in time linear in the number
of connected components. Therefore, it remains to bound the total number of connected
components considered. Each separator induces at most n connected components. Since
there are at most n®" separators of size at most 2¥, the total number of connected components
considered over all separators is at most n?"*+1, Hence, the total time needed for computing
and sorting all connected components is

0(n2k+1) " O(nzkH)
— O(I’l2k+1).

After this, we analyse the time needed for the recursive computation. Fix a pair (C, S).
Then, there are at most 2/5/ - n < 22k - n candidate separators, since each such separator consist
of a subset of S together with a single additional vertex. For each candidate separator, its
at most n connected components can be computed in time linear in n. Hence, the 22" . 2

connected components induced by the candidate separators can be enumerated in time linear
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in their total number. Filtering the relevant connected components also requires time linear
in their number, since the algorithm merely looks up the previously computed flags for the
corresponding pairs. Therefore, it can be decided in time O(sz -n?) whether these components
cover all of C and thus whether the flag for (C, S) should be set to true. Since there are at
most n?+1 pairs of connected components and separators in total, the overall time required
for the recursive computation is

nzk+1 . O(sz - n?)

o(k) k
C 22 . n2 +3.

Finally, we iterate over all separators and check the stored flag values for their at most n
connected components. This final step requires O(nzk - n) time. So the total running time is

O(k) k O(k) K
2 . p2t2 2 23

k k
2 + O(n* + 2 + O(n* -n)
——— ——— N—— [ —
enumerating separators enumerating and sorting components recursive computations  gearch for valid separator

Ok) k
C 22 . n2 +3‘

5.2 Approximating CLIQUE-PARTITIONED TREEWIDTH in FPT-time

In this section, we present an FPT-algorithm that computes a 4k + 3-approximation of cp-
treewidth. More precisely, given an input graph G, the algorithm either constructs a cp-
tree-decomposition of G with weight at most 4k + 3, or correctly reports that no cp-tree-
decomposition of G with weight at most k exists.

Overview. Our algorithm for approximating cP-TREEWIDTH employs the well-known tech-
nique, first introduced by Robertson and Seymour [RS95], of iteratively computing balanced
separators of small weight. More concretely, the algorithm repeatedly identifies separators
of small weight in the graph. Throughout the recursive steps, we maintain an interface to
keep track of the parts of previous separators that remain relevant in the current step. The
various states of this interface, together with the chosen separators, constitute the bags of
the resulting cp-tree-decomposition. Consequently, the algorithm requires separators of
small weight that balance the current interface with respect to its weight. Using iterative
compression, we may assume that a cp-tree-decomposition of linear weight is available for the
subsequent step. To compute suitable separators, we enumerate all partitions of the interface
into two subsets and, for each partition, apply a dynamic programming algorithm on the
given cp-tree-decomposition to find separators of small weight that separate the interface
according to the chosen partition.

For improved readability and to reflect the logical dependencies between the components,
we present the algorithm in a bottom-up fashion. We begin by showing that every graph of
small cp-treewidth admits a separator of the required form. Next, we describe an algorithm for
computing such separators efficiently. Afterwards, we combine these ingredients to construct a
cp-tree-decomposition. Finally, we address the precondition of having a cp-tree-decomposition
of linear width by using iterative compression.
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All graphs of small cp-treewidth have balanced separators of small weight. In the
first step, we show that any graph of cp-treewidth at most k admits a balanced separator
of weight at most k. To prove the existence of such a separator, we adapt the proof of the
well-known result that trees have %—balanced separators of size 1. We proceed in two steps.
First, we show that a such graphs admit a separator of weight at most k that only induces
connected components that contain at most half of the interface, measured with respect to
weight. In this proof, we closely follow the proof of Lemma 4.6 by Dallard et al. [Dal+26].
Since our algorithm adds at most two child-nodes to the tree-decomposition in each step, we
require a separator such that the components induced by this separator can be grouped into
two sets that are balanced with respect to the weight of the interface. We extent the initial
result to this setting by grouping component together and carefully choosing the parameters
of the initial lemma.

Lemma 5.4: Let G = (V, E) be a graph, let w and k be positive real numbers and letI C 'V be an
interface of weight at most w. If the cp-treewidth of G is at most k, then there exists a separator
S C V of G with weight at most k such that, for each connected component G; of G — S, the set
I; = I N G; has weight at most 5.

Proof. Let (T, B, P) be a non-redundant cp-tree-decomposition of G with weight at most k.
We show that the desired separator exists by introducing an orientation on the edges of T,
based on how each edge separates the interface I.

To this end, we first introduce some notation. Let xy be an edge of T and consider the
intersection Sy, = B(x) N B(y) of its two incident bags. Using this, we define X, as the
component of G — Sy, that contains all vertices whose bags lie in the connected component of
T — xy that includes x. Similarly, we define Yy, as the component of G — Sy that contains all
remaining vertices including those whose bags lie in the connected component of T — xy that
includes y. By Lemma 3.11, Sxy 1s a separator of G. In particular, it separates Xxy from Yy

Using these definitions, we introduce an orientation on the edges of T. We first show the
claim that for each edge xy, at least one of I, =1 N X, and I, = I N Yy, has weight at most
+ . Here, we use that no clique of any clique-partition 7 of I intersects both I, and I,,. Hence,
the set of cliques of PP containing vertices of I, and the set of cliques of P containing vertices
of I, are disjoint. Thus, the weight of I is at least the sum of the weights of I, and I, and the
claim holds. We then orient the edge xy from x to y if I, has weight greater than 3. If both
sides have weight at most than %, the orientation is chosen arbitrarily.

As T is a tree, there exists a sink t € V(T). Consequently, all connected components of
G — B(t) have weight at most % when restricting to I. Note, that removing B(¢), instead of
B(t) N B(t") for some edge tt’, only removes more vertices from each component and thus
only decreases the weight of the components. Finally, observe that B(t) is a node of T and thus
has weight at most k. Therefore, we may choose the bag B(¢) as the desired separator. @

We now restrict ourselves to the setting with two components. While at least three compo-
nents are present, we may group together the two components with the smallest weight with
respect to the interface. In this way, we obtain a %—balanced separator. Furthermore, we use
an interface of weight w = 3k + 3.

Corollary 5.5: Let G = (V,E) be a graph, let k be a positive real number and letI C V be
an interface of weight at most 3k + 3. If the cp-treewidth of G is at most k, then there exists a
separator S of G that separates I into I; and I, such that S has weight at most k and each I; has
weight at most 2k + 2.
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Finding separators with small clique-partitions. In the previous paragraph, we have
shown that every graph of cp-treewidth at most k admits a balanced separator of weight at
most k. It therefore remains to explain how such a separator can be computed, or how it
can be determined that no such separator exists. In the second case, we may conclude by
contraposition of Corollary 5.5 that the graph has cp-treewidth greater than k. We present
this algorithm in two steps. First, we consider a simplified problem variant in which the
separator is only required to have small weight and to separate two given vertex sets, without
any balance condition. We then extend this approach to the balanced case by enumerating all
partitions of the given interface into two sets and, for each partition, invoking the algorithm
for the simplified setting.

In the first step, we employ a dynamic programming algorithm on a given cp-tree-decompo-
sition of weight O (k). The dynamic program considers, for each vertex in the current bag,
whether this vertex is included in the separator. In addition, the algorithm keeps track of sev-
eral auxiliary properties including the clique-partition of the separator, forgotten connections,
and paths from vertices to the sets V; and V.

Lemma 5.6: Let G = (V, E) be a graph, let k be a positive real number and let V1,V, C V be two
vertex sets. Let (T, B, P) be a given cp-tree-decomposition of G with weight O(k). Then, there
exists an algorithm that computes a separator S of G together with a clique-partition of S with
weight at most k, such that and V; and V; lie in different connected components of G — S, or

: : . o o(k)
correctly reports that no such separator exists. This algorithm runs in time 22~ - n

Proof. As a proof, we present a dynamic programming algorithm with the required running
time. We begin by defining the partial solutions for each node, followed by the recursive
formulas required to compute them. Finally, we analyse the algorithm’s running time by
bounding the number of partial solutions, thereby establishing the claimed FPT bound.

The partial solutions for a node t € V(T) are structured as follows. For the bag B(t), each
subset X C B(t) forms its own partial solution. Here, X represents the portion contained
in the current bag of the separator S that separates the graph G, processed so far. For each
subset X, we additionally store the following auxiliary properties. We record the restriction
of a clique-partition P of S to X. We also maintain a mapping from the vertices of B(t) — X to
their corresponding connected components in G; — S. Furthermore, we maintain a mapping
from those connected components to V; or V; to track how the components intersect V; and
V,. Finally, for each clique of the clique-partition of X, we include a flag indicating whether
any vertex of this clique has been forgotten.

We first transform the given cp-tree-decomposition into a nice cp-tree-decomposition of
equal weight. Then, we use the following recursive formulas to compute the partial solutions
for each node of the nice cp-tree-decomposition.

For aleaf-node t, we set X = 0. Consequently, the clique-partition of X, the two assignments
and the flags are trivial.

For a forget-node ¢ with child ' and forgotten vertex v, we construct one partial solution
for t from each partial solution for t. Consider a partial solution of t'. We remove v from X
and from the restricted clique-partition. The connected components and the assignment of
connected components to the sets V; and V; no longer store v but remain unchanged otherwise.
Finally, we mark the clique that contained v as having a forgotten vertex.

For an introduce-node t with child ¢’ and introduced vertex v, we construct multiple partial
solutions for ¢ from each partial solution for ¢’. Consider a partial solution of t’. The subset X
for this partial solution can be extended to t by either including v or leaving it unchanged. If
v is added to X, one partial solution is created for each clique in the current clique-partition
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that has no forgotten vertices, by adding v to that clique. Additionally, one partial solution is
created where v forms its own clique. The remaining properties of the new partial solutions
are set as follows. If introduced vertex v is not added to X, it is assigned to the connected
components of its neighbours. If v is assigned to multiple connected components, these
connected components are merged into one connected component. Next, the mapping of
components to the sets V; and V; is updated. Here, only the connected component containing
v is affected: if v € V; for i € [2], we map this component to V;; otherwise, the mapping
remains unchanged. If this new assignment leads to a contradiction, that is we assign a
component that currently is mapped to V; to V; or vice versa, we discard this partial solution.
This is correct as such an double assignment implies the existence of a path from V; to V; in
G¢ — S. Due to this such an invalid partial solution represents no valid separator. Finally, all
flags remain unchanged. If v is added to a new clique, this clique has not forgotten vertices
yet.

For a join-node t with children #; and t,, we construct at most one partial solution for ¢
from each pair of partial solutions for t; and ;. Consider a partial solution p; of t; and a partial
solution p; of t,. We require that the subsets of the bags and their restricted clique-partitions
for p; and p; coincide. Then, the partial solution for ¢ inherits the subset and its restricted
clique-partition from its children. Next, connected components of the two branches that share
vertices are merged. Similarly, the assignment of components to the sets V; and V; is merged.
That is, if a component is assigned to V;, i € [2], for one child, it is also assigned to V; in the
current node t. As before, any assignment that would assign a component to both V; and V,
results in an invalid partial solution. Finally, if a clique has forgotten vertices in one branch, it
is marked as having forgotten vertices in the join-node as well.

We apply these rules in a bottom-up manner, from the leaves to the root, to compute the
set of partial solutions for each node. If there exists a partial solution at the root bag whose
unrestricted clique-partition has weight at most k, then the desired separator exists. To ensure
that the full separator S separates the sets V; and V,, we have discarded all partial solutions in
which a connection between V; and V, was introduced. The separator S can be reconstructed
by tracing the chosen partial solution back through the cp-tree-decomposition. Similarly, the
clique-partition of S and its weight is obtained from the restricted clique-partitions stored
at the bags. The two (not necessarily connected) components of G — S are determined as
follows: all connected components that are mapped to V; form one side and all other connected
components, meaning those mapped to V;, or neither part, form the other side.

It remains to analyse the running time of the algorithm. We begin by bounding the number
of possible partial solutions. Remember, that a partial solution consists of a subset of the
current bag, a clique-partition of this subset, a mapping of vertices to connected components,
a mapping of connected components to the sets V; and V; and a flag for each clique. We
consider each part in turn. First, note that the number of vertices of each bag is at most 20(k)
since the weight of each bag of the given cp-tree-decomposition is in O(k) (see Corollary 4.12).
Therefore, there are at most 22°" subset of the current bag. Next, we observe that a clique-
partition can be viewed as a function mapping each vertex to a clique. Hence, a set of x
vertices has at most x* clique-partitions, which bounds the number of clique-partitions for
one of the considered subsets to (ZO(k))ZO(k) = 22 Since the current bag contains at
most 20 vertices, there are at most 2°%) connected components containing vertices of the
current bag. Thus, the number of assignments of vertices to connected components is limited
by (ZO(k))ZO(k) =229, Similarly, with at most 2°%) connected components, the number of
mappings from components to V; or V; is at most 229" Finally, a clique-partition of 20
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vertices contains at most 2°%) cliques, so the number of possible flag assignments is also
bounded by 229" Multiplying all bounds together, the total number of partial solutions per
bag is

220(k) 220(k) 22O(k) 220(k) 220(k>

O(k)
=2?

Furthermore, all computations for a partial solution can be carried out in 2°%) by iterating over
all vertices of the current bag. Hence, the dynamic program requires at most 227 g0(k) =
227" time per bag. Remember, that a nice cp-tree-decomposition of at most 2°*) . n nodes
and the same weight can be computed in time 2°*) . 1 from the given cp-tree-decomposition
(see Lemma 3.9 and Lemma 4.10). Thus, computing all partial solutions requires time 227"
20(k) .y = ZZO(k) - n. At the root, there are at most ZZO(k) partial solutions. For each such
partial solution, the final computation of the total weight can be performed in 2°®) . n time
by tracing this partial solution through the 2°®) . n nodes and computing the weight in each
bag of 2°(F) vertices. Therefore, the total running time of the algorithm is 227" a

We now extend this algorithm for the simplified case to the general setting. To this end,
we must ensure that the computed separator splits the given interface in a balanced way.
This can be achieved by requiring that the two sets V; and V,, which the separator has to
separate, form a balanced partition of the interface. Such balanced partitions can be obtained

by brute-force enumeration of all partitions of the interface.

Lemma 5.7: Let G = (V,E) be a graph, let k be a positive real number and let I C V be an
interface of weight at most 3k + 3. Let (T, B, P) be a given cp-tree-decomposition of G with
weight O (k). Then, there exists an algorithm that computes a separator S of G together with a
clique-partition of S with weight at most k that separatesI into Iy and I, such that each I, i € 2],
has weight at most 2k + 2 or correctly reports that no such separator exists. This algorithm has
running time 227"

Proof. We first observe, that if the sets I; and I, into which the interface is separated, are
known, we can directly apply the algorithm of Lemma 5.6 for unbalanced separators to solve
the problem. Thus, it remains to identify these sets and verify that they satisfy the required
weight constraints. We use a brute-force approach to find these two sets. Specifically, we
iterate over all subsets I; of I, compute the weights of I; and I, = I — I; and then invoke the
algorithm for unbalanced separators, if the weight constraints are satisfied. As both the size
and the weight of I are bounded by a function of k, the computation of the weight can be
carried out by comparing all possible clique-partitions of the set.

We now analyse the running time. Since I has weight at most O(k), it contains at most
200 vertices (see Corollary 4.12). Thus, there are at most 227" subset to check. To compute
the weight of I; and I, by brute-force, we note that a set of x vertices has at most x* clique-
partitions, which bounds the number of clique-partitions for each of the two subsets to

(ZO(k))zo(k> = 227", Computing the weight of a clique-partition of at most 2°) vertices

can be done in 2°%) time, so brute-forcing the weight requires at most 29 . 2270 = 29"
time. Then, the 22" - n-time algorithm for unbalanced separators is called for each subset I
of the interface I that satisfies the weight constraint. Consequently, the total running time to

. O(k) O(k) O(k) O(k)
find a balanced separator is 22 - (22 +2270 . n) =22"" . n. a
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Computing cp-tree-decompositions using balanced separators. The next step is to
use these balanced separators to compute cp-tree-decompositions of low weight. To this end,
we iteratively separate the current component of the graph into smaller components that
balance the interface with respect to its weight. In each step, the new interface is formed from
the relevant part of the old interface and the current separator. These states of the interface
combined with the different separators then form the bags of our cp-tree-decomposition.

Lemma 5.8: Let G = (V,E) be a graph, let k be a positive real number and let (T, B, P) be a
given cp-tree-decomposition of G with weight O(k). Then, there exists an algorithm that either
finds a cp-tree-decomposition of G with weight at most 4k + 3 or correctly reports that G has
cp-treewidth more than k. This algorithm has running time 222" . p2.

Proof. As a proof, we present an algorithm for constructing such cp-tree-decompositions. If G
has less that 4k + 3 vertices, we use the trivial decomposition and the trivial clique-partition.
Otherwise, we recursively construct cp-tree-decompositions that contain a given interface
I in the root bag. We maintain the invariants that I has weight at most 3k + 2 and that a
clique-partition of I with this weight is known. We begin by adding one vertex to I and
assigning it to its own clique. After this, I has weight at most 3k + 3. Next, we apply the
algorithm of Lemma 5.7 to compute a balanced separators S of weight at most k that separates
I'into I; and L. If computing the separator fails, we return that the cp-treewidth of G is
greater than k. This is correct, by contra-position of Corollary 5.5 which guarantees the
existence of such a separator for graphs of cp-treewidth at most k. Otherwise, we create a
root bag containing only S and I. The weight of this bag is at most 3k + 3 + k = 4k + 3 and the
clique-partition of this bag is given by the disjoint union of the partitions of S and I. We then
recursively construct the two child bags and their descendants. In the recursive calls, we use
the interfaces I; U S and I, U S, respectively. These have weight at most 2k + 2 + k = 3k + 2.
Here, the known clique-partitions of I; and I, as well as the clique-partition of S found during
its computation are used. Thus, our invariants are maintained.

To establish correctness, it remains to verify that the result indeed is a valid cp-tree-
decomposition. Clearly, every vertex of the graph is eventually added to some bag, and thus
the vertex coverage property is satisfied. Moreover, any two adjacent vertices remain in the
same component for all separators and therefore appear together in at least one leaf. This
verifies the edge coverage property. Finally, observe that vertices are never removed from
bags and only appear in two different branches if they belong to the interface at the node
where the branches split. Hence, the connectivity condition is satisfied.

This algorithm makes at most O(n) recursive calls, since in each step at least one vertex
is added to the interface. Furthermore, each vertex is added at most once. Therefore, the
algorithm for balanced separators, which has running time 22°" . nis called at most O(n)
times. a

Using iterative compression to obtain a cp-tree-decomposition of linear weight. In
the final step, we address the precondition of having a cp-tree-decomposition of weight O (k)
available. Such a decomposition can be obtained using iterative compression.

We thus show the following theorem:

Theorem 5.9: Let G = (V, E) be a graph and let k be a positive real number. Then, there exists
an algorithm that either finds a cp-tree-decomposition of G with weight at most 4k + 3 or correctly

k
reports that G has cp-treewidth more than k. This algorithm has running time 229 3,
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Proof. To apply iterative compression we order the vertices arbitrarily as vy, ... v,. We then
iteratively compute a cp-tree-decomposition for each G; = G[vy, ..., v;]. In the base case, we
use the trivial cp-tree-decomposition. Given a cp-tree-decomposition of G;_1, we obtain a
cp-tree-decomposition of G; by adding v; as an isolated vertex to each bag. This increases the
weight of the decomposition by one. Since the original cp-tree-decomposition has weight at
most 4k + 3, the new cp-tree-decomposition has weight at most 4k + 4. Thus, we obtain a
cp-tree-decomposition of weight linear in k. We then apply the algorithm of Lemma 5.8 to
obtain a cp-tree-decomposition of weight 4k + 3 for G;. If this algorithm fails to find such a
cp-tree-decomposition, no cp-tree-decomposition of weight at most k can exist for G. This is
due to the fact that cp-treewidth is monotone under the taking of induced subgraphs.
Finally, note that we call the algorithm of Lemma 5.8 in total n times and each call requires

(k) .
22 - n® time. a

5.3 Adapting these approaches to TREE-CLIQUE-COVER NUMBER
fails

While these two algorithms can be adapted naturally to cp-treewidth, this approach does not
extend as easily to other related parameters. As an example, we consider the tree-clique-cover
number, which is smaller than cp-treewidth as shown in the previous section. However,
this advantage in size comes at the cost of increased computational difficulty. In particular,
we prove that no XP-algorithm for computing the tree-clique-cover number exists, unless
P = N'P. To this end, we adapt the approach used for the tree-independence number by
Dallard [Dal+26] and use the following well-known result. Here, the k-CL1QUE COVER problem
asks whether a given graph admits a clique-cover consisting of at most k cliques.

Lemma 5.10 ([Kar72 | G)79]): For every constant k > 3, the problem k-CriQue COVER is N'P-
hard.

As a direct consequence, we obtain the following result for CLIQUE CoVER. In this problem
the integer k is part of the input.

Lemma 5.11: There exists no algorithm that solves CLIQUE COVER parameterized by the solution
size in time nf %) for any computable function f, unless P = N'P.

Proof. Assume for sake of contradiction that such an algorithm exists. Then, for every fixed k,
the A"P-hard problem k-CriQuE COVER can be solved in polynomial time, since k is a constant.
This contradicts the assumption that P # NP. a

Using the following reduction, this result extends to the tree-clique-cover number. We
construct an auxiliary graph H from two disjoint copies G; and G, of the input graph G by
connecting each pair of vertices x € V(G;),y € V(G,) with an edge. By Lemma 3.14, the
clique-cover number of any bag in a tree-decomposition of H equals the clique-cover number
of G. This reduction yields the following results.

Lemma 5.12: The problem TREE-CLIQUE-COVER NUMBER is N'P-hard.

Theorem 5.13: There exists no algorithm that solves TREE-CLIQUE-COVER NUMBER parameterized
by the tree-clique-cover number in time nf®) for any computable function f, unless P = N'P.
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Figure 5.2: An example showing that restricting an optimal clique-partition of a subgraph of
the graph H constructed above to the graph G does not necessarily yield an optimal clique-
partition of G. The edges between G; and G, are not shown to preserve readability. We
use the multiplicative formulation of weight. Part (a) depicts the graph G with the optimal
clique-partition of G (colouring) with weight 10-2-2 = 40. Part (b) depicts the graph G with an
alternative clique-partition of G (colouring) with weight 7 - 6 = 42. Part (c) depicts a subgraph
of the auxiliary graph H with the optimal clique-partition of this subgraph (colouring) with
weight 16 - 7 = 112. Part (d) depicts a subgraph of the auxiliary graph H with an alternative
clique-partition of this subgraph (colouring) with weight 19 - 3 - 2 = 114. Note that the
optimal clique-partition of (a) is a restriction of the suboptimal clique-partition of (d), while
the suboptimal clique-partition of (b) is a restriction of the optimal clique-partition of (c).

We conclude with some notes. First, note that the above reduction allows hardness results
for approximating k-CLIQUE COVER to be transferred to the approximation of TREE-CLIQUE-
COVER NUMBER. An introduction to the hardness of approximating the chromatic number of a
graph, which is strongly related to the clique-cover number, can be found in the work of Zuck-
erman [Zuc07]. Next, note that similar results have been obtained for TREE-INDEPENDENCE
NUMBER (see Theorem 1.2 of [Dal+26]), which concerns the computation of another parameter
that is smaller than cp-treewidth. Finally observe, that the approach used above for proving
hardness fails for cp-treewidth, since restricting an optimal clique-partition of a subgraph of H
does not necessarily yield an optimal clique-partition of G. An example is shown in Figure 5.2.
We therefore explore a different approach for showing the A’P-hardness of cP-TREEWIDTH in
Chapter 7.
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6 On path-decompositions of grids

In this chapter, we prepare the ground for the next chapter, where we show that computing
CP-TREEWIDTH is N'P-hard. One of the reductions used in that proof constructs an auxiliary
graph by adding a grid to the original graph. To establish the correctness of this reduction, we
will show that every path-decomposition of the auxiliary graph contains a bag that consists
exclusively of vertices of the grid. Since our argument relies on a comparison of bag sizes, we
require a lower bound on the sizes of bags in path-decompositions of grids that matches the
upper bound on the bag sizes of path-decompositions of the auxiliary graph obtained during
the reduction. Accordingly, we prove the following result in this chapter.

Theorem 6.1: Let « < 8 be two integers. Let I be a grid with a rows and B columns and let
(P, B) be a path-decomposition of I'. Then, there exists a subpath L = (p;(T),...,p,(T)) of P
such that:

every bag in the subpath L has size at least «,

for every node p’ of the subpath L with size exactly a the following holds: the closest node
p”’ of L to the right of p’ with B(p"") # B(p’) has at least o + 1 vertices in its bag,

there are at most a® vertices that appear only in bags strictly left of p,(T), and

there are at most o vertices that appear only in bags strictly right of p,(T).

The approach used to prove this property is to start from a single bag that contains one
vertex from each row or one vertex from each column and therefore already satisfies the
required size bound. Then, this subpath is iteratively extended to both sides by adding a
neighbouring node to the subpath, while preserving the size constraint in every extension
step. Eventually, this process reaches a bag where the size bound is violated, and where it can
be shown that the subpath constructed up to this point satisfies the desired properties.

To formalize this process, we introduce three rules. First, the termination rule is applied
once the remaining part of the path is guaranteed to contain only few vertices. To this
end, we identify a condition on bags which, once satisfied, guarantees that a section of the
decomposition contains only few vertices. For the extension step, we distinguish between a
weak and a strong extension rule. The weak extension rule only preserves the property that
each bag of the subpath is sufficiently large. The strong extension rule additionally maintains
the property that the current bag contains a vertex from each row or from each column.
Moreover, we show that certain connected components induced by a neighbouring bag are
always subsets of the connected components induced by the current bag. Consequently,
substructures forbidden by a bag cannot reappear for its neighbour. This observation is used
to determine the order in which the extension rules are applied applied. To establish the
correctness of these rules, we first formalize the key properties mentioned above in a series of
auxiliary lemmas. Afterwards, we prove Theorem 6.1 using these auxiliary lemmas.
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6 On path-decompositions of grids

Notation. Throughout the remainder of this chapter, we use two different notions of
connectivity and connected components. For a grid T, let T'¢ denote the graph obtained from
I' by adding all diagonal edges {(a,b), (a+ 1,b+1)} and {(a,b), (a+ 1,b—1)}. We distinguish
the following notions of connectivity. A vertex set is called connected if it is connected using
only the edges of T'. It is called ®-connected if it is connected using the edges of I'%. In our
arguments, we will typically identify a separator S and the connected components of I' — §
using standard connectivity. We then analyse the ®-connected components of S.

A criterion for termination. Recall that our approach for proving a lower bound on bag
sizes starts with an initial subpath on which the bound already holds. We then apply two
extension rules to enlarge this subpath towards both ends. Finally, a termination rule is
triggered once the remaining bags contain only few vertices. We begin our analysis of grids
by formalizing a condition under which this termination rule can be applied safely. Here, we
proceed as follows. First, we classify the connected components induced by a separator into
five distinct types. We then use this classification to formulate a termination condition by
showing that, for a separator of small size, certain types of components necessarily contain
only few vertices. Consequently, a small separator that induces only such component types
may be used as the endpoint of the constructed subpath. To prove this result, we study the
®-connected components of a bag and then lift the obtained results to the full bag. Therefore,
we must show that analysing the R-connected components does not lose any information
compared to analysing the bag as a whole.

We begin by classifying the connected components induced by a separator into types.
To this end, we first describe the five possible ways in which a ®-connected separator S
can induce connected components in the grid and then extend this result to ®-disconnected
separators. We classify the connected components of I' — S according to the number of
boundary sides of T' to which they are incident. Specifically, we distinguish between type-0-,
type-1-, type-2-, type-3- and type-4-components. Here, a type-i component is incident to exactly
i consecutive boundary sides. These cases are illustrated in Figure 6.1. Using the following
remarks we extend these definitions to the case where S is ®-disconnected. First, any ®-
connected component of S that is not a separator of I' can be treated as if it were absent.
Type-0-, type-1-, type-2-, and type-4-components are then defined exactly as before. For
type-3-components we allow an additional configuration. Besides being incident to three
boundary sides, a type-3-component may be incident to two non-adjacent boundary sides
and to two distinct R-connected components of S (see for example Figure 6.1e). In this case,
the boundary sides and the ®-connected components of S alternate. Informally, this can be
thought of as the additional ®-connected component replacing one boundary side.

In the following lemmas we are primarily interested in whether connected components of
I' — S have type at most two or at least three. We therefore call a connected component of
I' — S a type-<2-component, if it is a type-0-, type-1- or type-2-component.

We now show that it is sufficient to restrict our analysis to the K-connected components of
a bag. More precisely, we prove that for every type-<2-component induced by the full bag,
there exists a ®-connected component of this bag that induces a connected component which
is a superset of the original one and has the same type.

Lemma 6.2: Let T be a grid and let (P, B) be a path-decomposition of T. Let p € V(P) be a node

of (P, B). For every type-<2-component C, of ' — B(p) there exists a R-connected component S
of B(p) such that S induces a type-<2-component Cs with C;, C Cs.
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Figure 6.1: The different ways in which a separator (red) can split a grid into two connected
components. Part (a) shows a type-0-component and a type-4-component, (b) visualizes a
type-1-component and a type-4-component, (c) illustrates a type-2-component and a type-
4-component, (d) depicts two type-3-components. Part (e) shows a separator with multiple
®-connected components. Here, the middle and right connected components of the grid are
type-3-components and the two left connected components of the grid are type-2-components.

Proof. For this proof, we fix the standard embedding of T'. We identify a ®-connected com-
ponent of B(p) with these properties by considering the vertices along the outer face of C,,
and showing that a suitable portion of their neighbourhood is ®-connected and induces the
desired connected component Cs. We first treat the case of type-0-components, which is
simpler because there are no intersections with boundary sides. Afterwards, we extend the
argument to type-1- and type-2-components, where the neighbourhood of the outer face
is split into multiple parts by the boundary sides. Here, we choose one of these parts. We
visualize these arguments in Figure 6.2.

Let C, be a type-0-component of I' — B(p). Consider the set O of vertices of C, lying on its
outer face. Let I be the intersection of B(p) with the neighbourhood of O along this outer face.
Note that this excludes neighbours of O that are located on a different face than the outer face
of C,. We choose S to be the ®-connected component of B(p) that contains I. It remains to
show that this choice is valid. First, we prove that I is R-connected and hence fully contained
in a single ®-connected component of B(p). Since C,, does not intersect any boundary side,
the set I consist precisely of the vertices in the adjacent row or column to the vertices of
O. When traversing the outer face of Cp,, consecutive vertices differ by exactly one in either
their row or column, and alternating horizontal and vertical steps yield diagonal adjacencies.
Consequently, I is R-connected. Next, we prove that S induces a connected component Cs
of I such that C;, C Cs and the type of Cs is at most 2. Observe, that S induces a connected
component Cs that is fully enclosed by S. By construction C,, is entirely enclosed by S and
therefore C,, C Cs. Moreover, Cs does not intersect any boundary side, since it is completely
surrounded by S. Hence, Cs has type 0. This establishes the lemma for type-0-components.

We now extend this argument to type-1- and type-2- components, taking into account that
boundary sides may split the neighbourhood considered above into several parts. Let C, be a
type-1- or type-2-component of I' — B(p). Again, let O be the set of vertices of C,, on its outer
face, and let I be the intersection of B(p) with the neighbourhood of O along this outer face.
In contrast to the previous case, I may now consist of several ®-connected components. We
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6 On path-decompositions of grids
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Figure 6.2: This figure illustrates the different sets considered in the proof of Lemma 6.2.
Part (a) shows a type-0-component, while part (b) depicts a type-2-component. The inducing
bag is marked in orange, purple and green using larger nodes. The proof first identifies the
outer face (blue) of the connected component C, and its neighbourhood (orange and purple)
along this outer face. In the type 0 case, this neighbourhood already suffices. Then, the
desired ®-connected component is obtained by taking this set and, if necessary, adding all
®-connected vertices of the bag (part of the green).

In the type 1 and type 2 cases, the neighbourhood is interrupted by the boundary sides. Hence,
only one R-connected component (orange) of this neighbourhood is used. The different
configurations used in the proof are depicted as follows. First, the rightmost purple ®-
connected component intersects the boundary side only in a single interval and therefore
does not separate the grid on its own. Next, the remaining purple R-connected components lie
next to each other. Consequently, a third ®-connected component (orange) must encapsulate
them. Since this orange portion of the neighbourhood encapsulates all purple portions, the
purple parts only subdivide C,,. Together with the ®-connected vertices (part of the green)
these orange vertices form the desired ®-connected component.

choose S to be a subset of those ®-connected components of I that minimizes the number of
its vertices lying on the boundary sides, while preserving the following two properties. First,
S induces a type<2-component Cs that is a superset of C,. Second, S, together with the at
most two boundary sides incident to C,, is ®-connected. Note that only entire ®-connected
components may be removed in this process. Clearly, I satisfies these conditions, since we
only consider the neighbourhood of the outer face, which is ®-connected up to boundary
sides. Hence, S is well-defined.

We now show that this minimal set S also is ®-connected on its own. Assume for sake of
contradiction that this is not the case, and let X and Y be two distinct ®-connected components
of S. We show that in each possible configuration, at least one of them can be removed from
S without violating the two properties, contradicting the minimality of S. First, suppose
that one of the components, say X, intersects the boundary sides in exactly one consecutive
interval. Then X can be removed. Indeed, one can traverse X, similarly to before, from one
part of the boundary side to another, changing the row and column by at most one in each
step. The corresponding part of O is then connected and not contained in B(p). Hence, X
is not a separator and removing X is correct. Therefore, every ®-connected component of
S must contain at least two disjoint intervals of the boundary sides. Next, consider the case
of nesting, where one of X and Y encapsulates the other. That is, one is fully contained in
the connected component, incident to the same boundary sides as Cp, that is induced by the
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other. W.lo.g., assume that X is encapsulated by Y. So, Y induces a type-<2-component of
the grid that contains X. Thus, X only subdivides this connected component into smaller
ones and may be removed without violating the properties. Finally, suppose that X and Y do
not nest, but lie next to each other. If C,, is a part of a connected component between one
of X and Y and the boundary sides incident to C,, then C;, would be disconnected, since it
must also be adjacent to the other. This is a contradiction. If C, lies outside these connected
components for of both X and Y, then there must exist a third ®-connected component Z of S
that encapsulates both X and Y. Otherwise, C, would be incident to more than two boundary
sides, contradicting its type. In this situation, both X and Y can be removed. In all cases, we
obtain a contradiction to the minimality of S. Hence, S must be ®-connected. Finally, observe
that the R-connected component of B(p) that contains S, also is R-connected and induces a
type-<2-component that is a superset of C,. Therefore, the lemma holds. a

We are now ready to formally introduce the condition required for termination. We first
analyse the connected components induced by the ®-connected components of a bag. We then
lift the obtained results to the full bag using the previous lemma. In this way, the correctness of
this condition can be verified locally on ®-connected components without losing information
about the connected components induced by the entire bag.

Lemma 6.3: Let I be a grid and let (P, B) be a path-decomposition of T'. Let p € V(P) be a node.
Then, all type-<2-components of I' induced by B(p), together with B(p) itself, contain at most
|B(p)|? vertices in total.

Proof. Our goal is to show that all vertices of a type-<2 component of I' induced by B(p)
lie close to B(p). Consequently, the size of such a component is bounded by the number of
vertices that are close to B(p), which in turn depends solely on the size of B(p).

We first consider a single ®-connected component S of B(p) and then later on extend this
result to bags with multiple ®R-connected components. The first step is to formally define
the notion of closeness to S mentioned above. Since S is R-connected, any vertex of S can be
reached from any other vertex of S by a simple ®-path in I'¥ containing only vertices of S. In
this path, each edge changes the row index by at most one and the column index by at most
one. Hence, the difference between the maximum and minimum row occurring in S is at most
|S|, and the same holds for the column indices. Let i be the topmost row containing a vertex of
S and let j be leftmost column containing a vertex of S. Then, consider an axis-aligned square
Qs that captures |S| rows and |S| columns whose top left corner is the vertex in column j of
row i. As no vertex of S is more than |S| rows below row i and no vertex of S is more than |S|
columns right of column j, all vertices of S lie within Qg. Furthermore, the square Qs contains
at most |S|? vertices. This square is visualized in Figure 6.3.

Let C be a type-<2-component of the grid induced by S. We now show that all vertices of
this connected component also lie inside the square Qs. By definition C is incident to at most
two boundary sides. To separate C from the remaining grid the separator S needs to intersect
all boundary sides that C is incident to. So for each vertex of C there is a vertex of S that is in
the same column or left, a vertex of S that in the same column or right, a vertex of S that is in
the same row or above, and a vertex of S that is in the same row or below. Thus, not only all
vertices of S but also all vertices of C lie inside Qs. Since all type-<2-components of the grid
induced by S as well as the ®-connected component S itself, lie inside Qs, the total number of
vertices contained in them is at most |S|2.
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6 On path-decompositions of grids

(a) (b)

Figure 6.3: The square Qs constructed in Lemma 6.3 (blue) for examples of connected
components of type 0 (a), type 1 (b) and type 2 (c).

We now extend this result to bags with multiple ®-connected components. For every
®-connected component S of B(p), the total number of vertices contained in S together with
all type-<2-components of the grid induced by S is at most |S|%, as shown above. We now
show the claim that considering those type-<2-components covers all type-<2 components
induced by B(p). Indeed, if B(p) induces a type-<2-component, then Lemma 6.2 guarantees
the existence of a R-connected component of B(p) that induces a connected component which
is a superset of the original one and also has type at most 2. Consequently, the total number
of vertices contained in B(p) together with all type<2-components induced by B(p) is at
most the sum over all R-connected components of B(p) of the vertices counted for each such
component. Using the bound derived above, we obtain

NE

S, ®-connected component of B(p)

oy )

S, ®-connected component of B(p)

= B(p)I*.

Extending the subpath preserves the desired properties. In this paragraph, we analyse
which structural properties are kept intact when extending the subpath to a neighbouring
bag. Our focus is on two aspects: the types of connected components induced by the bag, and
the additional property that the bag contains at least one vertex from each row or from each
column. For simplicity of presentation, we state all results only for extensions to the left; the
corresponding statements for extensions to the right follow symmetrically.

We first study the impact of a simple extension without any additional properties on the
types of connected components induced by a bag. To this end, we state a lemma that describes
the relationship between the connected components of the grid induced by neighbouring bags
in a path-decomposition. Informally, the lemma states that when moving towards one end
of the path-decomposition, connected components can only shrink: they may be split into
smaller components, but they can never be merged. Consequently, the type of a connected
component cannot increase.

Lemma 6.4: Let G be a graph and let (P, B) be a path-decomposition of G. Let p, p’ € V(P) be
nodes of (P, B) with p’ being the left neighbour of p. Then, there exists a function that assigns
each connected component C,y of G — B(p’) whose vertices appear only in bags strictly left of p’
to exactly one connected component C,, of G — B(p) whose vertices appear only in bags strictly
left of p. If Cpy is mapped to C,, then Cpr C Cp.
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Proof. Let C, be a connected component of G induced by B(p) whose vertices appear only
in bags strictly left of p. We first identify vertices of B(p) that also appear in B(p”). Using
these vertices, we then obtain subsets of C,, that form connected components for p” and map
all such subsets to C,. In the final step, we show that this mapping covers all connected
components of G — B(p’).

We begin by showing that B(p’) still separates C;, from the remaining grid. By the edge
coverage property of path-decompositions, for every edge of G there exists a bag containing
both of its endpoints. Hence, every neighbour of a vertex in C, must also occur in at least
one bag strictly left of p. In particular, there are edges between C,, and its neighbourhood
in B(p), denoted by N. Thus, these vertices of /' must still appear in a bag strictly left of p.
By the connectedness property of path-decompositions, the vertices of A are therefore also
contained in B(p’). Consequently, B(p’) contains all neighbours of C,, and thus this bag also
separates the vertices of C,, from all other vertices of the grid.

We now examine how the connected components evolve when moving from p to p” and
verify that all components are covered by the mapping we define. Observe that B(p’) may
additionally contain vertices of C,,. Therefore, the component C, may be split into several
connected components of G — B(p’). But, each of these components is a subset of C,,. We map
all such components to C,. It thus remains to show that this mapping covers all connected
components induced by B(p”). To this end, observe that the set of vertices appearing strictly
left of p’ is a subset of those appearing strictly left of p. Since the connected components of
G — B(p) cover all vertices appearing in bags strictly left of p, the mapping constructed above
is defined for every connected component induced by B(p’). a

This result has direct implications for how the types of connected components may change
between neighbouring nodes.

Corollary 6.5: Let G be a graph and let (P, B) be a path-decomposition of G. Let p, p’ € V(P)
be nodes of (P, B) with p" being the left neighbour of p. Let C,y be a connected component
of G — B(p’) whose vertices appear only in bags strictly left of p” and let C, be a connected
component of G — B(p) whose vertices appear only in bags strictly left of p. If C is mapped to
Cp by the function of Lemma 6.4, then the type of Cpy is at most the type of Cp.

Proof. Combine Lemma 6.4 and the fact that a subset of a connected component cannot be
incident to more boundary sides than its superset, to obtain this result. a

For simplicity, we state the next lemmas only for rows, the corresponding statements
for columns follow analogously. We show that, under certain conditions, the property of
containing a vertex from each row or a vertex from each column is preserved. Moreover,
we prove that some bags additionally contain at least two vertices from a single row. This
will later be useful in showing that certain bags contain strictly more vertices than there
are rows (see part (2) of Theorem 6.1). We begin with a lemma that simplifies the necessary
preconditions and therefore is useful for establishing both properties.

Lemma 6.6: Let T’ be a grid and let (P, B) be a path-decomposition of T. Let p, p’ € V(P) be
nodes of (P, B) with p’ being the left neighbour of p. Let there be a connected component of type
at least 3 induced by B(p) that has its vertices in the bags strictly left of p. If B(p) contains a
vertex from each row, then the bags strictly to the left of p together contain at least one vertex
from each row.
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6 On path-decompositions of grids

Proof. We distinguish between type-3- and type-4-components. Let C be the type-3-compo-
nent induced by B(p) whose vertices lie in bags strictly to the left of p. W.lo.g., assume that
the boundary side not incident to C is a column. Otherwise, rotate the grid and consider the
analogue statement for columns. Since B(p) separates C from this boundary side, it follows
that B(p) contains at least one vertex from each row. Moreover, C also contains at least one
vertex from each row, because C is connected and incident to both the upper and the lower
boundary side.

For type-4-components the argument is similar. Let C be the type-4-component induced by
B(p) whose vertices lie in bags strictly to the left of p. W.l.o.g., assume that B(p) contains a
vertex from each row. Then, the connected component C also contains a vertex from each row,
since C is connected and incident to both the top and bottom boundary side of the grid. W

We now apply this result to establish the desired properties. We first show that, under
certain preconditions, the property of containing a vertex from each row is preserved when
extending the subpath by one node. For this purpose, we use the following lemma from the
survey of Bodlaender [Bod98], which formalizes the fact that a bag of a path-decomposition
must separate all paths between vertices that lie on different sides of this bag.

Lemma 6.7 (Lemma 3(b) [Bod98]): Let G be a graph and let (P, B) be a path-decomposition of
G. Let p1, p2, p3s € V(P) be nodes of (P, B) with p, between p; and p; in P. Then, for any path
between a vertex v € B(p;) and a vertex w € B(ps), the bag B(p;) must contain at least one
vertex from this path.

We now use this to show our lemma.

Lemma 6.8: Let T be a grid and let (P, B) be a path-decomposition of T. Let p, p’ € V(P) be
nodes of (P, B) with p’ being the left neighbour of p. Let there be a connected component of type
at least 3 induced by B(p) that has its vertices in the bags strictly to the left of p. If B(p) contains
at least one vertex from each row, then B(p") contains at least one vertex from each row.

Proof. Due to Lemma 6.6, the bags strictly left of p together contain at least one vertex from
each row. We now apply the lemma of Bodlaender to show that B(p’) contains a vertex
from each row. Fix an arbitrary row and consider the following two cases. If there exists a
vertex v € B(p) in this row that is also contained in B(p’), then this row is already covered.
Otherwise, let w be a vertex of in this row that is contained in bags strictly to the left p and
assume that it is not in B(p’). Also fix a vertex v € B(p) of this row. Then, there exists a
path from v € B(p) to w € B(p*) that only uses vertices from this row, where p*, p” and p
are nodes occurring in this order from left to right in P. By Lemma 6.7, the bag B(p’) must
contain a vertex of this path and therefore a vertex from this row. a

Finally, we turn to the second property. Here, we prove that a bag containing a vertex from
each row can only lose a vertex when transitioning to its neighbour, if that removed vertex is
not the only vertex of this bag in this row.

Lemma 6.9: Let ' be a grid and let (P, B) be a path-decomposition of T. Let p, p’ € V(P) be
nodes of (P, B) with p’ being the left neighbour of p such that B(p) — B(p’) # 0. Let there be a
connected component of type at least 3 induced by B(p) that has its vertices in the bags strictly
to the left of p. If B(p) contains at least one vertex from each row, then B(p) must contain at
least two vertices of some row.
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Proof. To establish this result, we identify an edge that would remain uncovered, if B(p)
contains exactly one vertex from each row.

Due to Lemma 6.6, the bags strictly to the left of p together contain at least one vertex
from each row. Assume for sake of contradiction that B(p) contains exactly one vertex from
each row. Let w € B(p) — B(p’) be a vertex that is removed when transitioning from B(p)
to B(p’). That is, w is only contained in B(p) and bags strictly to the right of p. Consider
the at most two neighbours of w that lie in the same row as w. Since B(p) contains exactly
one vertex from each row, each of them must appear only in bags either strictly to the left or
strictly to the right of p. If one of them only appears in bags strictly to the left of p, then the
edge between w and this neighbour is not covered by any bag, violating the edge-coverage
property of path-decompositions. This contradicts (P, B) being a valid path-decomposition. If
both neighbours appear only in bags strictly to the right of p, then all vertices of this row must
only appear in bags strictly to the right of p . This is due to the fact that B(p) only contains
one vertex from this row and the connectivity property of path-decompositions forbids the
path corresponding to this row from skipping a bag. This contradicts the assumption that the
bags strictly to the left of p together contain at least one vertex from each row. Therefore, our
assumption was false, and B(p) must contain at least two vertices from some row. a

A lower bound on path-decompositions of grids. We are now ready to prove the main
result of this chapter which we stated above in Theorem 6.1. This theorem establishes a lower
bound on the sizes of bags in path-decompositions of grids. In the next chapter, we apply this
theorem to path-decompositions of grids obtained by restricting a path-decomposition of a
supergraph. Therefore, we must allow for arbitrary, possibly redundant, path-decompositions.

Theorem 6.1: Let @ < 8 be two integers. Let I' be a grid with a rows and  columns and let
(P, B) be a path-decomposition of . Then, there exists a subpath L = (p;(T),...,p,(T)) of P
such that:

every bag in the subpath L has size at least a,

for every node p’ of the subpath L with size exactly a the following holds: the closest node
p”" of L to the right of p’ with B(p"") # B(p’) has at least o + 1 vertices in its bag,

there are at most a® vertices that appear only in bags strictly left of p,(T), and

there are at most a® vertices that appear only in bags strictly right of p,(T).

Proof. The proof proceeds as follows. First, we identify a single bag of size at least &, which
forms the initial subpath. We then iteratively extend this subpath using two extension rules,
each of which preserves (1) and (2). Finally, we show that exhaustive application of these
rules eventually triggers the termination rule, at which point Lemma 6.3 applies and yields (3)
and (4).

Let p. be a node whose bag contains at least one vertex from each row or contains at least
one vertex from each column. By Claim 88A in the survey of Boedlaender [Bod98] such a
node always exists. Since I' has & rows, f§ columns and f > «, the bag of p. has size at least a.
Consequently, this initial subpath satisfies (1) and also trivially satisfies (2). Next, we extent
this initial subpath. We describe how we extend the current subpath (py, ..., p,) to the left.
The same arguments apply symmetrically to the right. Let g bet the left neighbour of p, and
consider the following rules. As mentioned before, we distinguish two extension rules. They
differ in that the strong extension rule preserves the additional property that the current bag
contains one vertex from each row or from each column.
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6 On path-decompositions of grids

R1 (Termination): If one of the following two conditions is satisfied, then terminate the
process and return p, as the left endpoint. (i) There are no bags left of p, or (ii) B(g) has size
at most « and all connected components induced by B(p,) that have their vertices in the bags
strictly to the left of p, are of type at most 2.

R2 (weak Extension): If the following condition is satisfied, then extend the subpath to
(g, pes- - -» pr)- B(q) has size at least @ + 1 and all connected components induced by B(p,)
that have their vertices in the bags strictly to the left of p, are of type at most 2.

R3 (strong Extension): If the following condition is satisfied, then extend the subpath to
(g, pes- - -» pr)- B(py) induces a connected component of type at least 3 that has its vertices in
the bags strictly to the left of p,.

First, observe that these rules cover all possible cases. Next, we analyse the order in which
these rules are applied to understand the structure of the subpath during the extension process
and to prepare the ground for establishing the correctness properties of the construction.
We claim that the rules are applied in the following order. Starting from the initial subpath,
the strong extension rule may be applied iteratively, then the weak extension rule may be
applied several times, and finally the termination rule is applied exactly one. We justify this
claim as follows. First, note that the termination rule R1 must eventually be applied, since
each extension to the left moves the subpath closer to the leftmost node of P. Next, consider
the situation where all connected components of the grid induced by B(p,) that are fully
contained in bags strictly to the left of p, are of type at most 2. By Corollary 6.5, which relates
the types of the connected components induced by B(q) to the types of those induced by
B(py), the connected components induced by B(q) that are fully contained in bags strictly to
the left of g are also of type at most 2. Consequently, once the weak extension rule R2 has
been applied, the strong extension rule can no longer be applied. Therefore, the order of rule
applications is exactly as claimed.

It remains to show that the termination rule R1 guarantees that at most a? vertices appear
only in bags strictly left of the subpath (property (3)) and that both extension rules keep
property (1), that is every bag has size at least «, and property (2), that is at least every second
distinct bag has size a + 1. We begin with the termination rule R1. If there are no nodes left
of pg, property (3) is satisfied trivially. So assume there are some nodes to the left of p,. Then,
by definition of R1, all connected components of T' induced by B(py) that are contained in
bags strictly to the left of p, are of type at most 2. Hence, since q is to the left of p,, similarly
as above, all connected components of the grid induced by B(q) that are fully contained in
bags strictly to the left of g are of type at most 2. Therefore, we can apply Lemma 6.3 to the
node g and can thus bound the size of these connected components together with B(q) itself.
As a result, the number of vertices that are contained exclusively in bags strictly to the left of
B(py) is bounded and property (3) holds.

Now consider the weak extension rule R2 and show that the properties (1) and (2) are
satisfied for the neighbouring bag q. Since the weak extension rule applies, B(q) must have
size at least & + 1, among other required properties. Therefore, the size constraint (1) is
satisfied. Moreover, the condition for bags of size exactly « in (2) also holds trivially, since
B(q) does not have this size.

Finally, consider the strong extension rule R3, which is applied only if a type-3- or a type-
4-component is induced. Here, we show the claim that both bags B(p,) and B(q) contain
at least one vertex from each row or from each column. To see this, note that the current
subpath was obtained from the initial subpath by a sequence of strong extensions, as argued
above. By Lemma 6.8, this property is preserved under strong extension. Hence, the claim
holds. As a result of this claim, the bag B(g) contains at least « vertices and the size constraint
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(1) is satisfied. To verify the condition for bags of size exactly « in property (2), assume that
B(q) contains exactly a vertices. Then, B(q) contains exactly one vertex from each row. We
must show that the closest node to the right of ¢ whose bag differs from B(q) has size at least
a + 1. If B(q) = B(p;), then we are done, since B(p,) already satisfies property (2) and since a
bag is distinct from B(q) if and only if it is distinct from B(py). If B(q) € B(p;), we are also
done, as B(py) is a strictly larger bag immediately to the right of g. If B(p,) S B(q), then B(q)
contains at least « + 1 vertices, since B(p,) contains at least « vertices by property (1). This
contradicts our assumption, and hence this case cannot occur. It remains to consider the case
where B(q) — B(pe) # 0 and B(p;) — B(q) # 0. Applying Lemma 6.9, which addresses the
removal of a vertex from a bag containing one vertex per row, to p,, we conclude that B(p;)
contains at least two vertices from some row. Having at least two vertices in one row and at
least one vertex in every other row implies that B(p,) contains at least « + 1 vertices. Hence,
we identified the strictly larger bag immediately to the right of g. Therefore, property (2) is
maintained by the strong extension rule.

We have thus shown that both extension rules preserve properties (1) and (2), and that the
termination rule guarantees properties (3) and (4). Furthermore, we verified that the initial
subpath satisfies properties (1) and (2), that the rules cover all possible cases and that the
termination rule must eventually be applied. Therefore, the theorem holds. a
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7 A lower bound for CLIQUE-PARTITIONED
TREEWIDTH

In Chapter 5, we presented two approaches for computing the cp-treewidth of a graph. To
asses the quality of these algorithms and to determine whether they are asymptotically tight,
we turn to exploring conditional lower bounds. In this section, we show that a polynomial-
algorithm for computing cp-treewidth is unlikely to exist. More precisely, we prove that
cP-TREEWIDTH is A'P-hard. We further show that, with minor modifications to the proof, this
hardness extends to approximating cP-TREEWIDTH within any additive constant. Finally, we
discuss how this proof relates to a variant of cp-treewidth called gp-treewidth. Throughout this
chapter, we use the multiplicative formulation of cp-weight introduced in the preliminaries,
since we only concerned with relative rather than absolute weights.

Our proof proceeds via a reduction from PATHWIDTH to cP-TREEWIDTH. The reduction
is split into two parts and uses an intermediate problem which we call SKEW-SENSITIVE
PaTHWIDTH. In this problem the task is to compute a newly defined parameter that is based
on path-decompositions. As this intermediate problem is rather technical and not particularly
intuitive, we present the reduction steps in a different order to improve readability.

We first prove that PATHWIDTH remains N'P-hard on a graph class that meets some struc-
tural requirements. We then briefly summarise the reduction from PATHWIDTH to TREEWIDTH
introduced by Bodlaender et al. [Bod+23]. Next, we modify the metric on bags to obtain a
reduction from our intermediate problem to cP-TREEWIDTH. After this, we introduce the
formal definition of the intermediate problem with the necessary context already in place.
Finally, we give a reduction from PATHWIDTH to the intermediate problem. Combined with the
hardness result for PATHWIDTH shown by Bodlaender et al. [Bod+23], this chain of reductions
implies the N'P-hardness of cP-TREEWIDTH.

7.1 PATHWIDTH remains hard for graphs with additional
structure

In the next two sections, we rely on certain structural properties of the graphs in our instances.
In this section, we show that any input graph can be transformed so that these properties
hold, while preserving the pathwidth. From a formal perspective, this constitutes a reduction
from PATHWIDTH to PATHWIDTH restricted to a particular graph class. We therefore prove the
following lemma.

Lemma 7.1: Let G = (V, E) be a graph. Then, we can compute a graph G’ in time O(|V|?) that
satisfies the following conditions:

the pathwidth of G’ is exactly pw(G) + 1,
G’ has O(|V|?) vertices,

n2 o~ V(G|
pw(G')? < GOl
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7 A lower bound for CLIQUE-PARTITIONED TREEWIDTH
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Figure 7.1: Example of applying our construction to a path (a, b, ¢) of length 3. Part (a) shows
the graph G’ where the universal vertex u and the path (v4, vz, ...) have been added. Part (b)
illustrates the path-decomposition (P’, B") of G’ constructed during the proof.

every vertex of G’ has at most W neighbours, and

there exists an algorithm that computes two vertices a,b € V(G’) in time O(|V(G’)|)
such that there exists an optimal path-decomposition (P = (p1, ..., pq), B) of G’ that has
a € B(p1) and b € B(py).

Proof. The proof proceeds in two steps. First, we add a single vertex so that the pathwidth
increases by exactly one. Then, we increase the number of vertices while introducing only
few additional edges.

Let (P, B) be a path-decomposition of G of width pw(G). We first add a universal vertex u.
This increases the pathwidth of G by exactly one [CLTV17]. Since u is adjacent to all vertices
of G, we obtain a path-decomposition (P*, B*) of width pw(G) + 1 for the new graph by
adding u to every bag of (P, B). In particular, u appears in the first bag, which allows us to
attach additional vertices at one end of the path-decomposition. To construct G’, we attach
a path (vy,...,vigy2) consisting of 10|V|? vertices to u. Concatenating an optimal path-
decomposition of this added path, the bag {v, u}, and (P*, B*) yields a path-decomposition
(P’,B") of G’. An example for the construction of G’ and (P’, B’) is illustrated in Figure 7.1.

We now verify that all required conditions are satisfied. Since all paths have pathwidth one,
the decomposition (P’, B’) has width pw(G) + 1. As pathwidth is monotone and G + u is an
induced subgraph of G’ with pathwidth pw(G) + 1, it follows that G’ has pathwidth at least
pw(G) + 1. Therefore, G’ has pathwidth exactly w + 1. Next, we observe that G’ contains
10|V |2+ |V | +1 vertices. Since pw(G) < |V|—1, we verify that 10 pw(G’)? = 10(pw(G) +1)? <
10|V |? < |V(G’)|. In the next step we bound the number of neighbours of each vertex. For
any vertex v € V + u, its neighbours lie in V' + u + v, and thus v has at most |V| + 2 < %
neighbours. Each vertex of the added path has at most two neighbours. So requirement (4) is
satisfied. Note that for a = vo|y|2 and b = u the path-decomposition (P’, B’) of G’ constructed
above satisfies the conditions of requirement (5). We can identify those two vertices in linear
time by finding the added path. Hence, the graph G’ satisfies all requirements.

Finally, note that adding 10|V |? + 1 vertices to the graph can be carried out in time O(|V|?).

a

We define G as the graph class of all connected graphs that satisfy conditions (3), (4) and (5)
of Lemma 7.1. Since PATHWIDTH is NP-hard for connected graphs [ACP87 | Bod+23], we get:

Corollary 7.2: PaAtawipTH is N'P-hard for graphs of G.

We take this result as the initial step in our chain of reductions. Hence, in the remainder of
this chapter we assume that all graphs under consideration are drawn from the class G.
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7.2 From PATHWIDTH to TREEWIDTH

7.2 From PATHWIDTH to TREEWIDTH

In this subsection, we present the reduction from PATHwIDTH to TREEWIDTH of Bodlaender
et al. [Bod+23]. An example of this reduction can be seen in Figure 7.2.

We are given an instance of PATHWIDTH, consisting of a connected graph G = (V, E) and
an integer w. The key idea of the reduction is to construct a graph H; whose pathwidth is a
function of the pathwidth of G, and for which there is an optimal tree-decomposition that is a
path. In their paper Bodlaender et al. [Bod+23] show that co-bipartite graphs have precisely
this property. For completeness we provide a sketch of the proof of this fact.

Lemma 7.3 (Lemma 2.2 of Bodlaender et al. [Bod+23]): Let G = (V, E) be a co-bipartite graph,
withV =X UY where X and Y are cliques. Then:

@ tw(G) = pw(G).

@ G admits a path-decomposition (P = (p1,...,pq), B) with width tw(G) such that X C
B(py) andY € B(pg).

Proof Sketch. Let (T, B) be an optimal tree-decomposition of G. We first observe that there is
a bag containing X and that there is a bag containing Y as these are cliques (see Lemma 3.6).
Additionally, we note that leaves whose bags are subsets of the bag of their unique neighbour
can be removed without changing the width of the decomposition. Repeating this removal
results in the desired path-decomposition. a

In the remainder of this section we construct such a graph and show how its pathwidth
relates to the pathwidth of the original graph. That is we prove the following lemma.

Lemma 7.4: Let G = (V, E) be a graph. Then, we can construct in time O(|V(G)|?) a graph Hg
such that:

Hg is co-bipartite,
tw(Hg) = pw(Hg) = [V| + pw(G) and
|V(Hg)| =2 |V(G)].

We construct the co-bipartite graph Hg as follows. For every v € V, we introduce two
copies, denoted v and v/, in Hg. Let V' = {V/|v € V'}. To ensure that Hg is co-bipartite, we add
edges to turn both V and V’ into cliques. For every v € V, we add the edge vv’, and for every
uv € E, we add the edges uv’ and u’v. This can be done in time O(|V(G)|?). By Lemma 7.3, we
know that tw(Hg) = pw(Hg). Thus, it remains to show pw(Hg) = |V| + pw(G). We prove
this in two steps. First, we show that pw(Hg) < |V| + pw(G) by constructing a sufficiently
small path-decomposition of Hg from a path-decomposition of G. Next, we show the reverse
inequality pw(Hg) > |V|+pw(G) by proving the equivalent statement pw(G) < pw(Hg)—|V]|.
Here, we construct a sufficiently small path-decomposition of G from a path-decomposition
of Hg.
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Figure 7.2: Example of applying our construction to a graph G. Part (a) shows the graph. Part
(b) depicts the graph Hg with edges inherited from G coloured black, clique edges coloured
blue and matching edges coloured purple. Part (c) visualizes a path-decomposition of G. Part
(d) illustrates the corresponding path-decomposition of Hg.

A path-decomposition of Hg. Let (Pg, Bg) be a path-decomposition of G of width pw(G).
We construct a path-decomposition (Py, By) of Hg from it. Set Py = PG = (p1,...,pq), SO
the decompositions differ only in the contents of their bags. Intuitively, we construct the bags
of Py as follows. Whenever a bag Bg(p) contains a vertex v € V, we insert both v and v" into
By (p). We then propagate v to all bags with smaller index and v’ to all bags with larger index.
More formally, for each v € V and p; € V(Pg), such that there is a j > i with v € Bg(p;),
add v to By (p;). Similarly, for each v € V and p; € V(Pg), such that there is a j < i with
v € Bg(pj), add v/ to By(p;). It is straightforward to verify that this constitutes a valid
path-decomposition of Hg and that each bag By (p) contains exactly |V| additional vertices
compared to the corresponding bag B (p). Hence, the width of this path-decomposition is
[V] + pw(G). We omitted some details in this proof as they are not necessarily needed for
understanding our modified reduction. These omitted details can be found in the work of
Bodlaender et al. [Bod+23].

A path-decomposition of G. We begin by showing that there always is an optimal path-
decomposition with a certain structure.

Corollary 7.5: Let G = (V,E) be a co-bipartite graph, withV = X UY where X and Y are
cliques. Then, there exists an optimal path-decomposition (P = (ps, ..., pq), B) of G such that
for each edge xy withx € X andy € Y, there is a node p; € V(P) with all bags B(p1), ..., B(p;:)
containing x and all bags B(p;), ..., B(pg) containing y.

Proof. By Lemma 7.3 there is an optimal path-decomposition (P = (pi,...,pq), B) with
X C B(p1) and Y C B(pg). Due to the edge coverage-property of path-decompositions there
must be a bag p; in (P, B) containing both x and y for the edge xy in this path-decomposition.
We note that x is in p; as well as p; and that y is in p; as well as p, and apply the connectedness
property of path-decompositions to obtain the desired result. a
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7.3 Observations on clique-partitions and a modified reduction

Let (Py, By ) be a path-decomposition of Hg of width pw(H) that has the structure described
in Corollary 7.5. We construct a path-decomposition (Pg, Bg) of G from it. We set Pg = Py,
so the decompositions differ only in the content of their bags. Furthermore, for each node
p € V(Pg), we add v to Bg(p) if and only if both v and v" are in By(p). As before, it is
straightforward to verify that this constitutes a valid path-decomposition of G and that each
bag Bg(p) contains exactly |V| fewer vertices than the corresponding bag B (p). So the above
construction changes the size of each bag by exactly |V|. As before, the omitted details can be
found in the work of Bodlaender et al. [Bod+23].

7.3 Observations on clique-partitions and a modified reduction

In this subsection, we modify the reduction from PATHWIDTH to TREEWIDTH so as to obtain
a reduction from a new intermediate problem to cP-TREEWIDTH. We begin by adapting
Lemma 7.3 to the clique-partioned variants of the parameters.

Corollary 7.6 (Lemma 7.3 for cp-treewidth): Let G = (V, E) be a co-bipartite graph, with
V =XUY where X andY are cliques. Then:

@ cptw(G) = cppw(G).

@ G admits a path-decomposition (P = (p1, ..., pq), B) with weight cptw(G) such that
X C B(p1) and Y C B(pg).

Proof Sketch. Let (T, B) be an optimal cp-tree-decomposition of G. As before, there is a bag
containing X and there is a bag containing Y as these are cliques (see Lemma 3.6). Again, we
note that leaves whose bags are subsets of the bag of their unique neighbour can be removed
without changing the weight of the decomposition. This is due to the fact that the weight of
a clique-partition is monotone under taking of induced subgraphs. Repeating this removal
results in the desired cp-path-decomposition. a

Let G be a graph from the graph class G and let Hg be be constructed from G as described in
the last subsection. As a result of this corollary, the only modification we need in our reduction
to produce an instance of cP-TREEWIDTH is to analyse the clique-partition of each bag in the
path-decomposition (Py, Byy) of Hg. As before, we may assume that the path-decomposition
has the structure described in Corollary 7.5. Thus, each bag contains some vertices from V
and some from V' and has total size |V| + pw(G) + 1.

In the following, we use that due to requirement (4) of Lemma 7.1 the number of neighbours
of each vertex in G is bounded. With this, we bound some clique sizes in Hs. Remember,
that there are only two types of edges between V and V' in Hg. The first type consists of the
edges vV’ connecting a vertex to its copy. The second type consists of edges uv’ representing

an edge uv in G. So each vertex of V is adjacent to at most lV(G)l + 1 vertices of V’. Similarly,

each vertex of V' is adjacent to at most IV(G) |+ 1 vertices of V Due to this, every clique C in
Hg that is no subset of either V or V’ satlsﬁes ICl<2- (lV(G)I + 1) = M + 2. Sosuch a
clique is smaller than the number of vertices by a constant factor.

Using this requirement, we can describe the structure of optimal clique-partitions of bags
exactly.
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7 A lower bound for CLIQUE-PARTITIONED TREEWIDTH

Lemma 7.7: Let G € G be a graph and let Hg be the corresponding auxiliary graph. Let p €
V(Py) be a node of a path-decomposition (Py, By) of Hg with the structure from Corollary 7.5.
Then, any weight-minimal clique-partition of By (p) partitions By (p) into the two cliques
By (p) NV and By(p) N V’.

Proof. Let P be a weight-minimal clique-partition of Bg(p). Define C; = By(p) NV and
Cy = By(p) NV’ as the restrictions of V and V” to the current bag. Note, that both sets are
non-empty due to the structure of path-decompositions of Hg introduced in Corollary 7.5.
Assume, for sake of contradiction, that P does not partition By (p) into the two cliques C; and
C,. We analyse the sizes of the different cliques and derive a contradiction using Lemma 3.5.
First, we consider the clique sizes in the partition into the cliques C; and C;. W.Lo.g., assume
that |C;| > |C;|. Then, |Cy| > M, since the bag By (p) contains at least |V(G)| + 1 vertices.
Then, we consider the sizes in P. Any clique that contains vertices from both C; and C, has
size at most M + 2, as argued above. Hence, all such cliques are strictly smaller than C;.
In particular, P contains at least two cliques. All remaining cliques contain vertices from only
one of the sets C; or C, and are therefore subsets of one of them. Consequently, their sizes
are also bounded by the size of C;. In summary, we have shown that P contains at least two
cliques and that all cliques in this partition are smaller than C;. In particular, the largest clique
in P is smaller than C;.

We may now apply Lemma 3.5. We set k = 2, s; = |Cy], and s, = |C;|, and use the non-
increasing sequence of clique sizes induced by P for (ry,. .., r¢). Since all preconditions are
satisfied, the corollary implies that P has strictly larger weight than the partition into C;
and C,. This contradicts the assumption that P is weight-minimal, and therefore the lemma
follows. a

We thus know the structure of an optimal clique-partition of a bag By (p;). However,
to compute the weight of a bag By (p;), we additionally need know how many vertices
from V and how many from V’ it contains. For this, we consider the corresponding bag
Bg(p;) in the corresponding path-decomposition (Pg = (p1,...,pq), Bg) of G. Let b(p;)
be the size of Bg(p;). Let £(p;) the number of vertices that appear in some bag among
Bs(p1) — Bg(pi), - - -» B (pi—1) — Bg(p:). Let r(p;) be the number of vertices that appear in
some bag among Bg(pi+1) — BG(pi), - .-, Bc(pg) — Bs(pi). We can use these to compute the
weight of the bag.

Lemma 7.8: Let G € G be a graph and let Hg be the corresponding auxiliary graph. Also let
(Pu = (p1,- .., Pq), Br) be a path-decomposition of Hg with the structure from Corollary 7.5
and let (Pg = (p1, ..., pq), Bc) be the corresponding path-decomposition of G. Let p € V(Pg)
be a node. Then, the weight of the optimal clique-partition of the bag By (p) is (£(p) + b(p) +
1) - (r(p) +b(p) +1).

Proof. For each vertex v € V that is contained in one of the bags Bg(p1), ..., Bs(p), the
vertex V' is in By (p). Similarly, for each vertex v € V that is contained in one of the bags
Bg(p), ..., Bc(pgq), the vertex v is in By (p). Then, By (p) contains £(p) + b(p) vertices of V'
and r(p) + b(p) vertices of V. By Lemma 7.7 the clique-partition into the subsets of V and V’
is optimal. a

We observe that this weight depends only on properties of the corresponding path-decompo-
sition of G. This allows us to define a new cost-metric on path-decompositions of G that
directly mirrors the weight of bags in path-decompositions of Hg. For a node p in a path-
decomposition (Pg, Bg) of G, we define the cost of thisnode as (£(p)+b(p)+1)-(r(p)+b(p)+1).
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7.4 From PATHWIDTH to SKEW-SENSITIVE PATHWIDTH

The cost of a path-decomposition is the maximum cost of any of its nodes. The skew-sensitive
pathwidth of G is the minimum cost over all the path-decompositions of G. We now define
the SKEW-SENSITIVE PATHWIDTH problem as the decision problem asking whether the skew-
sensitive pathwidth of a given graph is at most an integer k.

We conclude this section by summarizing the reduction from SKEW-SENSITIVE PATHWIDTH
to cP-TREEWIDTH.

Lemma 7.9: There exists a polynomial-reduction from SKEW-SENSITIVE PATHWIDTH on graphs
of G to cP-TREEWIDTH.

Proof. Given an instance (G, k) of SKEW-SENSITIVE PATHWIDTH on graphs of G, we construct
the graph Hg for G in time O(n?) and keep the integer k unchanged. Constructing the
auxiliary graph doubles the number of vertices.

If G has skew-sensitive pathwidth at most k, then the reduction produces a graph Hg with
cp-treewidth at most k. This follows by constructing a path-decomposition of Hg from a
path-decomposition of G with cost k, as described in the last subsection. Then, for every bag,
the weight in the decomposition of Hg equals the corresponding cost in the decomposition of
G by Lemma 7.8.

Conversely, if the constructed graph Hg has cp-treewidth at most k, then G has skew-
sensitive-pathwidth at most k. To see this, we first observe that, by Corollary 7.6, there exists
an optimal cp-tree-decomposition that is a path. We then construct a path-decomposition of
G from a path-decomposition of Hs with weight k, as described in the last subsection. Finally,
for every bag, the cost in the decomposition of G equals the corresponding weight in the
decomposition of H; by Lemma 7.8. a

7.4 From PATHWIDTH to SKEW-SENSITIVE PATHWIDTH

In this section we present a reduction from PATHWIDTH on graphs of G to SKEW-SENSITIVE
PATHWIDTH on graphs of G. We first present our construction to transform an instance of
PATHWIDTH into an instance of SKEW-SENSITIVE PATHWIDTH. Then, we prove correctness in
two parts.

The reduction. Let G = (V,E) € G be a n-vertex graph and let w be an integer which is
the candidate for the width of G. We construct a graph G, 5, which, together with an integer
k whose value we choose later, forms the instance of SKEW-SENSITIVE PATHWIDTH. The
graph G, consists of the original graph G together with two grids I, and I},. Each grid has
w rows and contains n¢ vertices in total, where c is a constant chosen later. We choose the
number of columns s in each grid accordingly to meet the vertex count. By requirement (3)
of Lemma 7.1, namely w® < &, each grid has strictly fewer rows than columns. Let a and b
be the special vertices of requirement (5) in Lemma 7.1. Remember, that there is an optimal
path-decomposition of G such that a is in the first and b is in the last bag. We then connect the
w vertices along one of the two smaller boundary sides of I, to a, and similarly the boundary
vertices of I}, to b. Here, the core idea is that we can place the two grids at different ends of

the path-decomposition of G. An example of this construction can be seen in Figure 7.3.

Structural properties of G,;. Since we apply the reduction of Lemma 7.9 immediately
after this reduction in our chain of reductions, we must ensure that the constructed graph G, 5
satisfies all its preconditions. To this end, we show that G, belongs to the class G. First, note
that G is connected. Next, requirement (4) holds, since adding the grids increases the total
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Figure 7.3: The graph G, for G being a path of length 3 and w = 5.

number of vertices but does not increase the size of any vertex neighbourhood beyond the
bounds required for G. Furthermore, any vertex of the boundary with size w of T}, that is not
adjacent to a can serve as the first vertex in requirement (5) of Lemma 7.1. The second vertex
can be chosen analogously from Tj,. It remains to verify requirement (3). For this, we must
bound the pathwidth of G, to ensure that the required inequality holds. As we construct
a path-decomposition (P, p, By p) of G4 with width w in the next subsection, we defer this
argument until then.
Together with the deferred argument, we obtain the following lemma.

Lemma 7.10: Let G € G be a graph. Then, the corresponding auxiliary graph G, constructed
above is contained in the graph class G.

On correctness. For correctness we need to show two parts. First, we find an upper bound
for the skew-sensitive pathwidth for the graph G, p, under the precondition that the original
graph G has pathwidth at most w. This upper bound is then used as the integer value k. Next,
we show that if the graph G, has a path-decomposition with cost less than this upper bound
k, then we can find a path-decomposition of G with width w. Together these results show
that the reduction is correct.

7.4.1 An upper bound for the skew-sensitive pathwidth of G,

Let G = (V,E) € G be a graph with pw(G) < w. In this section we find an upper bound for
the skew-sensitive pathwidth of the graph G, constructed above.

We structure this section as follows. First, we quote a lemma describing the pathwidth of
grids. We then use path-decompositions of I';, I, and G to construct a path-decomposition of
Ga,p- To find an upper bound for the cost of this path-decomposition we identify the bag with
maximum cost, show that all other bags have smaller cost than this bag and finally find an
upper bound for the cost of this maximum bag.

A path-decomposition of G,. We begin the construction of the path-decomposition by
considering the pathwidth of grids in general.

Lemma 7.11 (Corollary 89 of Boedlaender [Bod98]): Let T be a grid with a rows and 8 columns.
Then, the pathwidth of T is min(a, f).

Since pw(G) < w, requirement (5) of Lemma 7.1 guarantees, that there is a path-decomposi-
tion (Pg, Bg) of G of width w that has a in its first bag and b in its last bag. By the previous
lemma, there exist path-decompositions (Pr,, Br,) of I, and (Pr,, Br,) of I}, each of width
w. Then, define the following path-decomposition (P, p, B, p) of G, which is illustrated in
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O OO OO O

Figure 7.4: The path-decomposition (P, , B,p) of G, 5. Each visualization of a bag is labelled
with a superset of the vertices contained in this bag.

Figure 7.4. Set the path to be P, = (Pr,, pa, PG, pp, Pr,). Here, the bag B, ;(p4) contains the
vertex a and all its neighbours in I;, and the bag B, ;,(pp) contains b and all its neighbours in I},
For all other nodes in the path, we use the bags from the corresponding path-decompositions
of T, G, and T},

Note that this path-decomposition has width w and thus completes the argument deferred
earlier. Consequently, G, indeed belongs to the class G and Lemma 7.10 holds.

Bounding the cost. We now show that every bag of the path-decomposition (P, 4, B, p)
has cost at most k. In the following we identify the bag with the maximum cost and then find
an upper bound for the cost of this bag.

We can assume that each bag of (P, B,p) has size exactly w + 1, since all bags have size
at most w + 1 and we can add vertices to bags of smaller size if necessary. So we know
that all bags of (P4, B,p) have the same size. We thus need some tools to compare the
cost of bags with the same size. For this we introduce some terminology and then prove
an auxiliary lemma. Remember, that we used b(p) for the bag size of a node p and that we
introduced ¢(p) and r(p) to describe the vertex counts in the components of P,;, — p. For a
node p in (P,p, By p) we call the difference |£(p) — r(p)| the imbalance of p. In the following
lemma we show that among a sequence of bags of the same size the bag with the smallest
imbalance is the one with maximum cost. Keep in mind that we defined the cost of a node p

as (£(p) +b(p) +1) - (r(p) + b(p) + 1).

Lemma 7.12: Let G = (V,E) € G be a graph and let (P, B) be a path-decomposition of G. Also

let p, p’ € V(P) be two nodes of (P, B) with b(p) = b(p’). If |€(p) — r(p)| > |£(p’) — r(p’)|,
then the cost of p is strictly smaller than the cost of p’.

Proof. W.l.o.g assume that £(p) > r(p) and £(p”) > r(p’) hold. Set v = £(p) + b(p),x =
r(p) +b(p),y =¢(p") + b(p),z =r(p’) + b(p). Then, the cost of pis (v + 1) - (x + 1) and the
cost of p’ is (y + 1) - (z + 1). By applying Lemma 3.4 we obtain the desired result. The lemma
requires |v — x| > |y — z|, which is met as |£(p) —r(p)| > |€(p") —r(p’)| and b(p) = b(p’). @

Due to Lemma 7.12 and the fact that all bags in (P, B, ) have the same size, the node
pi of (Pgp, Bgp) with minimum imbalance has the maximum cost. So it only remains to find
an upper bound for the cost of p;. For an upper bound on the cost we assume this node to
have imbalance |¢(p;) — r(p;)| = 0 as by Lemma 7.12 any larger difference decreases the cost.
Remember, that G, has 2n° + n vertices and that B, ;(p;) contains exactly w + 1 vertices. So
there are exactly 2n° + n — (w + 1) vertices not in the bag of p;. As the imbalance of p; is zero,
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exactly half of these vertices are contained in bags left of p; and exactly half are in bags to its
right. So, this bag has £(p;) = r(p;) = n° + % — **L and b(p;) = w + 1. Therefore, the cost
(¢(pi) + b(pi) +1) - (r(p:) + b(p;) + 1) of this bag is:

n w+1 n w+1
((nc+—— )+(w+1)+1)-((nc+—— )+(w+1)+1)
2 2 2 2

c . h w4+l c h w+l
=|n“+-+ +1)-{n°+ -+ +1
2 2 2 2

n” n-w 3n w? 3w 9

:nzc+n°+1+nc-w+3nc+z+

2 "2 ta T2 Ty

Note, that this forms an upper bound due to the assumption of perfect balance. Consequently,
we have bounded the cost of the bag p; with the maximum cost and thus the cost of all bags.
We summarize this part of the correctness proof in the following lemma.

Lemma 7.13: Let G = (V, E) € G be a graph of pathwidth at most w and let G, be the auxiliary
graph constructed above. Then, there exists a path-decomposition (P, p, Byp) of Gap With cost at

2 . 2
most n** + 4 nC w4+ 3¢ L By 3y W 3wy 2

We use this upper bound as the integer value k in the SKEW-SENSITIVE PATHWIDTH instance
we construct. So, given a graph of pathwidth at most w the reduction returns a graph of
skew-sensitive pathwidth at most k. For the correctness it remains to show that any graph
with skew-sensitive pathwidth at most k originates from a graph of pathwidth at most w.
This is done in the next subsection.

7.4.2 An upper bound for the pathwidth of G

Let G = (V,E) € G be a graph and let w be an integer. In this subsection we show that if the
graph G, has skew-sensitive pathwidth at most k = n* + n“*! + n° - w + 3n° + "TZ + 5+
37” + sz + %” + %, then the original graph G has pathwidth at most w. Note that this value of
k matches the upper bound for the cost shown in Lemma 7.13 and depends on the integer w.
Throughout this subsection we fix an integer w and consider the value k for this w.

We structure the proof as follows. First, we show that any bag of any path-decomposition
of cost at most k whose imbalance is at most 3n has size at most w + 1. Once we establish
that there exists a path-decomposition such that every vertex of G appears only in such
bags, the claimed result follows immediately. To this end, we first introduce several auxiliary
results that describe how imbalance behaves in our special graph constructions. Using these
results, we identify a path-decomposition with a subpath R that contains exactly 3n vertices
and consists solely of bags whose imbalance is at most 3n. By the first step, all bags of R
have size at most w + 1. In the next step, we use the known size of R and its position within
the path-decomposition to show that every vertex of G appears only in bags of R. Finally,
combining the first and last step, we conclude that all vertices of G occur only in bags of size
w + 1. This yields a path-decomposition of G with width w + 1.

An upper bound for the size of bags with imbalance at most 3n. In the first step, we
show that all bags with imbalance less than 3n have size at most w + 1. We begin with an
observation on the behaviour of the cost function and then prove the main lemma of this step.

Observation 7.14: Let p be a node of a path-decomposition. Then, the cost-function used in
SKEW-SENSTIVE PATHWIDTH is monotone in b(p). That is increasing b(p) increases the cost of p,
even if this decreases £(p) or r(p).
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Proof. To see this we compare the cost of p to the cost of p with one vertex moved from left
of p into the bag of p. That is

((e(p) =D+ (b(p) + 1) +1) - (r(p) + (b(p) + 1) + 1)
> (¢(p) +b(p) +1) - (r(p) + b(p) +1).

We use this result to bound the size of bags.

Lemma 7.15: Let G € G be a graph, let G,, be the corresponding auxiliary graph constructed
above and let k be as chosen above. Let (P, p, By p) be a path-decomposition of G, with cost at
most k. Let p € V(P,p) be a node with imbalance at most 3n. Then, B, ,(p) has size at most
w+ 1.

Proof. We show that if B, ;,(p) has size more than w + 1, then it has cost more than k. This
would contradict (P, p, B,p) having cost k.

First, note that by Lemma 7.12 a smaller imbalance leads to a larger cost. Thus, it suffices to
show that the cost of this bag already exceeds k for imbalance exactly 3n. We thus assume that
p has imbalance exactly 3n. By definition, the imbalance of p fixes the distribution of vertices
on either side of this bag, up to symmetry. Specifically, the number of vertices exclusively in

_ |Ba,b(P)|
2

bags to the left of p is n° — n and number of vertices exclusively in bags to the right

isn+2n-— M. These values follow from the fact that G, contains 2n° + n vertices and

that £(p) + b(p) +r(p) = |V (Gap)|.

To show that a bag exceeds cost k for size at least w + 2, it suffices to show that the cost
of this bag already exceeds k for size exactly w + 2 by Observation 7.14. So assume for
sake of contradiction that B,;(p) has size exactly w + 2. Then, the cost (¢(p) + b(p) + 1) -

(r(p) +b(p) +1) of pis:

w+ 2 w+ 2
((nc—n— 5 )+(w+2)+1)-((nc+n+n—

c w+ 2 c w+2
=|n —n+ +1]-[n" +2n+ 5 +1

)+(w+2)+1)

2
n-w w
:n2C+nC+1+nC-w+4nC—2n2+T+2n+7+2w+4

2

2
n
>n2c+nc+1+nc-w+3n°+z+

n-w 3n w 3w 9
+_+_+Z

+_
2 2 4 2

=k

Here, we used n®+ 5 + 4 + % > % for ¢ > 3. This shows that a bag of size w + 2 and imbalance
3n would already exceed the allowed cost k. Hence, the bag of p has size atmostw +1. W

G, has a path-decomposition with exact imbalance values. In the previous step, we
used imbalance to bound the size of certain bags. We now aim to identify a subpath consisting
of such bags that contains a prescribed number of vertices. To this end, we introduce two
auxiliary lemmas that describe the behaviour of imbalances in path-decompositions of G, .
We first show that there exists bags with imbalance at most 3n. Next, we prove that there is a
path-decomposition containing nodes with exact imbalance values. Then, the second result
allows us to use particular imbalance values to define the desired subpath.
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7 A lower bound for CLIQUE-PARTITIONED TREEWIDTH

Lemma 7.16: Let G € G be a graph, let G, be the corresponding auxiliary graph constructed
above and let k be as chosen above. Let (P,, B,) be a path-decomposition of G, with cost at
most k. Then, the minimum imbalance among all nodes of P, is strictly less than n.

Proof. We use a similar approach as used when showing that bags of imbalance at most 3n
have size at most w + 1. We we first note that the bag B, (p) of minimum imbalance has size
at least its imbalance, since at this bag the path switches from being imbalanced towards one
side to being imbalanced towards the other side. We thus have to show that if the bag of
minimum imbalance has imbalance at least n and thus size at least n, this bag has cost more
than k. But such a cost would contradict (P,, B,) having cost at most k. To show that a bag
exceeds cost k for size at least n, it suffices to show that the cost of this bag already exceeds k
for size exactly n by Observation 7.14. So assume for sake of contradiction that p has size n.

To determine the cost (£(p) + b(p) + 1) - (r(p) + b(p) + 1) of this node we need to identify
£(p) and r(p). We know that |£(p) —r(p)| < n, b(p) =nand £(p) + b(p) +r(p) = 2n° +n. By
Lemma 7.12 smaller imbalance increases the cost, so we assume imbalance n to find a lower
bound. Then, we have £(p) = n® + 7 and r(p) = n° — 5 up to symmetry.

(4 2) men) (o= 2) 1)
=(nC+3§+1).(nC+g+1)

2

3n
C“+2nC+T+2n+1

=n® + 2n
2

2
n
>nzc+n°+1+nc-w+3nc+z+

n-w 3n w 3w 9
+—+—+—+
2 2 4 2 4

=k

Here,weusednc+1+"72+§ ch-w+nc+%+%2+37w+§forc2 1and w? < %.This
shows that if the bag B, (p) of minimum imbalance has imbalance n and size n, then this bag
would already exceed the allowed cost k. Hence, this bag has size and thus imbalance less

than n. Note, that the bound is not necessarily tight as seen by Lemma 7.15. a

We use this result to find a path-decomposition with nodes having exact values of imbalance.
Here, the previous lemma allows us to find a simple precondition.

Lemma 7.17: Let G = (V,E) € G be a graph and let G, be the corresponding auxiliary graph
constructed above and let k be as chosen above. Let i be an integer satisfyingn < i < 2n° + n.
If the skew-sensitive pathwidth of G,y is at most k, then there exists a path-decomposition
(Pap, Bap) of Gap with cost at most k that contains two nodes py and p, with distinct bags that
have imbalance exactly i.

Proof. As the skew-sensitive pathwidth of G, is at most k, there exists a path-decomposition
(Po, By) of G, with cost at most k. We first show that we can modify (P,, B,) such that there
exists one node with imbalance exactly i. Let p, p’ € V(P,) be two neighbouring nodes such
that p has imbalance at most i and p’ has imbalance at least i. The node p exists because
i > n and by Lemma 7.16 there must be a node of imbalance less than n. The node p’ exists
because i < 2n° + n and a leaf with an empty bag has imbalance 2n¢ + n. If either p or p’ has
imbalance exactly i we are done with this part. Otherwise, the imbalances of p and p” differ
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by at least two. We now modify (P,, B,) by repeatedly inserting a node between p and p’
that has imbalance closer to i. W.Lo.g., assume £(p) > r(p). Under this assumption p’ is right
of p as p’ has higher imbalance. To increase the imbalance from p to p’, that is to increase
|£(p) — r(p)|, one of the following must occur:

{(p) is increased to obtain ¢(p’),
r(p) is decreased to obtain r(p’) or
both changes occur simultaneously.

We insert a node p* between p and p’ that mirros the change but with exactly one unit. In
case (1), some vertices are removed from the bag of p. Then, we set p* to be identical to p
with one vertex removed. In case (2) some vertices are added to the bag of p. Then, we set
p* to be identical to p with one vertex added. In case (3) both occur. Then, we set p* to be
identical to p with one vertex removed. It is straightforward to verify that the cost of p* is
bounded by the cost of p’ in case (2) and by the cost of p in cases (1) and (3). Moreover, p* has
imbalance one unit closer to i than p. Repeating this process, we eventually obtain a node
with imbalance exactly i.

It remains to show that there are two such pairs p, p’ and thus two nodes with imbal-
ance exactly i. Remember that i is strictly larger than the node of minimum imbalance by
Lemma 7.16. To find a second node with imbalance exactly i, observe that the imbalance
increases monotonously when moving away from the node of minimum imbalance i, in either
direction along P,. Hence, by applying the above construction independently to each side of
the minimum-imbalance node, we obtain two distinct nodes p, and p, with imbalance exactly
i. This concludes the proof. a

To conclude this subsection, note that the subpath between these two nodes of exact
imbalance must contain the node of minimum imbalance. This follows from the fact that the
imbalance increases monotonically when moving away from the node of minimum imbalance
ip in either direction along P,. Moreover, this increase is strictly monotonic whenever the
bags are non-redundant.

Defining the subpath R. Using the auxiliary result on imbalance, we define a subpath
R of the path-decomposition. Our goal is to ensure that R contains exactly 3n vertices and
that each bag in R has imbalance at most 3n. To achieve this, we select two nodes whose
imbalance attains a desired value exactly.

Lemma 7.18: Let G € G be a graph, let G, be the corresponding auxiliary graph constructed
above and let k be as chosen above. If the skew-sensitive pathwidth of G, is at most k, then
there exists a path-decomposition (Pgp, Bap) 0f Gap of cost at most k together with a subpath
R = (ps,....pr) of Pap such that:

the bags of R together contain exactly 3n vertices,
there are exactly n® — n vertices that are exclusively contained in bags strictly left of R,

there are exactly n® — n vertices that are exclusively contained in bags strictly right of R,
and

each bag B, (p), for p € R, has size at most w + 1.
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Proof. As the skew-sensitive pathwidth of G, is at most k, there exists a path-decomposition
(Po, By) of G, with cost at most k. We now apply Lemma 7.17 with i = 3n — (w + 1) to obtain
a path-decomposition (P, p, B,p) of G4 with costk. Asn <i=3n—(w+1) <2n°+nthe
precondition of this lemma is met. So this lemma guarantees the existence of a node that has
imbalance exactly 3n — (w + 1). Let p, be the leftmost such node. By Lemma 7.15 this node
has size at most w + 1. Furthermore, we can assume that it has size exactly w + 1 by adding
the same number of vertices from the left and right to the bag. As seen before, the imbalance
of p, fixes the distribution of vertices on either side of this bag. Specifically, the number of
vertices exclusively in bags to the left of p, is n° — n and number of vertices exclusively in
bags to the right is n® + 2n — (w + 1). These values follow from the fact that G, contains
2n¢ + n vertices and that ¢(p;) + b(pr) + r(pr) = |[V(Ggp)|. Similarly, the lemma guarantees
the existence of a node p, with a bag distinct from that of p,, lying strictly to the right of p,,
and having the same imbalance 3n — (w + 1). We define R as the subpath of P, ;, from p; to p,,
including both endpoints.

By construction there are exactly n¢ — n vertices exclusively in the bags left of p, and n° — n
vertices exclusively in the bags right of p,. Thus, there are exactly 3n vertices that appear in
bags of R. As all bags in R have imbalance less than 3n, each bag in R has size at most w + 1
by Lemma 7.15. a

The structure of path-decompositions of G,3. So far, we have identified a subpath R of
size 3n such that each bag in R has size at most w + 1 and such that there are n® — n vertices
in the bags on either side of R. In addition to this result, we use the structural properties of
path-decompositions of grids established in Chapter 6. In particular, we rely one the fact that,
in every path-decomposition of a grid, there exists a subpath L that contains almost all nodes
of the decomposition and whose bags satisfy a lower bound on their size (Theorem 6.1). In
the next and final step, we show that the vertices of G occur only in bags belonging to R.

To this end, we analyse how R intersects the grids I}; and I}, in the path-decomposition
(Pgp, Bap) from Lemma 7.18. The key idea is to show that some bag of R contains w + 1
vertices of one of the grids. By the connectedness of the remaining graph, this implies that all
vertices of G and the other grid lie on the same side of this node. We therefore first show that
the subpath L of (P,p, B, p), restricted to one of the grids, intersects R.

Lemma 7.19: Let G € G be a graph and let G, be the corresponding auxiliary graph constructed
above. Let (P,p, B,yp) be the path-decomposition of G, with the subpath R as defined in
Lemma 7.18. Let py(T,), pr(Ty), pe(Ip) and p,(I}) be as defined in Theorem 6.1. Then, the
following statements are true:

exactly one of p;(I,) and p,(I,;) lies inside R and

exactly one of py(I) and p,(I}p) lies inside R.

Proof. For each grid there are four possible cases where the two nodes can be located. First,
both nodes can be on the same side of R. Second, both can be on opposite sides of R. Third,
both can be inside R. Fourth, one can be inside R and one can be outside R. We show that the
first three cases result in contradiction and that due to this case four must occur.

We start by showing that p,(T,;) and p,(I};) cannot lies on the same side of R. Remember that
I, contains n€ vertices and that there exactly n —n vertices on either side of R. Hence at least n
vertices of I'; must lie inside R or on the opposite side of R from the remaining ones. Consider
the nodes p,(T;;) and p,(I;,) obtained from Theorem 6.1 applied to the path-decomposition
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Figure 7.5: The layout of the path-decomposition (P, 4, B, p) of G, p. For each grid the nodes
mentioned in Theorem 6.1 are marked. The bold vertical lines mark bags that contain w + 1
vertices of one grid. Inside R such bags enforce that all vertices not in the grid of this bag
are on the same side of the line. Part (a) shows an idealized layout and the vertex counts of
the different sections. Part (b) illustrates that I'; (blue) and I}, (green) might actually extend a
little bit further. Part (c) depicts a failed attempt for a different layout: A visual comparison
and a closer look at the numbers reveals that this must fail, also the bold vertical line inside R
is passed by with other vertices.

(Pgp, Bap) restricted to I';. By Theorem 6.1, the number of vertices between p,(I},) and the
corresponding end of the decomposition of T, is at most w® < &. Here, we used requirement
(3) of Lemma 7.1 and G, € G to compare w® = pw(G,)* and n. The same holds for p,(T}).
Consequently, p,(I;;) and p,(I,) cannot lie on the same side of R. The same argument applies
to p¢(Ip) and p,(I). The different size constraints are visualized in Figure 7.5.

Next, we consider the second case. So assume for sake of contradiction that p,(I,;) and
pr(T,) lie on opposite sides of R. Then, every bag in the subpath R must contain at least w
vertices of I; due to Theorem 6.1. However, p,(I}) and p,(I}) cannot lie on the same side of
R as seen before. So either p,(I}) and p,(T}) lie on opposite sides of R or at least one of them
lies inside R. In each case at least one bag of R additionally contains at least w vertices of I}.
Then, this bag would contain 2w vertices contradicting property (4) of Lemma 7.18. So p,(T})
and p,(I;) cannot lie on opposite sides of R. By symmetry the same holds for I}.

Finally, consider the case that both p,(T,;) and p,(T,) lie inside R. This cannot occur as R
contains 3n vertices by property (1) of Lemma 7.18 and there are at least n® — 2w? vertices in
the bags between p,(I},) and p,(I,;) by Theorem 6.1. By symmetry the same holds for I},

As all other cases lead to a contradiction exactly one of p,(I,;) and p,(I},) lies inside R and
exactly one of p,(I) and p,(I}) lies inside R. a
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Note that it does not suffice to show that R intersects the subpath L for each grid. This is
due to the fact that it is possible that all bags of R are identical when restricted to the grid. In
this case, Theorem 6.1 would yield only a lower bound of w rather than w + 1.

We obtain the following corollary by combining property (2) of Theorem 6.1, Lemma 7.18,
and the previous lemma.

Corollary 7.20: Let G € G be a graph and let G, be the corresponding auxiliary graph
constructed above. Let (P,p, Byp) be the path-decomposition of G, with the subpath R as
defined in Lemma 7.18. Then, there are nodes pq, pp € R such that B, ,(pa) contains only vertices
of T, and B, (pp) contains only vertices of Tp.

Proof. By Lemma 7.19, one of p;(I;) and p, (I,;) lies inside R. As noted earlier, at least n vertices
of T, must lie inside R, and thus at least one additional node from the subpath L between
p¢(I,) and p,(T,), that is distinct from the endpoints, also lies inside R. By property (2) of
Theorem 6.1, either the endpoint of L in R or its distinct neighbour inside L contains w + 1
vertices of I;. Moreover, by property (4) of Lemma 7.18, this bag contains no other vertices.
By symmetry, the same argument applies to Ij. a

We use these two nodes to argue that all vertices of G occur only in bags of R. Since
Lemma 7.18 guarantees that all bags in R contain at most w + 1 vertices, this provides the
final ingredient needed to bound the pathwidth of G. A visualization of the structure we have
enforced so far can be seen in Figure 7.5a and Figure 7.5b.

Lemma 7.21: Let G € G be a graph and let G, , be the corresponding auxiliary graph constructed
above. Let (P,p, B,yp) be the path-decomposition of G, with the subpath R as defined in
Lemma 7.18. Then, all vertices of G are only contained in bags of R.

Proof. By Corollary 7.20, there exits a node p, whose bag only contains vertices of I, and a
node p, whose bag only contains vertices of I;. Assume W.l.o.g. that p, lies left of p;. Since
I, is connected, all its vertices lie entirely to the left of p;. Similarly, since I}, is connected, all
its vertices lie entirely to the right of p,. Now, as G is connected, all its vertices must lie either
entirely to the left of p,, entirely between p, and py, or entirely to the right of p;. If G were
entirely left of p,, then no path could connect G to I}, contradicting the connectedness of
Gap — I, Similarly, if G were entirely right of pj, no path could connect G to I, contradicting
the connectedness of G, — I',. Hence G must lie entirely between p, and pj. It follows that
all vertices of G lie inside bags of R, establishing the lemma. a

Note that these lemmas implicitly require that the skew-sensitive pathwidth of G,, is at
most k (for k as chosen above), since they invoke Lemma 7.18.

A path-decomposition of G.  We are ready to conclude our correctness proof.

Lemma 7.22: Let G = (V,E) € G be a graph and let G, be the auxiliary graph constructed
above. Also let w be an integer. If G, has skew-sensitive pathwidth at most k = n* + n°*! +
n-w+3n°+ "TZ + Ly gy WTZ +2¥ + 2, then G has pathwidth at most w.

Proof. By Lemma 7.18 and Lemma 7.21, there exists a path-decomposition (P, p, By p) of Gy p
with cost k, together with a subpath R such that each bag in the subpath R has size at most
w+ 1 and all vertices of G appear only in bags of R. We now construct a path-decomposition of
G by removing all vertices not in G from (P, , B, ). This clearly yields a path-decomposition
of G. Furthermore, the width of this decomposition is at most w. a
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7.4.3 Concluding the reduction from PATHWIDTH to SKEW-SENSITIVE
PATHWIDTH

We summarize the reduction presented in this section in the following lemma.

Lemma 7.23: There exists a polynomial-reduction from PATHWIDTH on graphs of G to SKEW-
SENSITIVE PATHWIDTH on graphs of G.

Proof. Given an instance (G, w) of PATHWIDTH on graphs of G, we compute the vertices a
and b using the algorithm of property (5) of Lemma 7.1 and construct the graph G, for G in
time O(n°). By Lemma 7.10, the graph G, is contained in the graph class G. Furthermore,
we choose k as described in Lemma 7.13 and fix ¢ = 3. Constructing the auxiliary graph
increases the vertex count by 2n®. We note that if G has pathwidth of at most w, then the
reduction produces a graph G, of skew-sensitive pathwidth at most k by Lemma 7.13. If the
constructed graph G, ; has skew-sensitive pathwidth at most k, then G has pathwidth at most
w by Lemma 7.22. a

7.5 Hardness-results for cLIQUE-PARTITIONED TREEWIDTH and its
consequences

In this final section, we combine the two reductions to prove the N'’P—hardness of cp-
TREewIDTH and discuss the implications of this result.

We start with Corollary 7.2 which states that PATHWIDTH is hard for graphs of G. Using
the reduction of Lemma 7.23 from PATHWIDTH to SKEW-SENSITIVE PATHWIDTH we get:

Lemma 7.24: SKEW-SENSITIVE PATHWIDTH is N'P-hard for graphs of G.

We then apply the reduction of Lemma 7.9 from SKEW-SENSITIVE PATHWIDTH to CP-
TREEWIDTH to obtain the desired result.

Theorem 7.25: cp-TREEWIDTH is N'P-complete.

Proof. The N'P-hardness is given by Lemma 7.9 and Lemma 7.24.
It is easy to see that the problem is contained in AP as we only need to check if the given
cp-tree-decomposition is valid and whether the weight of each bag is sufficiently low. a

We can easily adapt this proof to consider approximation algorithms for additive constants.

Theorem 7.26: If P # NP, then no polynomial-time approximation algorithm A for cp-
TREEWIDTH can guarantee A(Z) — OPT () <y on all instances T for a fixed constant y.

Proof. Let y be an integer. Assume that there exists a polynomial-algorithm A that approxi-
mates cCP-TREEWIDTH within the additive constant y. That is, given a graph G and an integer
k, the algorithm A either returns a cp-tree-decomposition of G with cost at most k + y, or
correctly reports that the cp-treewidth of G is greater than k. We use this algorithm to deter-
mine whether a graph G € G has pathwith at most w, by applying the reductions described in
Lemma 7.1, Lemma 7.23 and Lemma 7.9. These reductions produce a graph G, and an integer
k such that the following holds: (1) If A returns a cp-tree-decomposition of G, of weight
at most k + y, then the original graph G has pathwidth at most w. (2) If A reports that the
cp-treewidth of G, is greater than k, then the original graph G has pathwidth greater than
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7 A lower bound for CLIQUE-PARTITIONED TREEWIDTH

w. As the resulting algorithm for PATHWIDTH clearly runs in polynomial time, the existence
of A would contradict the N'P-hardness of PATHWIDTH [ACP87 | Bod+23]. Hence, such an
algorithm A cannot exists, unless P = AP, and approximating cp-TREEWIDTH within any
additive constant y is A'P-hard.

It remains to show that the constructed algorithm for PATHWIDTH is correct. First, we prove
that if the cp-treewidth of G, is greater than k, then the pathwidth of G is greater than w.
Second, we show how to construct a path-decomposition of G with width at most w from a
path-decomposition of G, with weight at most k +y.

For the first part, we argue by contraposition. That is, we show that for any graph G € G with
pathwidth at most w the constructed graph G, admits a path-decomposition with cp-treewidth
at most k. This follows directly from Lemma 7.13 and Lemma 7.8 without modification.

For the second part, we use arguments analogous to those used in the proofs of Lemma 7.22,
Lemma 7.8 and Corollary 7.6. Some adjustments are required, since we now start with a
cp-tree-decomposition of cost k + y rather than k. In particular, when comparing the target
integer k with potential bag costs in Lemma 7.15 and Lemma 7.16, we compare against k + y
instead of k. Since we may assume that n is larger than the constant y and the two sides of
the relevant inequalities differ by at least n, all required inequalities continue to hold for k + y.
Therefore, the remaining arguments apply without further modification, and we obtain a
path-decomposition of G with width at most w.

This completes the correctness proof and establishes the claimed hardness. a

We now analyse what the implications of this result for our goal of determining the
complexity of cP-TREEWIDTH. So far, we have seen that this problem can be solved in XP-time,
but not in polynomial time, unless P = N'P. It therefore remains to determine whether
cP-TREEWIDTH can be solved in FPT-time. In the following chapter, we establish a slightly
weaker result. We consider gp-treewidth, a variant of cp-treewidth that additionally requires
that all local clique-partitions of the bags are consistent with a single global partition of the
input graph. Using this additional property, we present an FPT-algorithm for this variant.

To argue that this algorithm is essentially tight with respect to complexity classes, we
extend the hardness results of this section to this new variant. Consider the reduction from
SKEW-SENSITIVE PATHWIDTH on graphs of G to cP-TREEWIDTH presented in Section 7.3. By
Lemma 7.7, the optimal clique-partition splits each bag into subsets of V and and its copy
V’. Hence, the clique-partition of every bag is simply the restriction of the global partition
of Gy into V and V’. Consequently, this proof also yields a reduction from SKEW-SENSITIVE
PATHWIDTH to GP-TREEWIDTH.

Corollary 7.27: There exists a polynomial-reduction from SKEW-SENSITIVE PATHWIDTH on
graphs of G to Gp-TREEWIDTH.

Using this reduction from SKEW-SENSITIVE PATHWIDTH to GP-TREEWIDTH instead of the
reduction of Lemma 7.9, we obtain the analogous hardness results for Gp-TREEWIDTH. Note
that in this reduction the global clique-partition is known. Hence, the problem remains hard
even when the clique-partition is given as part of the input.

Theorem 7.28: Gp-TREEWIDTH is N'P-complete.

Theorem 7.29: If P # NP, then no polynomial-time approximation algorithm A for Gp-
TREEWIDTH can guarantee A(Z) — OPT (Z) < y on all instances Z for a fixed constant y.
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variant of the parameter

In this chapter, we present an FPT-algorithm for computing the gp-treewidth of a graph
G = (V,E). In fact, we prove a more general statement. We identify a class of parameters
for which the algorithm of Bodlaender and Kloks [BK96 | AZ21] for computing treewidth in
FPT-time can be adapted in a straightforward manner. Hence, for every parameter p in this
class, there exists an FPT-algorithm that decides whether p(G) < k for a given graph G and
parameter value k.

The underlying idea of the algorithm of Bodlaender and Kloks [BK96 | AZ21] is to enumerate
all tree-decompositions of G. Since there exists an optimal tree-decomposition of G with |V|
nodes (see Lemma 3.7), a naive approach would consider all tree topologies with |V| nodes
together with all assignments of subsets of size at most k to each node. A first refinement
of this idea is to perform this enumeration via a dynamic program on a tree-decomposition
(T, B). In this approach, for each node of T, the algorithm enumerates all tree-decompositions
of the subgraph processed so far. However, both the naive enumeration and this direct dy-
namic programming approach are not fixed-parameter tractable for the chosen parameter.
To overcome this issue, the authors introduce a normalization and an equivalence relation
on the constructed tree-decompositions. For the normalization, they show that for every
graph there exists an optimal tree-decomposition satisfying two key properties. Hence, we
may restrict the enumeration to such normalized tree-decompositions and assume that all
considered tree-decompositions satisfy those two properties. While this normalization alone
does not substantially reduce the number of tree-decomposition that need to be enumerated,
the properties it guarantees are crucial for the equivalence relation, which in turn enables a
significant reduction of this number. This equivalence relation partitions the set of all nor-
malized partial tree-decompositions into different equivalence classes whose members share
fundamental properties, such as their width. Consequently, it suffices to enumerate a single
representative tree-decomposition per equivalence class. To enable the enumeration of such a
representative for each equivalence class, every class is associated with a compact description,
referred to as limited information, from which a representative can be reconstructed. Thus,
it suffices to bound the number of relevant equivalence classes and their associated limited
information, and to show that this limited information can be enumerated efficiently.

We generalize this approach from traditional treewidth to our class of tree-decomposition
based parameters. Here, the key observation is that an analogous equivalence relation can be
defined for these parameters and that the correctness arguments as well as the algorithmic
framework remain valid, provided that certain requirements on the parameter are satisfied.

We proceed as follows. First, we define the class of parameters by formulating five require-
ments that the weight function associated with a parameter has to satisfy. Next, we describe
our adaptation of the algorithm of Bodlaender and Kloks [BK96 | AZ21] to parameters in
this class. Using this generalized result, we then return to gp-treewidth. We first show that,
when a clique-partition of the input graph is provided as a part of the input and thus fixed in
advance, the parameter gp-treewidth belongs to our class. Consequently, it can be computed
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in FPT-time. Finally, we demonstrate that, by a small modification of the algorithm, the clique-
partition of the input graph can be computed simultaneously with a tree-decomposition that
minimizes the gp-treewidth.

8.1 A class of efficiently computable parameters

We are now ready to formally define a class of tree-decomposition-based parameters that can
be computed efficiently. We first explain how such parameters are related to weight functions
and then restrict the admissible weight functions using five requirements to form this class of
parameters. These requirements ensure both the correctness and the claimed running time
bounds of the underlying classical approach.

We begin by formalizing the framework of the tree-decomposition based parameters we
are studying and how those parameters can be induced by a weight function. This can be
regarded as a generalization of the way in which the parameters treewidth, cp-treewidth, and
tree-independence number, introduced so far, are defined by assigning a weight to each bag.
Let w be a weight function that assigns a non-negative integer weight to every subgraph of the
input graph. For a vertex set X C V, we use the shorthand notation w(X) instead of w(G[X])
to denote the weight of the induced subgraph G[X]. Then, the weight of a tree-decomposition
(T, B) of a graph G is the maximum weight of any bag in (T, B). Finally, the w-treewidth
tw,,(G) of a graph G is the minimum weight of any tree-decomposition of G. Note, that by
defining the weight in this way, the weight of a bag depends solely on the subgraph induced
by the bag and not on any other bags of the decomposition.

To define our class we introduce five requirements on the weight function inducing a
parameter. These requirements can be grouped into three types. The first two requirements
ensure that the weight behaves monotonously under the two fundamental operations of adding
and removing a vertex. The following two requirements specify which information may be
used when computing the weight of a set after minor modifications similar to introduce- and
join-nodes in dynamic programs on tree-decompositions. The final requirement establishes a
relationship between the weight of a bag and its size and thus forms the foundation of our
running time analysis.

We define the class of efficiently computable parameters ECP as the class containing all tree-
decomposition-based parameters w-treewidth induced by a weight function w that satisfies
the following requirements (R1) to (R5)".

(R1) Subset monotonicity: Let X be a vertex set and let S € X be a subset of X. Then,
w(S) < w(X).

(R2) Superset monotonicity: Let X, Y be two vertex sets and let v ¢ X U Y be a vertex such
that NW) N X =Nw)NY. If w(X) <w(Y), then w(X +v) < w(Y +v).

(R3) Vertex addition computability: Let X be a vertex set and let v ¢ X be a vertex. Then,
w(X +v) = w(X) + g(N(v) N X) where g(x) can be computed in time 20(IN()NX])

(R4) Union computability: Let X, Y be two vertex sets such that no vertex of X —Y is adjacent
to a vertex of Y — X. Then, w(X UY) = w(X) + w(Y) — h(X N Y) where h(x) can be
computed in time 2°(XNYD,

For our applications, linear running time bounds are sufficient. We nevertheless state a more general version
that permits larger running times, as it captures a broader class of parameters without affecting the overall
running time.
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(R5) Boundedness: There exists a computable function f such that |X| < f(w(X)) for all
vertex sets X.

It is easy to see that any weight function satisfying vertex addition computability (R3) also
satisfies superset monotonicity (R2). However, since (R2) is used explicitly in later arguments,
we state it as a separate requirement.

Lemma 8.1: Let w be a weight function satisfying (R3). Then, w also satisfies (R2).

Proof. Let X, Y be two vertex sets and let v ¢ X UY be a vertex such that N(v)NX = N(v)NY.
Also, let w(X) < w(Y). By (R3), we know that the weight difference w(X + v) — w(X) can
be described as g(N(v) N X). Similarly, by (R3), the weight difference w(Y + v) — w(Y) can
be described as g(N(v) N Y). Since the two neighbourhoods N(v) N X and N(v) NY are the
same by assumption, these two weight differences are equal. Hence,
w(X +v) =w(X) +g(N(v) N X)

=w(X) +g(N(v)NY)

<w(Y)+g(N(v)NY)

=w(Y +v),
where we used w(X) < w(Y), a

In the following, we consider parameters belonging to this class and rely on the requirements
introduced above in our arguments. For better intuition, the reader may keep the parameter
treewidth, together with the weight function wy, (G[X]) = |X| — 1, in mind as those are the
simplest example of this class. It is straightforward to verify that this weight function satisfies
all of the stated requirements, as witnessed by the following observation.

Observation 8.2: Let G = (V, E) be a graph. Then, the weight function wy, (G[X]) = |X| - 1
satisfies the requirements (R1) to (R5).

Proof. We verify the five requirements one by one.
(R1) Subset monotonicity: The size of a set cannot increase when elements are removed from
it.
(R2) Superset monotonicity: Inserting one element into a set increases its size by exactly one.

Hence, Wiw (X + V) = Wi (X) + 1, Wi (Y +7) = Wi (V) + 1, and wiw (X +v) < Wi (X +v).

(R3) Vertex addition computability: As observed above, the weight change is exactly one and
thus g(x) = 1 satisfies all conditions.

(R4) Union computability: Uniting two sets counts duplicate elements twice. Thus, we choose
h(X NY) =|X NY|, which satisfies all conditions.
(R5) Boundedness: We choose f(x) = x + 1.
Hence, all requirements (R1) to (R5) are satisfied. a
In the next subsection, we prove that all parameters of the class ECP can be computed in
FPT-time. Formally, we show the following result, where f is the function introduced in (R5).

Theorem 8.3: Let G = (V,E) be a graph and let k be an integer. Let (T, B) be a given tree-
decomposition of G with weight ¢ € O(k). Consider a parameter of ECP with weight function

w. Then, there exists an algorithm that decides whether G has w-treewidth at most k in time
20O +k-F(0%) .y,
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8.2 An FPT-algorithm for computing the parameters of ECP

We now show that every parameter in the class ECP can be computed in FPT-time. To this
end, we summarize and adapt the simplified description by Althaus and Ziegler [AZ21] of the
FPT-algorithm for computing treewidth. This result was originally introduced by Bodlaender
and Kloks [BK96]. We begin by introducing the notation used throughout this subsection and
then describe the structure of this subsection.

Let w be a weight function such that its induced parameter w-treewidth belongs to the
class ECP. Let G = (V, E) be a connected graph and let k be an integer. Moreover, let (T, B)
be a nice tree-decomposition of G with weight O(k). To distinguish this decomposition from
those constructed by our algorithm, we refer to it and its bags using the prefix host. We fix
this notation for the remainder of this section.

In our adaptation of the algorithm to the parameters of ECP we follow the outline of the
traditional approach presented above. In the first subsection, we define a normalization that
allows us to assume that all considered tree-decompositions satisfy two key properties. We
then explain how the equivalence relation is used, formulate the requirements for correctness,
and provide intuition for the notion of equivalence. In this part we also detail what exactly
the algorithm computes, that is we formalize the structure of partial solutions used in this
approach. We then present the equivalence relation together with its correctness arguments.
Here, we detail the aforementioned limited information associated with each equivalence
class. The final two subsections are devoted to actually computing the limited information.
First, we formally show a bound for the number of partial solutions that the dynamic program
needs to consider at each node. Then, we show how these partial solutions can be computed
within the desired running time.

8.2.1 A normalization and two key properties

We begin improving the naive enumeration by normalizing the tree-decompositions we
construct. More precisely, we show that if a tree-decomposition of a given weight exists,
then there also exists a tree-decomposition of the same weight that satisfies two additional
structural properties. Consequently, it suffices to restrict our attention when enumerating to
tree-decompositions satisfying these properties.

We begin with the first property which states that the bags of some leaves remain unchanged
after processing a given host-node. Recall, that G; refers to the subgraph of G induced by the
vertices processed by the host-decomposition before the host-node t. In our proof we use the
following operation, called the addition of a leaf. Let t. be a node with bag X. The addition
of a leaf to ¢ is the operation that adds a new node t, that is adjacent to ¢, and assigns it a
bag Y € X. Clearly, this operation does not increase the weight of the decomposition due to
subset monotonicity (R1).

Lemma 8.4 (Lemma 2 of Althaus and Ziegler [AZ21]): Let G be the input graph and let (T, B) be
the host-decomposition. If the w-treewidth of G is at most k, then there exists a tree-decomposition
(T, B) of G with weight at most k such that for every host-node t the restriction (T;, B;) of(f“, B)
to G; satisfies the following property.

Let ¢ € V(T;) be a leaf with adjacent node a € V(T;) for which the following preconditions hold:

B;(¢) contains at least one vertex forgotten by the host-decomposition before reaching t
and

the intersection B(t) N B,(¢) is a subset of the intersection B(t) N B;(a).
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Figure 8.1: This figure illustrates an example of the proof of Lemma 8.4. In part (a), the state
before the modification is shown. Here, the intersection with B(t) (black vertices) of the
right leaf is a subset of the intersection for its parent and this leaf contains already forgotten
vertices (purple). Hence, we can modify the decomposition by assigning the vertices of Z,
which are in (T, B) but not (T, B;), to a newly created leaf (see part (b)).

Then, no vertex from V — V(G,) is contained in B(¢).

Proof. Let (T, B) a tree-decomposition of G of weight at most k that has the minimum number
of violations of this property. We prove that (T, B) indeed has no violations using proof by
contradiction. This proof is visualized in Figure 8.1.

So assume for sake of contradiction that there exists a host-node t and a leaf ¢ in the
restriction (T}, B;) of (T, B) to G, such that ¢ and ¢ violate the property. That is, the set
Z = B(¥) — V(G,) of vertices from V — V(G,) contained in the bag of ¢ is non-empty. We
modify (T, B) without increasing the weight to ensure that ¢ and ¢ no longer violate the
property. The intuition for this modification is to split a leaf that contains vertices forgotten
before t, vertices in B(t), and vertices introduced after ¢ into two leaves. Here, the first leaf
contains the forgotten vertices together with the vertices of B(t) and the other contains the
vertices not yet introduced together with the vertices of B(t). Formally, we add a new leaf ¢’
adjacent to a and assign it the bag (B(¢) N B(t)) U Z. Finally, remove the vertices in Z from
the bag B(¢) to obtain the new bag B(f) — Z of ¢.

All vertices and edges of the graph remain covered, since the vertices forgotten by the
host-decomposition before t and those introduced after t are not connected. Hence, (T, B)
remains a valid tree-decomposition. Moreover, after the modification, both the bag of £ and
the bag of the newly added leaf are subsets of the original bag of £. Hence, the weight does
not increase by monotonicity under taking subsets (R1). Thus, this modification yields a tree-
decomposition of G with at most the same weight and fewer violations. This is a contradiction
to minimality and thus the lemma holds. a

Observe, that this result extends naturally from leaves to certain subtrees. To formalize this,
we define an attached subtree as a connected subtree in which exactly one node, called the
root, has neighbours outside the subtree, and this root has exactly one such neighbour. For a
host-node ¢, we call an attached subtree of a tree-decomposition (T, B) t-nice, if every node in
the subtree satisfies the conditions on the leaf £ in the above lemma. In particular, consider
the restriction (T}, B;) of (T, B) to G,. Then, for every node ¢ in this subtree, the following
conditions have to hold:

the bag B;(¢) contains at least one vertex forgotten by the host-decomposition before
reaching t and

the intersection B(t) N B;(f) is a subset of the intersection B(t) N B;(a), where a is the
parent of ¢.

Note, that for the root of such a subtree, its parent lies outside of the attached subtree but is
still considered in the above condition. Using this definition, we generalize the above lemma
from considering a single leaf ¢ to considering an entire nice attached subtree.

73



8 An exact FPT-algorithm for a global variant of the parameter

Corollary 8.5: Let G be the input graph and let (T,B) be the host-decomposition. If the
w-treewidth of G is at most k, then there exists a tree-decomposition (T, B) of G of weight
at most k such that for every host-node t the restriction (T;, B;) of (T, B) to G; satisfies the
following property.

Let S be at-nice attached subtree. Then, for every{ € V(S), no vertex fromV -V (G,) is contained
in B(?).

Proof. We proceed analogously to the proof of Lemma 8.4 but instead of adding a single leaf,
we add a copy of the subtree S. For each bag, we define its contents as above: We retain the
vertices of G; in the original structure and add the vertices of V — V(G;), together with the
vertices of B(t), to the copied structure.

It remains to verify that the resulting structure is still a valid tree-decomposition. In
particular, we must check the connectivity condition. It suffices to consider the vertices of
B(t), since all other vertices occur only in one of the two copies. For vertices in B(t), observe
that by condition (2) in the definition of nice attached trees, any such vertex contained in a
bag is also contained in all bags along the path to the root, as well as in the bag of the parent
of the root. Hence, the connectivity condition is satisfied. Therefore, the resulting structure is
a valid tree-decomposition, and the lemma follows. a

We now extend this normalization to a second property, which states that along certain
paths, all nodes are modified in the same way after processing a given host-node. Here, we use
the following definitions. In graph theory a caterpillar is a tree that contains a path such that all
vertices have distance at most one to this path. We extend this notion to tree-decompositions.
For a tree-decomposition (T, B), a path P is called a caterpillar-path, if all nodes of T — P that
are incident to non-endpoints of P are roots of attached subtrees. Those attached subtrees are
called caterpillar-legs. For a host-node ¢, a caterpillar-path P = (t;,...,t;) is called t-nice, if
B(t)NB(t;) =---=B(t) N B(tj) and if its caterpillar-legs are t-nice. The reader may think
of the caterpillar-legs as leaves, since we only consider the content of the root bag and the
distinction thus lies solely in whether we apply Lemma 8.4 or Corollary 8.5.

In proving this property, we use the following operation, called duplication of a node. Let
t.t; be an edge of a tree-decomposition. The duplication of the node ¢, is the operation that
subdivides this edge t.t. by adding a node and assigning it the same bag as t.. This operation
does not increase the weight of the decomposition, due to subset monotonicity (R1).

Lemma 8.6 (Lemma 3 of Althaus and Ziegler [AZ21]): Let G be the input graph and let (T, B) be
the host-decomposition. If the w-treewidth of G is at most k, then there exists a tree-decomposition
(T, B) of weight at most k of G such that for every host-node t the restriction (T;, B;) of (T, B) to
G; satisfies the following property.

LetP = (t;,...,t;) be a t-nice caterpillar-path in (T;, B;) where w(B;(t;)) # w(B;(ti+1)) is the
minimum and w(B,(t;)) is the maximum weight of bags of this path (or vice versa). Then, the

following properties hold.

For every vertexv € V — V(Gy), v is contained in one of the bags along P if and only if
this vertex is contained in all of the bags along P and

for every node ¢ in some caterpillar-leg of P, no vertex fromV — V(G,) is contained in
B(¢).
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Proof. Let (T, B) a tree-decomposition of G of weight at most k that has the minimum number
of violations of this property. We prove that (T, B) indeed has no violations using proof by
contradiction. We visualize this proof in Figure 8.2.

So assume for sake of contradiction that there exists a host-node t and apath P = (¢;,.. ., t;)
in the restriction (T, B;) of (T, B) to G, such that t and P violate the property. We modify
(T, B) without increasing the weight to ensure that ¢ and P no longer violate the property.
Let (aj, ..., a;) be the weights of the nodes (¢;,...,t;) in (T;, B;). We consider the case where
a; is the minimum weight and a; is the maximum weight of this path. The other case follows
symmetrically. Similar to before the approach is to move the vertices introduced after ¢ to
newly added copies. First, we duplicate the node ¢; with the minimum weight exactly j — i
times. Hence, instead of one node with weight a; the decomposition contains j — i + 1 nodes
til, e, tl.j_iﬂ, all having weight a; in (T3, B;). Let Z;, .. ., Z; be the vertices of V — V(G;) in the
bags B(ti), .. .,B(tj), respectively. We now move these sets to the nodes til, e t{_iﬂ. That is,
each bag of a node tf, for £ € {1,...,j — i + 1}, now has content B;(t;) U Z,. For the original
nodes tj41,...,t;, we use the set Z; instead of Z;11, ..., Z;. That is, each bag of a node t, for
¢t e{i+1,...,j}, now has content B;(t,) U Z;. Hence, condition (1) is satisfied. All other bags
remain unchanged.

Next, we ensure that that this modification preserves the validity of the tree-decomposition.
Consider the caterpillar-legs before our modification. Let C, be a root-bag of some caterpillar-
leg, and let I be the incident bag on the path. By assumption C, N B(t) is a subset of I N B(t).
Hence, two cases can occur for C,. First, if C, contains a vertex forgotten by a host-node
before t, by Corollary 8.5, C, only contains vertices of G;. Second, if C, contains no vertices
forgotten by a host-node before t, then C, is a subset of B(t) U (V — V(G;)). Hence, all
caterpillar-legs whose root-bags are subsets of B(t) U (V — V(G;)) must be moved together
with the reassigned vertex sets Z;, ..., Z;. Caterpillar-legs whose root-bags are subsets of
V(G;) need not be moved, since their vertices are adjacent only to the vertices of G;, which
remain unchanged. Thus, this modification yields a valid tree-decomposition and meets (2).

Finally, we must verify that the weight of the decomposition does not increase. Each added
node t! gets the bag B;(t;) U Z,. We compare its weight after the modification to the weight
of t, before the modification using superset monotonicity (R2). This node ¢, had the bag
B, (t;) U Z, before the modification. Choose X to be B;(t;) and choose Y to be B;(t;). These
are exactly the bags of the nodes without Z,. Since X has weight a; and P is chosen such that
a; is the minimum value of the weights of the nodes in P, we have that w(X) < w(Y). Choose
v to be some vertex of Z,. Then, the condition on the neighbourhoods is satisfied, as X and Y
have the same intersection with B(t) and since the only vertices of X, Y C V(G;) to which
v may be adjacent are those of B(t). Then (R2) guarantees w(X + v) < w(Y + v). We can
apply this iteratively to obtain that the bag of ¢/ after the modification has weight at most the
weight of the bag of t; before the modification.

Each original node t, is assigned the bag B;(#;) U Z; during the modification. We compare its
weight in after the modification to the weight of t; before the modification using superset
monotonicity (R2). This node ¢; had the bag B;(t;) U Z; before the modification. Choose X
to be B;(t;) and choose Y to be B;(t;). These are exactly the bags of the nodes without Z;.
Since Y has weight a; and P is chosen such that a; is the maximum value of the weights
of the nodes in P, we have that w(X) < w(Y). As before, we can apply (R2) iteratively to
add the vertices of Z; and thus obtain that the bag of t, after the modification has weight
at most that of the bag of ¢; before the modification. Consequently, for each bag after the
modification, we can identify a bag before the modification whose weight is at least as large.

75



8 An exact FPT-algorithm for a global variant of the parameter

(D ZDAelD ZHc[3) ZAcl5) 2D

ay ™ as 72 as 13 a4 Ta

(@)
D Z e 1szz)—(c[DZQ{C[PZfl)-(c[4)Z,D—(c[3)ZD—(c[§)ZQ
(b)

Figure 8.2: An example of the proof of Lemma 8.6. In part (a), the state before the modification
is shown. Here, all vertices of the path have the same intersection with B(¢) (letters) but
different weights (numbers). The operation moves all vertices which are in (T, B) but not
(T3, B;) (the sets Z;), as well as all caterpillar-legs whose roots contain no forgotten vertices
(blue) to copies of the node with the smallest weight. Caterpillar-legs whose roots contain no
vertices of V — V(G;) (purple) remain attached to their original nodes. The original nodes are
all assigned the same set Z;. The resulting configuration is depicted in part (b). For simplicity,
all caterpillar-legs are depicted as leaves.

Hence, the overall weight of the tree-decomposition does not increase. Thus, this modification
yields a tree-decomposition of G with at most the same weight and fewer violations. This is a
contradiction to minimality and thus the lemma holds. a

We now combine these two results.

Lemma 8.7: Let G be the input graph and let (T, B) be the host-decomposition. If the w-treewidth
of G is at most k, then there exists a tree-decomposition (T, B) of weight at most k of G such that
for every host-node t the restriction (13, B;) of (T, B) to G; satisfies the following properties.

Let S be a t-nice attached subtree. Then, for every £ € V(S), no vertex fromV — V(G,) is
contained in B(?).

LetP = (t;,...,tj) be at-nice caterpillar-path in (T;, B;) where w(B;(t;)) # w(B¢(tis1))
is the minimum and w(B,(t;)) is the maximum weight of bags of this path (or vice versa).
Then, the following properties hold.

For every vertexv € V —V(Gy), v is contained in one of the bags along P if and only
if this vertex is contained in all of the bags along P and

for every node ¢ in some caterpillar-leg of P, no vertex from V. — V(G,) is contained
in B(?).
(T, B) has at most |V| nodes.

Proof. Note that Corollary 8.5 and Lemma 8.6 describe the same property for different parts of
a decomposition and thus can be combined. Also note that (T, B) can be made non-redundant
as described in Lemma 3.7 without adding any violations. a

We call such a tree-decomposition (T, B) normalized. In the following, we restrict our

enumeration to normalized tree-decompositions and exploit these two structural properties
(1) and (2) in the definition of the equivalence relation.
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8.2.2 Enumerating tree-decompositions with a detour

As a first refinement of the naive enumeration approach, we use a dynamic programming
algorithm on the given non-optimal host-tree-decomposition (T, B) to enumerate all normal-
ized tree-decompositions of G with weight at most k. The key idea of this algorithm is to
enhance the naive enumeration of all normalized tree-decompositions by enumerating them
in a structured manner based on how the constructed tree-decompositions interact with a
subtree of the host-decomposition. We describe this algorithm by first specifying the partial
solutions it maintains. Afterwards, we present the recursive rules used to construct these
partial solutions. In the following, we will refer to this algorithm as the inefficient-DP and
use the constructibility-relation it defines between partial tree-decompositions. Formally, a
partial tree-decomposition of G;, for some host-node t, is said to be constructible from partial
tree-decompositions of {Ge }cechildren(s) if it can be obtained by applying one of the recursive
rules defined by the inefficient-DP.

For each node t € V(T), a partial solution is a normalized tree-decomposition on |V| nodes
with weight at most k of the subgraph G, visited so far. Using the recursive rules described
below, we construct, for every node ¢ € V(T), the set of all normalized tree-decompositions of
G; with weight at most k. Any non-normalized tree-decomposition encountered, is discarded.
Similarly, any tree-decomposition with weight more than k can be discarded safely as the
weight is monotone under taking subsets by (R1). Consequently, at the root of (T, B), the
dynamic program enumerates all normalized tree-decompositions with |V| nodes of G with
weight at most k.

For a leaf-node, we store all tree-decompositions consisting of an arbitrary tree on at most
|V| nodes with empty bags.

For a forget-node t with child ¢, we have G; = G,. Thus, the DP keeps all tree-decomposi-
tions constructed for ' unchanged.

For an introduce-node ¢ with child ¢ and introduced vertex v, for every tree-decomposition
of G; there exists a tree-decomposition of Gy that can be extended to this decomposition by
adding v to a subtree. Thus, for each enumerated tree-decomposition of G-, the DP adds v to
all valid subtrees of the decomposition to obtain the different tree-decompositions of G;. A
subtree is considered valid, if every neighbour of v in G; appears together with v in at least
one bag.

For a join-node ¢ with children t; and t,, for every tree-decomposition of G; the restriction
to G; and Gy, respectively, is a valid tree-decomposition for that subgraph. Thus, the DP
considers pairs of tree-decompositions of G;, and G, that share the same tree topology and
contain the same vertices of B(t) in each pair of corresponding bags. From such a pair, it
constructs a tree-decomposition of G; by reusing the common tree topology and taking, for
each node, the union of the corresponding bags of the two child-decompositions.

It can be seen that the running time of this approach is bounded by 27" and is therefore
not in FPT. The correctness of the approach follows from the fact that all possible differences
between partial decompositions for parent- and child-nodes are considered, and thus every
feasible construction is accounted for.

8.2.3 An introduction to the use of equivalences

Before formally introducing our equivalence relation, we explain how it is used to refine the
inefficient-DP into an FPT-algorithm. Recall, that this DP computes, for each node ¢ of the host-
tree-decomposition, the set of all normalized partial tree-decompositions of G;. Consequently,
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a tree-decomposition of the full graph can be obtained by checking whether a suitable partial
decomposition is computed for the root. In the following sections, we define an equivalence
relation that groups the normalized partial tree-decompositions enumerated at each host-
node into equivalence classes. The key property is that all partial decompositions within a
class have the same weight. Hence, it suffices to consider each class as a unit and consider
one representative from each class. However, we do not compute these equivalence classes
explicitly, or alternatively a representative for each class. Instead, each class is represented by
some limited information, that captures the shared core of equivalent tree-decompositions.
The size of such a state of limited information is bounded by a function of the parameter. This
allows us to enumerate all possible states of this limited information at each node of the host-
tree-decomposition efficiently. However, this full enumeration may also include states that do
not correspond to valid partial decomposition produced by the inefficient-DP. To address this,
we introduce the notion of compatibility, which is visualized in Figure 8.3a. Intuitively, this
extends the notion of constructibility by the inefficient-DP to limited information. Formally, a
state of limited information for a node ¢ is said to be compatible with a state for its child node ¢’
if there exist partial tree-decompositions of G; and G- corresponding to these states such that
the former is constructed from the latter by the inefficient-DP. A state of limited information
is then considered valid if it is compatible with some valid state of limited information for its
child. These notions extend naturally to host-nodes with two children by considering pairs of
decompositions. Our algorithm then iteratively computes, for each host-node, the set of all
valid states of limited information. The algorithm outputs that the graph has w-treewidth
at most k if and only if a valid state is computed at the root. Thus, the algorithm effectively
simulates the inefficient-DP on the level of limited information without explicitly constructing
the underlying tree-decompositions.

To reconstruct a full tree-decomposition from the computed states of limited information,
and thus to ensure correctness, we require the following property. If the algorithm finds
a valid state at the root, then there must exist a complete underlying tree-decomposition
whose restrictions to the respective subtrees match the equivalence classes associated with the
computed limited information. In other words, some partial decompositions contained in the
equivalence class associated with these states of limited information must be consistent with
respect to constructibility by the inefficient-DP along the tree. To guarantee this consistency,
we show that whenever a decomposition of G; can be constructed by the inefficient-DP from
some decomposition of Gy, then for every equivalent decomposition of G, there exists an
equivalent decomposition of G; that can be constructed from it by the inefficient-DP. This
property allows us to consistently select a representative tree-decomposition for each state of
limited information found above by proceeding in a bottom-up manner. We illustrate this
idea in Figure 8.3. This consistency requirement is central to our correctness arguments. The
full correctness proof is given in Section 8.2.4, once the concrete equivalence relation has
been introduced.

For readability, we present our equivalence relation in three stages such that each stage
refines the previous ones. Each stage defines a valid equivalence relation in the sense described
above and further reduces the number of possible states of limited information. We conclude
this part with a brief overview over these three stages. In all cases, the limited information
consists of a variant of a tree-decomposition. To ensure fixed-parameter tractability, these
equivalence relations must bound the number of nodes in each tree-decomposition, and thus
the number of tree-topologies, as well as the number of possible assignments of vertices to
bags by a function of k. The first equivalence relation reduces the number of assignments by
restricting the content of each bag to the vertices of the host-bag. The second equivalence
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Figure 8.3: The figure illustrates a host-node ¢* together with its child ¢ and its grandchild #'.
For each host-node equivalence classes (depicted as ovals) and the partial tree-decompositions
belonging to these classes (depicted as dots) are shown.

Part (a) visualizes the definition of compatibility. The green arrows indicate that a partial
decomposition at one node can be constructed from a partial decomposition at another node
by the inefficient-DP. The black arrows indicate compatibility between the equivalence classes
and follow directly from the green arrows. However, this definition does not guarantee the
existence of a path from a partial decomposition at ¢’ to a partial decomposition at ¢*.

Part (b) illustrates the claimed property that constructibility by the inefficient-DP extends to
equivalent decompositions. More precisely, if one partial decomposition at ¢ has an outgoing
green arrow to a partial decomposition at t, then all equivalent partial decompositions at ¢’
have arrows to some equivalent partial decomposition at ¢. The additional arrows implied by
this property are shown as dashed.

Part (c) considers the implications of the above property. We can find a path (at the top)
of green arrows (that is, constructibility steps of the inefficient-DP) from ¢’ via ¢ to t* by
starting at an arrow from t’ to t and then invoking the above property for arrows from ¢ to
t*. The partial decompositions at the endpoint of these arrows can therefore serve as valid
representatives for this equivalence class at each node. The other way for constructing this
path by starting at t* and working backwards to t and t’ fails, since the orange arrow does
not necessarily exist. This is due to the fact that the statement only guarantees that all partial
decompositions at t’ have outgoing arrows, but not that all partial decompositions at ¢ have
incoming arrows.

Part (d) shows an example with multiple equivalence classes at the nodes t and t’. Since
the top equivalence class for ¢ has partial decompositions with arrows to decompositions
in the top class for t* and has partial decompositions with arrows to decompositions in the
bottom class for t*, it is compatible with both. Note, that the above property thus implies
two outgoing arrows (one to a decomposition of the top class and one for the bottom class)
for each decomposition of this class of t. The bottom class is not compatible with any of the
shown classes of ¢’ and t*.

relation extends the first and bounds the number of leaves (and thus also nodes of degree 3) by
removing leaves to which, due to Lemma 8.4, no vertices are added after the current host-node.
The third equivalence relations extends the first two and bounds the number of nodes of
degree 2 by representing paths as integer sequences and removing nodes which, by Lemma 8.6,
receive same vertices as their neighbouring nodes after the current host-node.
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Figure 8.4: The figure illustrates the initial stage of limited information. Part (a) depicts a
partial tree-decomposition. The nodes of the host-bag are shown in black, the forgotten nodes
are shown in red. Part (b) illustrates the restricted bag representation of this decomposition,
here the numbers illustrate the weights obtained from the weight function based on bag-sizes.

8.2.4 The initial equivalence relation: Restricted bag representations

We introduce the first equivalence relation on partial tree-decompositions with the aim of
bounding the number of vertex assignments to each individual bag. This is achieved by
restricting the set of vertices that may appear in a bag and only selecting vertices from the
current host-bag. We begin by defining the limited information characterizing this equivalence
and then consider the correctness arguments.

Let t € V(T) be a host-node and let X be a constructed tree-decomposition of G;. Then, the
restricted bag representation of X with respect to t is constructed from X as follows: For each
bag of X, we restrict its content to the vertices contained in B(t) and additionally store the
weight of each original bag. We refer to a single bag in such a representation as a restricted
bag. The size of a restricted bag representation is defined as the product of the number
of nodes and edges in the tree of the decomposition, the number of vertices contained in
each restricted bag, and the number of possible weights. This representation constitutes the
limited information for each node in this step. Two tree-decompositions of G; are called
bag-equivalent if their restricted bag representations with respect to t coincide. Since equality
on restricted bag representations is an equivalence relation, it follows that bag-equivalence is
itself an equivalence relation. We visualize restricted bag representations in Figure 8.4.

We now verify that this equivalence relation satisfies the necessary correctness arguments.
In particular, we show that enumerating all restricted bag representations for each host-
node that are compatible with those enumerated for its children yields a valid restricted bag
representation at the root if and only if the w-treewidth is at most k. Recall, that a restricted
bag representation for a node t is said to be compatible with a restricted bag representation
for its child node ¢’ if there exist partial tree-decompositions of G; and G, corresponding to
these restricted bag representations such that the former is constructed from the latter by the
inefficient-DP. We proceed as follows. For each direction, we first provide a brief overview
on the correctness argument and identify the properties that bag-equivalence must satisfy.
We then show that these properties indeed hold. Finally, we argue correctness using these
properties.

We begin with the forward direction. Suppose that there exists a tree-decomposition of
G with weight at most k. Then, we require that, for each host-node t, the restriction of this
decomposition to G; belongs to some equivalence class and is therefore represented by a
restricted bag representation. Since the inefficient-DP constructs these restricted decom-
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positions recursively, the corresponding restricted bag representations are compatible by
definition. Hence, the algorithm enumerates a valid restricted bag representation at the root
and concludes that the w-treewidth is at most k.

This direction only requires that every partial decomposition is represented by some
restricted bag representation. Since the construction of the restricted bag representation
defined above applies to any tree-decomposition, this indeed is the case.

Lemma 8.8: Let t be a host-node and let X be a tree-decomposition of G. Then, there exists a
restricted bag representation of X with respect to t.

For the other direction, we must show how to construct a representative tree-decomposition
of G when the enumeration algorithm outputs, at each host-node, a valid restricted bag
representation. To this end, we first establish several key properties and then provide the full
correctness argument. First, we show that all bag-equivalent decompositions have the same
weight. Consequently, the particular choice of representative within an equivalence class is
irrelevant. Next, we prove that the constructibility relation of the inefficient DP extends to
all bag-equivalent decompositions. As discussed above, this guarantees the existence of an
underlying tree-decomposition. We then show that a representative for each equivalence class
can be reconstructed efficiently. Finally, we must ensure that the algorithm enumerates, at
each host-node, all restricted bag representations that are compatible with those computed for
its children. This aspect will be addressed later, combined for all three equivalence relations,
in the description of the algorithm in Section 8.2.8.

We begin with the first key property and show that all equivalent decompositions have the
same weight. Therefore, constructing any representative tree-decomposition of a equivalence
class suffices.

Lemma 8.9: Let t be a host-node. Let X; and Y; be two tree-decompositions of G; that are
bag-equivalent. Then, X; and Y; have the same weight.

Proof. Two decompositions are bag-equivalent only if they have the same tree topology and if
corresponding bags have the same weight. Hence, their maximum bag weights coincide. @

We continue with the second key property and show that such a representative decomposi-
tion exists. To this end, we prove that for a sequence of compatible restricted bag represen-
tations, the underlying partial tree-decompositions are constructible by the inefficient-DP.
As motivated above, the correctness of the inefficient-DP then implies the existence of a
representative decomposition.

Lemma 8.10 (Lemma 1 of Althaus and Ziegler [AZ21] for restricted bag representations):
Let t be a host-node. For each child c of t, let X, and Y. be two bag-equivalent normalized
tree-decompositions of G.. Let X; be a normalized tree-decomposition of G; constructed by the
inefficient-DP from the decompositions {X;}cechildren(r)- Then, there exists a normalized tree-
decomposition Y; of G; that is bag-equivalent to X; such that the inefficient-DP constructs Y;
from the decompositions {Yc }ce children(t)-

Proof. We distinguish the possible types of the node t. In each case, we analyse the operation
that is used to construct X; from the decompositions {X¢}cechildren(r)- We then apply this
operation to the decompositions {Y}cechildren(z) and obtain Y;. We have to show that this
construction yields a decomposition that is bag-equivalent to X;. The following general
observations hold in all cases. First, since, for each child ¢ of ¢, X, and Y, are bag-equivalent,
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they have the same tree topology, and corresponding bags have identical restricted bags
and identical weights. Second, since the inefficient-DP does not modify the tree topology,
X, and X; have the same topology, for each child ¢ of t. Analogously, Y, and Y; have the
same topology. Hence, it suffices to compare the restricted bags and the weights of the
unrestricted bags for corresponding nodes in X; and Y;. We use these observations to describe,
for each node-type, the operations required to construct Y; and the arguments establishing
bag-equivalence between X; and Y;.

If t is a forget-node t with child ¢, then we have X; = X, and we define ¥; = Y.. In
the restricted bag representations, only the restricted bags may change. However, since
B(t) € B(c), the intersection is taken with a smaller set, and therefore the restricted bags
remain unchanged.

If t is an introduce-node with child ¢ and introduced vertex v, then the inefficient-DP
constructs X; from X, by adding the vertex v to a valid subtree S. We construct Y; from Y. by
adding v to the same subtree S. This choice covers all neighbours of v in G, since v is only
adjacent to vertices contained in B(c), which appear in the same bags in both decompositions.
Furthermore, this construction ensures identical restricted bags, so it remains to compare
the weights of the unrestricted bags. By vertex addition computability (R3), the weight of
a bag depends only on its previous weight and on the neighbourhood of v within the bag.
By edge coverage of the host-decomposition, v is adjacent only to vertices contained in B(t).
Consequently, these neighbourhoods are identical for corresponding nodes in X; and Y;, and
therefore the weights coincide.

If t is a join-node with children c¢; and c,, then the inefficient-DP constructs X; by taking
the union of corresponding bags in X;, and X,,. We construct Y; analogously from Y., and
Y.,. Again, the construction guarantees identical restricted bags, so it remains to compare the
weights of the unrestricted bags. By union computability (R4), the weight of the union of two
bags depends only on the weights of the two bags and on their intersection. Since these are
identical for corresponding bags in X; and Y;, the weights coincide. a

Finally, we show that a representative decomposition can be constructed efficiently. This is
the third key property. To this end, we introduce the following definitions. First, we extend
the definition of compatibility to descendants. Let t and t’ be two host-nodes such that ¢’ is a
descendant of ¢. A restricted bag representation of a tree-decomposition of G; is said to be
compatible with a restricted bag representation of a tree-decomposition of Gy if, for every
host-node on the subpath of T between t and ¢/, there exists a restricted bag representation that
is compatible with the representation chosen for its parent. We say that a tree-decomposition
(TR, BR) of G realizes a valid restricted bag representation R for the host-root if, for every
host-node t, the restricted bag representation of the restriction of (TR, BR) to G, is compatible
with R. The recursive size s(R) of a valid restricted bag representation R for the host-root is
defined as the maximum size over all restricted bag representations that are compatible with
R.

Lemma 8.11: Let r € V(T) be the host-root. Let R be a given valid restricted bag representation
of a constructed tree-decomposition of G,. Then, a normalized tree-decomposition of G that
realizes R can be computed in time s(R)°V) - |V (G)|.

Proof. We begin with, for each host-leaf, a restricted bag representation that is compatible with
R and construct the decomposition bottom-up along the host-tree. Observe, that Lemma 8.10
ensures that, in each step, there exists a decomposition that can be constructed by the
inefficient-DP from the current decompositions for the child nodes.
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We fix the representative decomposition to have the same topology as the restricted bag
representations. Here, recall that the inefficient-DP does not modify the topology and hence
all restricted bag representations that are compatible with R have the same topology. In each
of the |V (T)| steps, we follow the construction of the inefficient-DP, using the given restricted
bag representations to guide choices whenever the inefficient-DP allows multiple options.
More precisely, for forget-nodes we leave the representative decomposition unchanged, for
introduce-nodes we add the introduced vertex to the subtree prescribed by the restricted bag
representation, and for join-nodes we unite the corresponding bags. In each step, the content
of a single bag can be computed in time linear in the bag size.

By performing these iterative computations, we obtain a full tree-decomposition of G
that realizes R. An induction argument shows that, for every host-node, the restricted bag
representation of the corresponding restriction is indeed compatible with R. a

We now present the full correctness argument for the second direction. Suppose that the
algorithm returns that the w-treewidth is at most k, that is, it computes a valid restricted bag
representation at the root. We now explain how in this case a tree-decomposition of weight at
most k can be constructed. By correctness of the enumeration algorithm, for every host-node,
there exists a restricted bag representation such that the representations for every parent-
child-pair are compatible. By definition of compatibility, for every edge tt’ of the host-tree,
there exist tree-decompositions of G; and Gy corresponding to these states such that the
former is constructed from the latter by the inefficient-DP. By Lemma 8.10, this compatibility
extends to the individual partial tree-decompositions. Using this property, we select, at each
host-node, a partial tree-decomposition that can be obtained by the inefficient-DP from the
decompositions chosen for its children. Proceeding in this way yields a representative tree-
decomposition of the entire graph. Since all decompositions within the same equivalence
class have the same weight, the exact choice of representative does not affect the result.
Consequently, the constructed representative decomposition has weight k, and therefore the
w-treewidth of G is at most k. For a constructive algorithm, we use Lemma 8.11 to reconstruct
such representatives solely from the restricted bag representations.

8.2.5 Refining the equivalence relation: Cores

We introduce a second equivalence relation on partial tree-decompositions which extends the
first one with the aim of bounding the number of leaves in each tree. The key idea is that
Corollary 8.5 allows us to restrict our search to extensions of the current partial decomposition
where certain leaves do not contain vertices not yet introduced by the host-decomposition.
Hence, these leaves need not be stored explicitly. We begin by defining the limited information
characterizing this equivalence and then consider the correctness arguments.

Let t € V(T) be a host-node and consider the restricted bag representation of a con-
structed tree-decomposition with respect to t. We define the t-core of this constructed
tree-decomposition by the exhaustive application of the following rule to the restricted
bag representation. If there exists a leaf whose restricted bag with respect to t is a subset of
the restricted bag with respect to t of its parent, remove this leaf from the current tree. This
operation can also be applied to nodes that became leaves through previous applications. Note,
that this iterative removal of leaves corresponds to the removal of nice attached subtrees (see
also Corollary 8.5). Additionally, the weight of the largest bag is stored, since this operation
may remove the bag of maximum weight. The size of a t-core is defined as the product of the
number of nodes and edges in the tree of the decomposition, the number of vertices contained
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Figure 8.5: The figure illustrates the different stages of limited information extending Fig-
ure 8.4. Part (a) depicts a partial tree-decomposition. The nodes of the host-bag are shown in
black, the forgotten nodes are shown in red. Part (b) illustrates the restricted bag representa-
tion of this decomposition, here the numbers illustrate the weights obtained from the weight
function based on bag-sizes. Part (c) shows the resulting t-core. Here, the maximum weight
of 5 is additionally stored.

in each restricted bag, and the number of possible weights. Two tree-decompositions are called
core-equivalent if their t-cores coincide. This includes both the restricted bags of the core and
the weight of the maximum bag. Since equality on cores is an equivalence relation, it follows
that core-equivalence is itself an equivalence relation. We visualize ¢-cores in Figure 8.5.
We verify that the correctness arguments outlined for restricted bags in Section 8.2.4 still
hold when considering cores instead of restricted bag representations. As before, every
tree-decomposition admits a core, and core-equivalent decompositions have the same weight.

Lemma 8.12: Let t be a host-node and let X be a tree-decomposition of G. Then, there exists a
t-core of X.

Lemma 8.13: Let t be a host-node. Let X; and Y; be two tree-decompositions of G, that are
core-equivalent. Then, X; and Y; have the same weight.

Similar to before, we show that the constructibility relation of the inefficient-DP extends
to all core-equivalent decompositions. Here, we use that the inefficient-DP only constructs
normalized tree-decompositions. In particular, we may assume the property of Corollary 8.5.
To eliminate differences between core-equivalent partial tree-decompositions, we allow the
inefficient-DP to add leaves before applying its operation. In particular, this modification
preserves the width, validity, and containment in an equivalence class of the decomposition.
The only change to the correctness arguments this necessitates is that, when constructing the
representative decomposition, we now may need to add some leaves before each step.

Lemma 8.14 (Lemma 1 of Althaus and Ziegler [AZ21] for cores): Let t be a host-node. For
each child c of t, let X, and Y, be two core-equivalent normalized tree-decompositions of G..
Let X; be a normalized tree-decomposition of G; constructed by the inefficient-DP from the
decompositions {X;}cechitaren(r)- Then there exists a normalized tree-decomposition Y; of G,
that is core-equivalent to X; such that the inefficient-DP constructs Y; from the decompositions
{Ye Yeechildren(z) With leaves added to them.
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Proof. We proceed similarly to Lemma 8.10. In particular, we analyse the operation that is
used to construct X; from the decompositions {X}cechildren()- We then apply this operation
to the decompositions {Yc}cechildren(r) With added leaves and obtain Y;. Since this lemma
formalizes how the operation of the inefficient-DP is chosen, it remains to determine which
leaves must be added to the decompositions { Y }cechildren(z) S0 that the construction is valid,
and to show that the resulting decomposition is core-equivalent to X;. For the first part, we
add the leaves required to ensure that every relevant node of X, has a corresponding node in
Y., where c is a child of ¢. For the second part, we use that the restricted bags of X; and Y; are
identical.

We begin with the addition of leaves and distinguish cases according to the type of t. If ¢ is
a forget-node with child ¢, then the inefficient-DP performs no modification. Consequently,
we do not need to change the topology of Y.

If t is an introduce-node with child ¢ and introduced vertex v, then we must ensure that,
for every bag of X, to which v can be added, there exists a corresponding bag in Y,. Observe,
that by Corollary 8.5, every node outside the core of X, that receives v contains no forgotten
vertices. Hence, its unrestricted bag coincides with its restricted bag, which itself is a subset
of the restricted bag of its parent. Therefore, whenever such a leaf is not already present
in Y;, we add a corresponding leaf with the same unrestricted bag and the same weight to
the corresponding parent in Y,. This procedure can be applied iteratively and therefore also
allows the addition of entire attached subtrees.

If t is a join-node with children ¢; and c;, then we ensure that Y., and Y., have identical
topologies. This is achieved by iteratively adding leaves that are present in one decomposition
but not in the other. All such added leaves receive empty bags.

We now address the second property and show that X; ad Y; are core-equivalent when Y;
is constructed as above. Since all nodes shared by X; and Y; have identical restricted bags,
and since the removal of leaves depends only on the restricted bags, it suffices to consider
nodes that appear in exactly one of X; and Y;. For these nodes, we must show that they are
removed during the construction of the respective t-cores. Observe, that all such nodes were
already removed in the construction of the core of the child decompositions, and that their
restricted bags are not modified by the construction. Consequently, these nodes can again be
removed when constructing the t-cores of X; and Y;, respectively. Moreover, the weights of
these removed bags remain unchanged. Hence, the maximum weight among the nodes of X;
and Y; is identical. a

Finally, we show that a representative for each equivalence class can be reconstructed
efficiently. Recall, that a tree-decomposition is said to realize a restricted bag representation R
if, for every host-node, the restricted bag representation of the corresponding restriction is
compatible with R. Moreover, the recursive size s(R) was defined as the maximum size among
all restricted bag representations that are compatible with R. We extend these definitions
from restricted bag representations to cores.

Lemma 8.15: Let r € V(T) be the host-root. Let C be a given valid r-core of a constructed
tree-decomposition of G,. Then, a normalized tree-decomposition of G that realizes C can be
computed in time s(C)°M - [V(G)|.

Proof. We begin with, for each host-leaf, a restricted bag representation that is compatible with
R and construct the decomposition bottom-up along the host-tree. Observe, that Lemma 8.14
ensures that, in each step, there exists a decomposition that can be constructed by the
inefficient-DP from the current decompositions for the child-nodes.
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In each step, we may first add some leaves to the current representative decompositions
for the child-host-nodes and then perform a single operation of the inefficient-DP. To this
end, we first determine the required changes to the topology and then use the arguments
leading to Lemma 8.11 to identify the bag contents. For leaf host-nodes, we directly adopt
the topology of the given core, which consists of a single bag. For internal host-nodes, we
compare the current decomposition with the prescribed core. If the core contains additional
attached subtrees that are not present in the current decomposition, we add them to the
decomposition and assign to each new node the restricted bag specified by the core as its bag.
Moreover, decompositions that are to be joined must have identical topologies. As before, this
is achieved by adding the necessary leaves.

To compute these modifications, we iteratively maintain a mapping between corresponding
nodes in the cores of decompositions of the parent- and child-host-nodes. Using this map-
ping, the topology changes in each step can be performed in time linear in the size of the
corresponding core times the size of each bag.

By performing these iterative computations, we obtain a full tree-decomposition of G that
realizes C. The following two observations are immediate. First, adding leaves preserves
the validity and width of the tree-decomposition. Second, leaves that are removed during
the construction of the core of a child-decomposition and contain forgotten vertices are
also removed during the construction of the core of the parent-decomposition, since, by
Corollary 8.5, they do not receive additional vertices in subsequent steps. Using this, an
induction argument shows that, for every host-node, the core of the corresponding restriction
is indeed compatible with C. a

8.2.6 A further refinement of the equivalence relation: Compressed cores

We introduce the third equivalence relation on partial tree-decompositions with the aim of
bounding the length of paths of nodes of degree 2 in each tree. Here, the key idea is that
Lemma 8.6 allows us to restrict our search to extensions of the current partial decomposition
where some nodes receive the same vertices as their neighbours. Thus, those nodes do not have
to be stored explicitly. In the following, we assume for the constructed tree-decompositions
that each path of nodes of degree 2 contains at most |V| nodes instead of bounding the number
of nodes in each tree-decomposition by |V|. We begin by defining the limited information
characterizing this equivalence and then consider the correctness arguments.

Let t € V(T) be a host-node and consider the t-core of a constructed tree-decomposition.
Consider a maximum length path of nodes of degree 2 in this core such that all nodes on this
path have the same restricted bag. Observe, that such a path forms a ¢t-nice caterpillar-path in
the full decomposition whose caterpillar-legs are not present in the t-core. We replace each
such path with a single node that has the same restricted bag and, at this node, additionally
store the sequence of weights of the bags along the original path. We call the resulting object
the compact representation of a core.

In the next step, we remove certain elements from these weight sequences in order to
reduce their length. The typical sequence 7(A) of an integer sequence A = (ay,...,aq) is
defined by exhaustive application of the following two cutting-operations. First, we may
remove consecutive duplicates. Formally, if a; = a;41 for 1 < i < q — 1, we delete a;41
from the sequence, i.e., we replace (ay, ...,aq) with (ay,...,a;, aisa, ..., aq). Second, we may
remove intervals whose values stay between their endpoints. Formally, let 1 <i < j < g be
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Figure 8.6: The figure illustrates the different stages of limited information extending Fig-
ure 8.4 and Figure 8.5. Part (a) depicts a partial tree-decomposition. The nodes of the host-bag
are shown in black, the forgotten nodes are shown in red. Part (b) illustrates the restricted
bag representation of this decomposition, here the numbers illustrate the weights obtained
from the weight function based on bag-sizes. Part (c) shows the resulting t-core. Part (d)
depicts the compact representation of this core. Part (e) shows the compressed core. For the
representations depicted in part (c) to (e) the maximum weight of 5 is additionally stored.

indices such that min(a;, a;) < a, < max(a;, a;) for all entries a, with i < ¢ < j. Then, we
remove all entries strictly between i and j from the sequence, i.e., we replace (ay, ..., aq) with
(ai,...,ai,aj,...,4aq).

Using this, two integer sequences are considered equivalent, if their typical sequences
coincide. We use these typical sequences to formally define our last equivalence relation on
tree-decompositions. The compressed core of a tree-decomposition is obtained from its compact
core by replacing each integer sequence associated with a node with its typical sequence. The
size of a compressed core is defined as the product of the number of nodes and edges in the
tree of the decomposition, the number of vertices contained in each restricted bag, the length
of an integer sequence, and the number of possible weights. Then, two tree-decompositions
are considered sequence-equivalent, if their compressed cores coincide. Since equality on
compressed cores is an equivalence relation, it follows that sequence-equivalence is itself an
equivalence relation. Observe, that the entries removed from a integer sequence correspond
exactly to those nodes that by Lemma 8.6 receive the same vertices as their neighbours in
future steps. We visualize compressed cores in Figure 8.6.

We continue by showing that typical sequences are well-defined. To this end, we must
prove that 7(A) is unique.

Lemma 8.16 (Property (P1) of [AZ21], shown in Section 3.5): Let A be an integer sequence.
Then, the typical sequence T(A) of A is unique.

Proof Sketch. We provide a brief proof sketch, as this is a general property of typical sequences.
A full proof can be found in Section 3.5 of [AZ21]. Consider the following claim. For all
indicesi < jandall ¢ ¢ {i+1,...,j — 1}, the entry a, can be removed from the sequence
(ay,...,aq) if and only if this integer can be removed from the sequence (ay, ..., a;, a;, ..., aq).
It is straightforward to see that the lemma follows from this claim. The claim itself can be
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proven by a case distinction over all possible applications of the two reduction rules. For each
case, it must be verified that either the relevant extremal values remain in place or that an
even smaller or larger value exists which justifies the same reduction. a

We verify that the correctness arguments outlined for restricted bags in Section 8.2.4 still
hold when considering compressed cores instead of cores and restricted bag representa-
tions. As before, each tree-decomposition has a compressed core and sequence-equivalent
decompositions have the same weight.

Lemma 8.17: Let t be a host-node and let X be a tree-decomposition of G. Then, there exists a
compressed t-core of X.

Lemma 8.18: Let t be a node of the given tree-decomposition. Let X; and Y; be two tree-
decompositions of G; that are sequence-equivalent. Then, the weight of X; equals the weight of
Y;.

Similar to the previous equivalence relations, we show that the constructibility relation
of the inefficient-DP extends to all sequence-equivalent decompositions. Here, we use the
fact that the inefficient-DP only constructs normalized tree-decompositions. In particular, we
may assume the property of Lemma 8.6. Similar to before, we now additionally allow the
inefficient-DP to duplicate nodes before applying its operation.

We first state several auxiliary lemmas. For two integer sequences A and B, we write A - B
for their concatenation.

Lemma 8.19: Let Ay, Ay, By and B, be integer sequences. If T(A1) = 7(B;) and t(A;) = 7(B2),
then T(A1 . Az) = T(B1 . Bz)

Proof. We compute the typical sequences of A; - A, and B; - B; in two stages and show that
the resulting sequences coincide. We first apply to A; - A, the same operations that are used
to compute 7(A;) and 7(A;) from A; and A, respectively. This yields a representation of
A1 - Ay as 7(A1) - 7(As). Analogously, we obtain a representation of By - By as 7(By) - 7(Bz).
Using the assumptions, we have 7(A;) - 7(Az) = 7(By) - 7(Bz). Applying the same reduction
operations to both representations therefore yields 7(A; - A2) = 7(Bj - By). a

For the next result, we write A + ¢ for the sequence obtained by adding the integer ¢ to every
element of the integer sequence A. Similarly, A — ¢ represents the element-wise subtraction.

Lemma 8.20: Let A be an integer sequences and let ¢ be an integer. Then, T(A + ¢) = 7(A) + ¢
andt(A-c) =1(A) —c.

Proof. Adding or subtracting the same constant to all entries preserves all relative comparisons
between elements of the sequence. Hence, the reduction operations defining the typical
sequence apply in exactly the same way to A and to A + ¢, which proves the claim. a

Similarly, in the next lemma, A + B denotes the element-wise sum of two sequences of
equal length.

Lemma 8.21: Let A and B be two integer sequences of the same length, and let C be the integer
sequence corresponding to the path obtained by pairwise taking the union of the bags of the paths
represented by A and B. Then, there exist integer sequences A’ and B’ obtained from t(A) and
7(B), respectively, by duplicating entries, such that 7(C) = (A" + B’ — ¢). Here, c is some value
depending on the intersection of the paths corresponding to A and B.

88



8.2 An FPT-algorithm for computing the parameters of ECP

Proof. We interpret the construction of C from A and B as iteratively adding a vertex of
the path corresponding to B to the bags of the path corresponding to A. By Lemma 8.6,
each vertex is added either to no node to all nodes between two nodes corresponding to
entries of the typical sequence. Since all nodes between two nodes that are represented in the
typical sequence receive the same vertices, union computability (R4) implies that they also
receive the same additional weight. In particular, the total weight of a node is obtained by
adding the initial weights and subtracting a correction term that depends on the intersection.
Consequently, by Lemma 8.20, the typical sequence of C is obtained by pairwise combining
suitable entries of the typical sequences of A and B. This induces an alignment between
the two typical sequences, specifying which entry of 7(A) is combined with which entry of
7(B). Such an alignment can be realized by duplicating entries in the two sequences until all
corresponding entries occur at the same indices. a

We now apply these auxiliary results to prove the lemma.

Lemma 8.22 (Lemma 1 of Althaus and Ziegler [AZ21] for compressed cores): Let t be a
host-node. For each child c of t, let X, and Y, be two sequence-equivalent normalized tree-
decompositions of G,. Let X; be a normalized tree-decomposition of G, constructed by the
inefficient-DP from the decompositions {X}cechildren(z)- Then there exists a normalized tree-
decomposition Y; of G; that is sequence-equivalent to X; such that the inefficient-DP constructs
Y; from the decompositions { Y.} cechitdren(r) With leaves added to them and nodes duplicated in
them.

Proof. We proceed similarly to Lemma 8.14. In particular, we analyse the operation that is
used to construct X; from the decompositions {X¢}cechildren(z)- We then apply this operation
to the decompositions {Yc }cechildren(s) With added leaves and duplicated nodes and obtain Y.
Since this lemma formalizes how the operation of the inefficient-DP and the addition of leaves
is chosen, it remains to determine which nodes must be duplicated in the decompositions
{Yc }cechildren(s) 0 that the construction is valid, and to show that the resulting decomposition
is sequence-equivalent to X;. We use that the bag contents and the general tree topologies of
X; and Y; are identical. Consequently, it suffices to consider paths of degree 2 nodes and, in
particular, the corresponding integer sequences.

We first make several general observations and then distinguish cases according to the
type of t. Observe, that which underlying paths are represented by a node of the compressed
core can change only in two ways as a consequences of changes to the restricted bags. Either
two neighbouring paths are assigned the same restricted bag and the corresponding nodes of
the compressed core merge, which corresponds to concatenating their integer sequences. Or
alternatively some nodes of a path are assigned different restricted bags and the corresponding
node of the compressed core splits into two, which corresponds to splitting an integer sequence.
Next, observe that by Lemma 8.6, the decomposition X; contains two consecutive nodes with
identical bags at every split point, since otherwise the nodes directly before and after the split
point would form a violating sequence.

If t is a forget-node with child c, then either no changes to the typical sequences of X, occur
or neighbouring nodes are merged and their sequences are concatenated. By Lemma 8.19,
performing the same operations on Y, yields equivalent sequences for X; and Y;.

If t is an introduce-node with child ¢ and introduced vertex v, then a integer sequence
only changes when v is added to some bag corresponding to an entry of the sequence. By
Lemma 8.6, the first and last affected entries are represented in the typical sequence. We modify
Y. analogously in order to obtain Y;. At every split point, we duplicate the corresponding
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entry so that it appears in both resulting subsequences, as described above, and then add
v to the bags of the corresponding subpath. Note, that the weight change depends only on
the restricted bag by vertex-addition computability (R3), and that the restricted bags are
identical along the corresponding paths in X, and Y. Therefore, by Lemma 8.20, the resulting
sequences remain equivalent.

If t is a join-node with children c¢; and c;, then the bags in the underlying paths are
united. By Lemma 8.21, the typical sequence of a node in the compressed core of X; can be
obtained from the typical sequences of the corresponding nodes in the compressed cores of
X, and X, by duplicating suitable entries so that a particular alignment is realized, and then
performing element-wise addition minus a common value. We construct the sequence for the
corresponding node in the compressed core of Y; analogously from the compressed cores of
Y., and Y., by using the same alignment. To this end, we duplicate sufficiently many nodes
between each pair of nodes represented in the typical sequence so that the required alignment
is achieved. Consequently, the resulting typical sequences coincide. a

Finally, we show that a representative for each equivalence class can be reconstructed
efficiently. Recall, that a tree-decomposition is said to realize a restricted bag representation R
if, for every host-node, the restricted bag representation of the corresponding restriction is
compatible with R. Moreover, the recursive size s(R) was defined as the maximum size among
all restricted bag representations that are compatible with R. We extend these definitions
from restricted bag representations and cores to compressed cores.

Lemma 8.23: Let r € V(T) be the host-root. Let C be a given valid compressed core of a
constructed tree-decomposition of G,. Then, a normalized tree-decomposition of G that realizes
C can be computed in time s(C)°1) - |V (G)|.

Proof. We begin with, for each host-leaf, a restricted bag representation that is compatible with
R and construct the decomposition bottom-up along the host-tree. Observe, that Lemma 8.22
ensures that, in each step, there exists a decomposition that can be constructed by the
inefficient-DP from the current decompositions for the child-nodes.

In each step, we may first duplicate certain nodes of the current representative decomposi-
tions for the child-host-nodes and then perform a single operation of the inefficient-DP. For
this operation, we use the arguments leading to Lemma 8.15 to determine the overall tree
topology and the bag contents. For paths of degree 2 nodes with identical restricted bags, we
refine the construction in order to match the prescribed typical sequences.

We distinguish cases based on the type of the current host-node. For forget-nodes, the
representative decomposition remains unchanged.

For an introduce-node, we must determine which node of the representative decomposition
corresponds to the entry of the typical sequence that is the last to receive the introduced
vertex. This entry can be identified in the required time by iteratively maintaining a marking
of the typical entries of a integer sequence throughout the construction. We then proceed as
established above: More precisely, we duplicate the node corresponding to this entry and add
the introduced vertex to all nodes up to the first occurrence of the duplicated node. Again,
this can be done in the required time.

For join-nodes, we must determine which bags are united. As seen before, by Lemma 8.21,
it suffices to compute an alignment of the entries of the typical sequences of the current
decompositions that yields the target typical sequence prescribed by the given compressed
core. Equivalently, we must determine which entries of the typical sequences need to be
duplicated so that corresponding entries align. To this end, we create a queue for each current
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typical sequence and iteratively combine entries to produce the parent typical sequence. In
each step, we add up the two front elements and remove one of the two front elements from
its queue so that the resulting sequence matches the target typical sequence. This procedure
is linear in the length of the typical sequences. Finally, we duplicate each node as often as
necessary to ensure its index aligns with the index of the corresponding node. This can be
done in time polynomial in the size of the compressed core.

By performing these iterative computations, we obtain a full tree-decomposition of G that
realizes C. An induction argument shows that, for every host-node, the compressed core of
the corresponding restriction is indeed compatible with C. a

Therefore, we have shown that enumerating, for each host-node, all compressed cores
that are compatible with those computed for its children suffices to correctly determine the
w-treewidth of G.

8.2.7 Bounding the number of compressed cores

In the next step, we show that the number of compressed cores per host-node is sufficiently
small so that enumeration is feasible. We first bound this number in terms of the width of the
host-decomposition and then use boundedness (R5) to extend this to w-treewidth.

We begin by bounding the number of compressed cores enumerated at a single node of the
host-tree-decomposition (T, B) of width tw. To this end, we bound the number of possibilities
for the following components: the maximum weight, the tree topology, the assignment of
vertices to bags, and the typical sequences. To build a foundation for those bounds, we begin
by bounding the number of nodes in a compressed core. Note, that each leaf of a compressed
core must contain a unique vertex of the host-bag, since otherwise its restricted bag would be
a subset of the restricted bag of its adjacent node and the leaf would have been removed from
the compressed core. Hence, a compressed core contains at most tw leaves and at most tw
nodes of degree 3. To bound the number of nodes in a compressed core, it remains to bound
the number of nodes of degree 2. We show that along each path between branching nodes,
there are at most 2 tw such nodes. This is since, each bag along such a path must differ from
its predecessor, and in the worst case, each vertex of the host-bag is added once and removed
once. Hence, the total number of nodes in a compressed core is at most 2 tw2.

Choosing a tree topology on at most 2 - tw? nodes can be described as making (2 tw? —1)
choices, each selecting one of 4 - tw? potential edges (or no edge in case fewer nodes are used).
The resulting topology is then formed from the selected edges together with their incident
vertices. Using this argument, the number of all tree topologies on at most 2 tw? nodes is
bounded by

(4twt+1)™ !

— 210g(4tw4+1)-(2tw2 -1)
< 24~log(4 tw+1)-(2tw? —1)
c ZO(tW3)‘
We now turn to the assignments from vertices to bags. For each node, we choose a restricted
g g
bag, i.e., a subset of B(t), together with a weight. There are at most 2"V subsets and at most

k + 1 possible weights, which yields at most (k + 1) - 2'V possibilities per node. Since we
choose a restricted bag and weight for each of the 2 tw? nodes of the tree, this gives at most

2
((k+1)- ZtW)ZtW = (k + 1)?™" . 22’ pogsible assignments from vertices to bags.
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Finally, we turn to typical sequences. First, we show that the number of typical sequences
can be bounded by a function of the number of distinct values occurring in those sequences.

Lemma 8.24 (Property (P2) of [AZ21], shown in Section 3.5): Let q be an integer. Then, there
are at most 2 - 224 typical sequences containing q distinct values.

Proof Sketch. We provide a brief proof sketch as this is a general property of typical sequences.
A full proof can be found in Section 3.5 of [AZ21]. We first claim that a typical sequence with
q distinct values has length at most 2¢. To show this claim first observe that every typical
sequence can be written as the concatenation of a subsequence ending with the minimal
value and a subsequence beginning with the maximal value (or vice versa). We now show
that each of these two subsequences has length at most g. Such a subsequence must alternate
between the smallest and largest value not yet present in this sequence and each value can
occur only once. This is, since otherwise the subsequence between the extremal occurrences
of the minimum and maximum value could be removed by a reduction step. Thus, the claim
follows.

We use this claim and the above discovered structure of typical sequences to bound their
number. Note that each of the two subsequences introduced above is uniquely determined by
the subset of values it contains, since the order is fixed by the alternation. Hence, there are
at most 29 possibilities per subsequence, and therefore at most (29)? = 224 combinations of
the two subsequences. Finally, we multiply by two to account for the choice of whether the
minimal or maximal value appears first. a

Using this lemma it suffices to bound the number of distinct weight values to bound the
number of typical sequences for one node. Since all constructed decompositions have weight
at most k and weights are integers, each sequence contains at most k + 1 distinct values.
Therefore, there are at most 2 - 22c*2 ¢ 20(K) typical sequences per node. Choosing a typical

2 tw?

sequence for each of the 2 tw? nodes yields at most (20(")) (k-tw?) possibilities.

Combining all bounds and noting that the maximum bag weight is an integer in {0, ..., k},
we obtain a total of at most

3 2 3 )
(k+ 1) . 2(9(tw ) . (k+ 1)2tw . 22tw . ZO(k tw?)
~—_—— S—— — _
weight topology assignments to bags sequences

= (k + 1)2th+1 . 2(9(tw3 +k-tw?)

_ 210g(k+1)-(2tw2 +1) | 2O(tw3 +k-tw?)
C 2(k+1)-(2th+1) . 2(9(tw3 +k-tw?)
— 2(9(tw3 +k-tw?)

_ QOO +k:f (0)%)

compressed cores per host-node, where ¢ € O(k) is the weight of the host-decomposition.
In the last step we used that all host-bags have weight at most ¢ and that, by boundedness
(R5), the size of each host-bag, and thus tw, is bounded by f(#). Consequently, the number of
compressed cores per host-node is bounded by a function of k.
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8.2.8 An enumeration algorithm for compatible compressed cores

We now present an algorithm for enumerating all valid compressed cores in FPT-time. To
this end, we employ a dynamic program on the given host-tree-decomposition, which we call
the FPT-DP. Here, a partial solution is represented by a compressed core, i.e., a tree in which
each node is associated with a restricted bag, an integer sequence and a weight. Furthermore,
the maximum weight over all bags in the tree-decomposition represented by this compressed
core is stored.

Recall, that we want to compute, for a given host-node, all compressed cores that are
compatible with the cores enumerated for its children. For this computation we may only use
the cores enumerated at the children as input. We distinguish the different node types and,
for each type, first describe how compatible compressed cores and their underlying partial
tree-decompositions may differ and then derive recursive rules for their computation. Finally,
we analyse the running time and show that each recursive computation can be performed in
time polynomial in the number of compressed cores.

Leaf-node. Lett be a leaf-node. A partial tree-decomposition of G; is a tree with empty
bags. Hence, all such decompositions have the same ¢-core. This core consists of a single node
with empty bag and a weight sequence containing the single element w(0), which is also the
maximum weight.

Forget-Node. Lett be aforget-node with child t’ and forgotten vertex v. Alsolet (T;, B;) be a
partial tree-decomposition of G; constructed by the inefficient-DP from a partial decomposition
(Ty, By) of Gp. We first analyse how these decompositions and their compressed cores differ.
Later, we use this characterization of the differences to give rules for how to compute all valid
compressed cores for a host-node solely from the compressed cores of its child node. The
decompositions themselves are not changed by the inefficient-DP at forget-nodes. However,
in the compressed cores, the vertex v is not present in the restricted bags of (T;, B;). As a
consequence, additional leaves may become removable. In particular, the t-core of (T}, B;) is
a subtree of the t’'-core of (T, Byr). Moreover, nodes along paths of nodes of degree 2 may
merge. In such cases, their integer sequences are concatenated and subsequently reduced to
their typical sequence. The weights remain unchanged throughout this process.

Our computation of the compressed t-cores emulates these changes. We update the re-
stricted bags, keep the weights, and remove all removable leaves. Whenever two nodes
merge, we concatenate their typical sequences and subsequently compute the typical se-
quence of the result. Correctness of this procedure for computing typical sequences follows
from Lemma 8.16, which ensures that the order in which reductions are applied does not
affect the resulting typical sequence. By following the differences between the compressed
t’-core and the compressed ¢-core described above, we ensure that the algorithm is correct
for this node-type.

Using a naive implementation, this computation can be performed in time polynomial in
the number of compressed cores. More precisely, we inspect every node and, for each node,
remove the forgotten vertex v from its bag, test whether the resulting bag can be removed, and
check whether it can be merged with a neighbouring bag. To compute the typical sequences,
we iteratively test for every subsequence whether it can be removed.
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Figure 8.7: The figure illustrates the different cases that arise when adding a vertex v to a
partial tree-decomposition. The core is shown in black, while removed nodes are shown in
red. Part (a) depicts the decomposition before the introduction of v. Part (b) illustrates the
case in which v is added only to nodes of the core. Part (c) shows the case in which v is added
to at least one node of the core. Part (d) depicts the case in which v is added only to nodes

outside the core. In this situation, the closest node to the core that receives v together with
the path connecting it to the core is added to the core. These nodes are highlighted in blue.

Introduce-node. Let t be an introduce-node with child ¢ and introduced vertex v. Also
let (T, B;) be a partial tree-decomposition of G; constructed by the inefficient-DP from a
partial decomposition (T;/, By-) of G,-. We first analyse how these decompositions and their
compressed cores differ. The tree-decompositions differ only in that the vertex v is added to
some subtree. We examine how this affects the compressed cores and distinguish two cases
which are illustrated in Figure 8.7. First, consider the case where v is only added to nodes
represented in the core. In this case, the changes can be analysed at the level of individual
nodes of the compressed core. Let t. be a node in the compact representation of the ¢’'-core
of (Ty, By). By Lemma 8.6, v is added to the underlying path represented by ¢, up to a node
corresponding to an entry of its typical sequence. If this node is not the last node represented
by t., then t, and its typical sequence are split at this point, since the restricted bags of the
nodes that receive v differ from those that do not. By Lemma 8.6, we may assume that (T, By/)
contains two consecutive nodes with identical bags at the split point and that v is added
up to the first of these, since otherwise the nodes directly before and directly after the split
point form a violating sequence. Consequently, the typical sequence is split such that both
resulting subsequences contain the value at the split point. The second subsequence remains
unchanged, while the weights in the first subsequence are increased uniformly. By superset
monotonicity (R2), which ensures that adding a vertex preserves weight inequalities, the
relative order of values is maintained. Thus, the entries of resulting typical sequence represent
the same nodes as before.

However, it is also possible that v is added to nodes of (T;+, By/) not represented in its ¢’-core.
If v is added to at least one node of the core, then any node that was removed during the
construction of the t’-core can still be removed during the construction of the t-core, and the
topology of the core remains unchanged. This is because for every leaf outside of the core
that v is added to, its parent also receives v, and thus the removal rules apply as before. As a
result, this case reduces to the previous case in which v is only added to nodes of the core. It
therefore remains to consider the case where v is added to a child-node outside the core but
not to its parent. In particular, v is not added to any node of the core. In this case, let ¢ be the
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node closest to the core among those nodes to which v is added. This node cannot be removed
when constructing the t-core of (T}, B;), since it is added v but its parent does not receive
v. However, all other nodes receiving v can still be removed, as argued above. Furthermore,
all nodes on the path from ¢ to the next node represented in the core are also preserved,
since they only become leaves through the removal of ¢. Along this path, the restricted bags
form a chain of nested subsets, since these nodes would be removed from the core if not for
¢. Furthermore, by Corollary 8.5, these nodes contain no forgotten vertices and hence the
weight of each full bag equals the weight of its restricted bag. In summary, the compressed
core changes in one of two ways: Either some of the nodes of the core additionally contain v
or v appears in exactly one node not previously in the core, which is connected to the core by
a path of nodes with nested restricted bags.

Our computation of the compressed t-cores emulates these changes. We construct all
tree-decompositions obtainable from the following options. First, we may choose a subtree
of the core to which the vertex v is added. We must verify that this subtree is valid, that is,
a subtree whose bags contain all neighbours of v in G;. We then update the weights of all
affected nodes according to the assumptions of vertex addition computability (R3). This may
also require an update of the maximum weight. Additionally, we may split nodes of the core
that correspond to leaves of the chosen subtree at an entry of the typical sequence. In this
case, we duplicate the entry at the split point, increase the integers in the first subsequence of
the typical sequence as described above and keep the integers in the second subsequence of
the typical sequence unchanged. Second, alternatively, we may attach a path to some node of
the core such that the restricted bags along this path form a chain of strictly nested subsets
of the bag of the node to which the path is attached. We then add v to the endpoint of this
path. For each node of this attached path, we assign a typical sequence consisting of a single
value equal to the weight of the corresponding subset. Again, the maximum bag weight is
updated if necessary. By following the differences between the compressed t’-core and the
compressed t-core described above, we ensure that the algorithm is correct for this node-type.

For the running time, two aspects are relevant. First, we must verify that the chosen subtree
of the core satisfies the property that v appears together with each of its neighbours in G; in
some bag. Since all neighbours of v in G; are contained in B(t) and thus in the restricted bag,
this check can be performed in the required time using only the compressed core. Second,
we must ensure that the weight changes can be computed efficiently. By vertex addition
computability (R3) this can be done in time 2°(N()NXD) ‘swhere X denotes the non-restricted
bag. Since all relevant neighbours are contained in the restricted bag, |N(v) N X]| is at most
the size of the restricted bag. Therefore, all necessary computations can be carried out in time
polynomial in the number of compressed cores.

Join-node. Let ¢ be an join-node with child-nodes t; and f,. Also let (T;, B;) be a partial
tree-decomposition of G; constructed by the inefficient-DP from a partial decomposition
(T3, By,) of Gy, and a partial decomposition (T3, By,) of G;,. We first analyse how these
decompositions and their compressed cores differ. For join-nodes, the trees T;, T;, and T,
have the same topology and each pair of corresponding bags in (7;,, B,) and (T3, B;,) has
the same intersection of B(t). For every node a of T, the bag B;(a) is given by the union of
B, (a) and By, (a). For the compressed cores, both the restricted bags and the topology are
identical. It therefore remains to analyse how the weights are affected. By union computability
(R4), the weight of a node in the compressed core for t is equal to the sum its weights in the
compressed cores for t; and t,, minus a correction term that depends only on the restricted
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bag. Since all entries of an integer sequence correspond to nodes with the same restricted
bag, this correction term is identical for every element of the sequence. Subtracting the same
value from all entries does not affect which elements appear in the corresponding typical
sequence. Hence, it suffices to consider the element-wise sum of the sequences. By Lemma 8.21,
each entry of the typical sequence of the join-node is obtained by adding two entries of the
child typical sequences. Since typical sequences are compressed versions of longer integer
sequences, multiple alignments of entries may be possible. In particular, entries may need to
be duplicated to realize a consistent element-wise correspondence between the sequences.
For a given alignment, the corresponding typical sequences of X;, and X;,, including any
duplicated entries, are added element-wise. The correction term is then subtracted from
each element and entries are removed whenever possible. The resulting sequence is the
corresponding typical sequence in the compressed core of X;.

Our computation of the compressed t-cores emulates these changes. We require that the
child-cores have the same topology and corresponding nodes have identical restricted bags.
We then construct the t-core by using the same topology and the same restricted bags as
the child-cores. Moreover, we set the maximum weight to be the maximum of the maxima
associated with the two child-cores and the weights of the bags in the core. To determine the
sequence of weights at a node, we combine the two corresponding typical sequences from
the child-cores and then subtract the correction term from each entry. Given two typical
sequences (ay, . ..,aq) and (by, ..., by), we compute all typical sequences that can be obtained
by extending both sequences to equal length through the duplication of nodes and then adding
them element-wise. For each resulting typical sequence, we construct a separate compressed
core. To enumerate these sequences, we construct a directed auxiliary graph for the two
input sequences. The graph contains a vertex v; ; for each index pair (i, j) with1 <i < g
and 1 < j < £. We assign weight a; + b; to vertex v; ;. We add a directed edge from v; ; to
a vertex vy j» # v;j whenever i’ € {i,i + 1} and j* € {j, j + 1}. An example of this graph is
shown in Figure 8.8. Observe, that each directed path from vy ; to v4, in the auxiliary graph
corresponds to one possible extension and element-wise summation of the sequences. For
every such path, we compute the typical sequence of the weights encountered along the path.
The set of all such typical sequences coincides exactly with the set of all typical sequences
obtainable by extending and summing A and B. A formal justification of this correspondence
is straightforward and can be found in Section 3.5 of the original source [AZ21]. Consequently,
we can compute all relevant typical sequences by constructing the auxiliary graph, computing
all directed paths from vy to v4, and computing the typical sequence of each sequence of
weights along a path. By following the differences between the compressed t’-core and the
compressed t-core described above, we ensure that the algorithm is correct for this node-type.

For the running time we argue that all weights can be computed efficiently. By union
computability (R3), the correction term can be computed in time 2°(X"YD) ' where X and Y
denote the two non-restricted bags. Since corresponding bags of the two child-decompositions
only intersect in vertices of the host-bag B(t), this computation can be performed in time
polynomial in the number of compressed cores. It therefore remains to show that computing
all extensions and sums of typical sequences is polynomial in the number of compressed cores.
First, observe that the auxiliary graph contains q - ¢ vertices and can thus be constructed
within the desired time bound. Next, we show that the number of directed paths from v, ; to
Vg, is polynomial in the number of compressed cores. This follows from the fact that, each
vertex of the auxiliary graph has at most three outgoing edges, namely those to vertices with
neighbouring non-decreased indices, and every such path has length at most ¢ + £. Hence,

96



8.3 Globally-partitioned treewidth is an efficiently computable parameter

Figure 8.8: An example of the auxiliary graph constructed for join-nodes. Here, the sequences
A =(1,3,2,4) and B = (4,2,5) are combined. The path highlighted in red corresponds to the
extensions (1,3,2,2,4) of Aand (4,4,2,5,5) of B to the same length.

the number of such paths is bounded by 37*¢ € 2°(4+) which is exponential in q + £ but
polynomial in the number of compressed cores. Finally, all such paths can be enumerated in
time polynomial in their number, which completes the argument.

Analysis of the FPT-DP. It remains to analyse the resulting FPT-DP. For the running
time, recall that the number of compressed cores per host-node and hence the number of
partial solutions is bounded by 20U (’+k:f(0%) \where ¢ € O(k) is the weight of the host-
decomposition and f is the function introduced in the requirement boundedness (R5). Each
transition can be computed in time polynomial in this number, yielding the same bound for
the time required by the FPT-DP at a single host-node. Since a nice host-tree-decomposition
of f(£) - |V(G)| nodes and the same weight can be computed in time f(£)? - [V(G)| from a
given tree-decomposition (see Lemma 3.9 and boundedness (R5)), the total running time of
the dynamic program is 20(f (O +k-f(0)?) . [V(G)|.

To reconstruct a representative tree-decomposition, we trace a compressed core C enumer-
ated for the host-root back through the recursive computations of the FPT-DP, selecting, for
each host-node, a compressed core that is compatible with C. We then apply Lemma 8.23. The
algorithm of that lemma constructs a tree-decomposition realizing this compressed core in
time s(C)?() - |V(G)|, where s denotes the recursive size of a valid compressed core for the
host-root. Since the size of a compressed core is polynomial in the number of compressed
cores, this reconstruction step does not affect the overall running time.

We have therefore established Theorem 8.3 as stated above.

Theorem 8.3: Let G = (V,E) be a graph and let k be an integer. Let (T, B) be a given tree-
decomposition of G with weight ¢ € O(k). Consider a parameter of ECP with weight function

w. Then, there exists an algorithm that decides whether G has w-treewidth at most k in time
20O +k-F(0%) .y,

8.3 Globally-partitioned treewidth is an efficiently computable
parameter

In the previous section, we introduced a class of efficiently computable parameters. We now
demonstrate that gp-treewidth belongs to this class. To this end, we first consider the setting in
which a clique-partition of the input graph is given with the input and thus is fixed beforehand.
In this scenario, we show that, for each graph, the corresponding variant of gp-treewidth is
induced by a weight function in the sense defined earlier. We explicitly formalize the weight
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functions on bags that induce these variants of gp-treewidth and show that they satisfy all
required properties (R1) to (R5). Hence, in this restricted setting, the parameter belongs to the
class ECP and can be computed in FPT-time by the general algorithm developed above. In
a second step, we extend this result to the general case in which the clique-partition is not
given as part of the input and must be computed as well.

8.3.1 Assuming that a clique-partition is provided with the input

We first show that, under the assumption that a clique-partition is fixed in advance, gp-
treewidth belongs to the class ECP. To this end, we verify that, for each graph with a fixed
clique-partition, gp-treewidth is a tree-decomposition-based parameter induced by a weight
function satisfying (R1) to (R5). By extension, this ensures that the fixed-partition variant of
gp-treewidth is efficiently computable for all graphs.

We begin by formally introducing a weight function for each graph. Let P be a clique-
partition of the input graph G = (V, E). We define the weight function wp to denote the weight
under P. Recall, that this was defined as usual by summing the logarithmic weights of cliques.
As a consequence of this definition, gp-treewidth with respect to a fixed clique-partition P is
a tree-decomposition-based parameter induced by the weight function wp. In particular, any
algorithm for computing the fixed-partition variant of gp-treewidth only needs to compute a
suitable tree-decomposition. Indeed, since P is fixed, both the clique-partition restricted to a
bag and the weight of that bag are completely determined by the graph induced by this bag.
Furthermore, note that the weight function depends on the clique-partition, hence for each
graph and each clique-partition we can get a different weight function. We show that each
such parameter is efficiently computable and hence the fixed-partition variant gp-treewidth
as the generalization of those parameters also is.

Observe, that the weights defined by wp are not necessarily an integer. Here, we employ
the two different formulations of weight introduced in the preliminaries. Using the fact that
the sum of logarithms equals the logarithm of a product, we obtain an equivalent definition
in which the weight is given by the product of clique sizes (plus 1), without applying the
logarithm. Hence, we may switch between these two formulations. In general, we use
the logarithmic formulation. Whenever integer weights are required, we switch to the
multiplicative formulation, at the cost of exponentiating the parameter. This alternative
formulation is only needed when bounding the number of distinct values in an integer
sequence. We consider the effects on the running time later on.

Therefore, it remains to verify that the weight function wp satisfies the requirements (R1)
to (R5) introduced in Section 8.1.

Lemma 8.25: Let G = (V, E) be a graph and let P be a clique-partition of G. Then, the weight
function wp satisfies the requirements (R1) to (R5).

Proof. We verify the five requirements one by one. Recall, that, for a vertex set A, P[A]
denotes the restriction of P to A.

(R1) Subset monotonicity: Let X be a vertex set and let S C X be a subset of X. Then,
wp(S) < wp(X).
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Observe, that for every clique C* of P[S], there exists a clique of P[X] that is a superset of
C*. Since the logarithm is monotone, it follows that

wp($)= ) wp(0)
CeP[S]
< Z wp(C')
C’eP[X]
IWP(X).

(R2) Superset monotonicity: Let X, Y be two vertex sets and let v ¢ X U Y be a vertex such
that N(v) N X =N(v) N Y. If wp(X) < wp(Y), then wp (X +v) < wp(Y +v).

Let C* be the clique of P containing v. Then, wp (X +v) = wp(X) +wp(C*'N(X+v))—wp(C*N
X), since P[X] and P[X + v] differ only in the restriction of C* and, by Observation 3.3,
the weights of disjoint sets add under union. Analogously, we have wp(Y + v) = wp(Y) +
wp(C*N (Y +v)) —wp(C"NY), since v belongs to a restriction of the same clique C* in both
X +vandY +v. Dueto N(v) N X = N(v) NY, the restrictions of C* to X and to Y coincide.
Consequently, we have wp(C* N X) = wp(C*NY) and wp (C* N (X +v)) = wp(C* N (Y +v)).
Together with the assumption wp(X) < wp(Y), this implies the claim.

(R3) Vertex addition computability: Let X be a vertex set and let v ¢ X be a vertex. Then,
wp (X +v) = wp(X) + g(N(v) N X) where g(x) can be computed in time 20IN(NXD),

As observed above, it suffices to compute the weight difference wp (C* N (X +v)) —wp(C* N X).
Since every vertex of C* is adjacent to v, this term is a function of N(v) N X. Because the
clique-partition P is fixed, the value can be computed in the required time.

(R4) Union computability: Let X, Y be two vertex sets such that no vertex of X —Y is adjacent
to a vertex of Y — X. Then, wp (X UY) = wp(X) + wp(Y) — h(X N'Y) where h(x) can
be computed in time 2°(XNYD,

Consider wp(X U Y) and compare it clique-by-clique with wp(X) + wp(Y) to determine
the necessary correction term. To this end, note that for a vertex set Z we have wp(Z) =
Yicep Wwp(CNZ). Let C* be a clique of P[X U Y]. We distinguish the cases C* € X - Y,C* C
Y-X,andC*N(XNY)#0.IfC" C X -Y, then wp(C*'NX) =wp(C*N(XUY)) and this
contribution appears exactly once in both wp(XUY) = Y ccp wp(CN (X UY)) and wp(X) =
2.cep Wwp(C N X). However, no contribution for C* occurs in wp(Y) = Y cep wp(CNY)
and hence no correction term is needed. The case C* € Y — X is analogous. Now suppose
that C* N (X N'Y) # 0. Then, restrictions of C* to the respective sets contribute to both
wp(X) = Yeepwp(CNX) and wp(Y) = Yeepwp(C NY). Since no vertex of X — Y
is adjacent to a vertex of Y — X, either C* € X or C* C Y must hold. Wlo.g. assume
C* C X. In this case, we have wp(C* N (X UY)) = wp(C* N X). This is exactly the
contribution of C* to wp(X) = X cep wp(C N X). Hence, the contribution of C* arising from
wp(Y) = Y cep wp(C NY) has to be subtracted from the sum of the individual weights. Due
toC*'N(Y -X) =0, thisis wp(C*' NY) = wp(C* N (X NY)). Repeating this correction
for every such clique yields exactly > \ccp wp(CN (X NY)) = wp(X NY) as the necessary
correction term. Since the clique-partition P is fixed, wp(X N Y) is a function of X N Y and
can be computed in the required time.

(R5) Boundedness: There exists a computable function f such that |X| < f(wp (X)) for all
vertex sets X.
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By Lemma 4.10 the size of X is bounded by 2*7X). Thus, we may choose f(x) = 2*.
Hence, all requirements (R1) to (R5) are satisfied. a

Therefore, gp-treewidth with a fixed clique-partition belongs to the class ECP. Conse-
quently, by Theorem 8.3, we obtain that gp-treewidth with respect to a fixed clique-partition
can be computed in FPT-time parameterized by its value.

Theorem 8.26: Let G = (V, E) be a graph, let P be a clique-partition of G and let k be a real
number. Let (T, B) be a given tree-decomposition of G with weight O (k). Then, there exists an
algorithm that decides whether G has gp-treewidth at most k under the fixed clique-partition P
in time 227 . V]

Proof. By Theorem 8.3 the running time of the algorithm is at most 20U (O£ .y,
where f is the function introduced by the requirement boundedness (R5) and £ € O(k) is the
weight of the host-decomposition. We therefore choose f(x) = 2* as done in our proof of
(R5) for this variant in Lemma 8.25. Thus, we obtain a running time of

(O ) N

O (k) k 920 (k)
_ 223 +(2F+1)-22 Y

O(k)
€22 V.

Note that, in order to bound the number of distinct weight values, we used the multiplicative
formulation of the weight. This incurs a factor of 2% + 1 instead of k in the analysis of the
generalized algorithm. a

So far, we have assumed that we are given a tree-decomposition of linear weight. Similar
to Theorem 5.9 we can use iterative compression to obtain such a decomposition at the cost
of a factor of |V|.

Corollary 8.27: Let G = (V,E) be a graph, let P be a clique-partition of G and let k be real
number. Then, there exists an algorithm that decides whether G has gp-treewidth at most k under

k
the fixed clique-partition P in time 227" [V|2.

8.3.2 The assumption of a given clique-partition can be satisfied

In the last subsection, we assumed that a clique-partition is fixed in advance when computing
the tree-decomposition. We now satisfy this assumption by computing the clique-partition
simultaneously within the dynamic program. This extension is based on the observation
that, in the algorithm for computing optimal tree-decompositions, only the vertices of the
current host-bag of the given host-tree-decomposition are stored explicitly. Hence, in order
to evaluate the weight of any subset of these vertices, it suffices to know the restriction of the
global clique-partition to the current host-bag. In particular, we may work with individual
clique-partitions for each host-bag, provided that these local partitions are consistent and
together form a full clique-partition of the graph. By enumerating all such collections of
partial partitions and applying the previous algorithm to each of them, we can compute the
gp-treewidth.
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We first describe an algorithm that enumerates all collections of partial clique-partitions
such that the clique-partitions of each collection are restrictions of the same global clique-
partition of G. As before, we employ a dynamic programming approach on a given host-
tree-decomposition (T, B). A partial solution at a node t € V(T) consists of the restriction of
a clique-partition of the graph G; visited so far to the bag B(¢). The recursion proceeds as
follows.

For a leave-node, we use the empty partition.

For a forget-node with forgotten vertex v, we remove v from the restricted partition.

For an introduce-node ¢ with child ¢’ and introduced vertex v, we generate, from each
partial solution at t’, all partitions obtained by inserting v into one of the existing cliques of
the partition of B(#’), if possible, or alternatively by placing v into a new clique.

For a join-node t with children #; and t,, we pair partial solutions that have the same
restricted partition and keep this common partition.

At each step, this procedure computes precisely the set of all clique-partitions of the current
host-bag that can be extended to a clique-partition of the subgraph processed so far. Let the
weight of the host-decomposition be O(k). Observe, that each clique-partition of a set X
can be seen as a function assigning each of the | X| vertices to one of the at most | X]| cliques.
There are at most |X|X! such functions and hence at most |X|X! clique-partitions of X. Due
to this fact and since each host-bag has size at most 2°%) (see Lemma 4.10), we store at most
200029 — 929 o rtial solutions per node.

We now combine this enumeration of partial clique-partitions with the dynamic program
for computing optimal tree-decompositions. At each node of the host-decomposition, we
first compute the collection of all clique-partitions that are a restriction of a clique-partition
of G; to the current host-bag and then, for each such partition, enumerate all compatible
compressed cores of partial tree-decompositions of the vertices processed so far. Formally, a
partial solution consists of a pair comprising a restricted clique-partition and a compressed
core. Informally, a partial solution represents a partial solution of the FPT-DP together with
the restriction of some clique-partition of the graph visited so far to the current host-bag.
Observe, that along any fixed branch of the dynamic program, once a vertex is assigned to
a clique, this assignment never changes. Hence, all clique-partitions of this branch are a
restriction of the same clique-partition of G, and the combined algorithm is correct. The
number of partial solutions is given by the product of the number of partial clique-partitions
and the number of compressed cores. This results in a running time of

O (k) O (k)
22 . 22 . |V|2
O(k) L 9O(k)
— 22 +2 . |V|2
O(k)
=22 V)4

We thus have shown the following theorem.

Theorem 8.28: Let G = (V,E) be a graph and let k be a real number. Then, there exists an
algorithm that decides whether G has gp-treewidth at most k in time 227" [V|2.

8.4 Some closing remarks

We conclude with some remarks. First, as mentioned earlier, we adapted the original algorithm
for enumerating tree-decompositions to gp-treewidth and not to cp-treewidth. In particular,
we relied on a global clique-partition rather than allowing an individual clique-partition for

101



8 An exact FPT-algorithm for a global variant of the parameter
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Figure 8.9: An example for which cp-treewidth violates superset monotonicity (R2). Part (a)
depicts the vertex set X (black) together with the vertex v (purple). An optimal clique-partition
of X and X +v is shown through the colouring. Part (b) depicts the vertex set Y (black) together
with the vertex v (purple). An optimal clique-partition of Y and Y + v is shown through the
colouring.

each bag. This is necessary because cp-treewidth violates superset monotonicity (R2). While it
might still be possible to adapt the algorithm by different means, our approach fundamentally
fails in this setting. To see that cp-treewidth violates (R2), consider the following example
visualized in Figure 8.9. Let X be a clique of size 4 and let Y be a path of length 3. Assume that X
and Y intersect in a single vertex w, which is an endpoint of the path. Using the multiplicative
formulation of the weight, the set X has weight 5, whereas Y has weight 2 - 3 = 6. Now, add
a vertex v to both sets such that v is adjacent only to the shared vertex w. Then, X + v has
weight 5 - 2 = 10, while Y + v has weight 3 - 3 = 9. Hence, adding v reverses the inequality
between the weights, and (R2) is violated.

The underlying reason is that the two local clique-partitions differ on whether the shared
neighbour w of v is placed in the same clique as v. Since, in the cp-treewidth setting, each set
may choose its clique-partition independently, the vertex w may belong to different cliques in
X andY.

Second, recall that we proved in Theorem 5.13 that no XP-algorithm for TREE-CLIQUE-COVER
NUMBER can exist, unless P = A/P. In particular, this result implies that the tree-clique-cover
number does not belong to the class ECP of efficiently computable parameters, unless P = N'P.
This can also be seen by observing that the tree-clique-cover number violates the requirement
of superset monotonicity (R2). To see this, consider two adjacent vertices u and w. Let
X ={u,w} and Y = {u}. Then, both X and Y can be covered with one clique. However, if we
add a vertex v adjacent only to u, then the set X + v requires two cliques in any cover, while
Y + v still admits a clique-cover of size one.

Furthermore, boundedness (R5) is violated as witnessed by Lemma 4.15. Recall, that
requirement (R5) was used only in the analysis of the running time. Hence, instead of relying
on (R5), one could bound the running time in terms of the width of the host-decomposition
and design an FPT-algorithm parameterized by treewidth rather than by the tree-clique-cover
number. Note, that this approach resolves only the violation of requirement (R5), but not the
violation of requirement (R2).
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9 Conclusion

In this work, we have presented three different approaches for computing parameters based on
partitioning the bags of a tree-decomposition into cliques. First, we showed how to compute
a 4k + 3-approximation of cp-treewidth in FPT-time. If an exact algorithm is required, the
XP-algorithm presented in this thesis can be used instead. Furthermore, we developed an
FPT-algorithm for the larger parameter gp-treewidth by adapting the traditional algorithm of
Bodlaender and Kloks [BK96] for computing treewidth. In addition to algorithmic results, we
established lower bounds for both cP-TREEWIDTH and GP-TREEWIDTH via a reduction from
PATHWIDTH. This N'P-hardness result helps in placing Gp-TREEWIDTH within the landscape
of complexity classes. In particular, we have shown that Gp-TREEWIDTH belongs to the classes
FPT and NP, but not to P unless P = N P.

Since cp-treewidth and gp-treewidth are closely related, they can be used almost inter-
changeably in algorithmic applications. Thus, an user may choose between approximating
cp-treewidth and computing gp-treewidth exactly depending on the given input. In particular,
all currently known algorithms for problems parameterized by one of these parameters can
be transferred to the other without increasing the parameter dependence in the running time.
Such a transfer fails only when optimality with respect to one parameter is required by the
application or when the additional property of gp-treewidth, namely that all local partitions
extend to a global partition of the input graph, is explicitly used. To illustrate this transfer,
consider two examples. The INDEPENDENT SET problem can be solved in time 20®%) . |v|0(1)
when parameterized by cp-treewidth [BKW23 | Gei23]. Applying the same dynamic program
to a given gp-tree-decomposition instead of a given cp-tree-decomposition yields an algorithm
with the same running time for INDEPENDENT SET now parameterized by gp-treewidth. As
a second example, consider the computation of gp-treewidth using the algorithm of Theo-
rem 8.28. The above mentioned transfer yields an algorithm for Gp-TREEWIDTH with running
time 227 . |V|? now parameterized by cp-treewidth. Note that this does not yield an al-
gorithm for cP-TREEWIDTH, as the computed object remains gp-treewidth. Moreover, the
algorithm relies only on the global consistency of constructed decompositions, not of the
given input decomposition.

From a broader perspective, we considered how cp-treewidth and gp-treewidth relate
to other variants of treewidth with respect to the three key aspects size, usefulness and
computability of a parameter. An overview is given in Figure 9.1 and Table 9.1. Both parameters
are smaller than treewidth, though larger than the tree-clique-cover number and the tree-
independence number. However, cp-treewidth and gp-treewidth retain the full algorithmic
applicability of treewidth, unlike some smaller parameters such as the tree-clique-cover
number and the tree-independence number. In terms of computability, as summarized above,
some basic FPT-time approximation results for treewidth carry over to cp-treewidth, while
certain exact FPT-algorithms translate to gp-treewidth. In contrast, the tree-independence
number appears to require at least XP-time for comparable computations. Altogether, the two
clique-partition-based parameters provide an improvement in terms of parameter size while
incurring only limited losses with respect to usefulness and computability when compared
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Figure 9.1: This figure visualises two hierarchies formed by the parameters. Part (a) shows the
size hierarchy of Theorem 4.1, while part (b) illustrates the hierarchy of algorithmic potential
introduced in Section 4.2. In the size-hierarchy, an arrow indicates that one parameter is
smaller than another with respect to decomposition-wise comparisons. In the hierarchy of
algorithmic potential, arrows represent FPT-reductions from one parameter to another. An
X or ? indicates that the reverse direction is ruled out (assuming P # NP) or unknown,
respectively. Note, that parameterized hardness results propagate along these arrows, while
algorithms transfer in the opposite direction.

to treewidth. In comparison to the tree-independence number, they admit more efficient
algorithms for their computation and support a broader range of fixed-parameter tractable
algorithms parameterized by them, at the cost of a larger parameter value.

Future work and open problems. Despite these advances, several open questions remain.
Most notably, there still is a gap between the best known algorithms and lower bounds. In
particular, it is open whether the cp-treewidth can be computed in FPT-time, and thus whether
the algorithm for Gp-TREEWIDTH can be adapted to this setting using some modification of our
approach. Apart from the containment in some complexity class, it is natural to ask whether
single-exponential algorithms exist for these parameters and what the optimal bases and
exponents are. Similarly, the approximability of these parameters remains unclear. Current
lower bounds do not exclude polynomial-time constant-factor approximation algorithms. For
treewidth, it is known that such approximations are unlikely under the Small Set Expansion
(SSE) conjecture [WAPL14], while without SSE only hardness results with factors close to
1 are known [Bon25]. It remains an open question whether these results can be adapted to
our parameters and whether alternative, easier to adapt, approaches for treewidth can be
developed. For Gp-TREEWIDTH in particular, developing approximation algorithms remains
an open challenge, especially since such algorithms would need to outperform both the
approximation algorithm for cP-TREEWIDTH and the exact algorithm for Gp-TREEWIDTH.
More broadly, the framework of cp-treewidth discovered so far provides a solid foundation
which can now be used for further research. In particular, it would be interesting to develop
more efficient algorithms for a wider range of problems, and to investigate whether cp-
treewidth can be used to improve algorithms for problems already known to be in P. In their
paper, Abboud et al. [AVW16] showed that treewidth can be used to design more efficient
algorithms for computing the diameter of graphs. It would be interesting to investigate
whether cp-treewidth can be leveraged to further improve this and other similar algorithms.
It thus remains to explore how far cp-treewidth can take us.
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Table 9.1: This table compares upper and lower bounds for computing different parameters
that refine treewidth. We consider three types of results: Exact algorithms, constant-factor
approximation algorithms, and lower bounds for the exact computation in the form of coarse-
grained hardness results. In addition to the results presented in this thesis (highlighted in red),
which are currently the only known ones for these parameters, we include selected results
for treewidth and the tree-independence number. For each parameter, we report the most
efficient known algorithm, preferring better dependence on the parameter k over dependence
on the input size n and using the approximation ratio as a final tie-breaker.

For the tree-independence number and the tree-clique-cover number, no exact algorithms are
known beyond the naive enumeration of all tree-decompositions and all independent sets or
clique-covers. Note, that for the parameter of P-flattened treewidth, only an algorithm for
some intersection graphs is known (Theorem 12 in [Ber+18]). We therefore do not include
this parameter in our comparison, even though it is closely related to the others.

Parameter Exact Approximation Hardness
Time Ratio
treewidth 20 20(k) . p 2k + 1 NP-hard
[BK96|AZ21]  [Kor21|Bod24] [Bon25]
clique- 220" . p2tes 229" s 4k +3 NP-hard
partitioned [Theorem 5.3] [Theorem 5.9] [Theorem 7.25]
treewidth
globally- 227" 2 - N'P-hard
partitioned [Theorem 8.28] [Theorem 7.28]
treewidth
tree- ont 20(K*) . nO(k) 8k no XP-time
independence [Dal+26] unless P = NP
number [Dal+26]
tree-clique- on? - no XP-time
cover number unless P = NP

[Theorem 5.13]
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