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Abstract

The Backward-Forward Sweep (BFS) is an iterative algorithm to solve power flow problems in
radial distribution networks. When applied to electrical AC power flow, the BFS iteratively
computes bus voltages that control the flow of power through the transmission lines between
them.

This thesis studies the BFS as general algorithmic framework for solving flow problems
in rooted trees and directed acyclic graphs. We abstract from the physical interpretation of
the BFS and focus on its algorithmic properties, which are applicable to a wide range of flow
problems in networks.

We begin by formalizing this framework for rooted trees, define the Flow Problem, and
analyze the convergence behavior of the BFS for flow models with a monotonicity property,
which we call counter-monotonicity. Beyond trees, the thesis extends the framework to directed
acyclic graphs on which the problem becomes more complex. To address this, we reduce the
Flow Problem on directed acyclic graphs to the already solvable Flow Problem on rooted trees.
For this, we present an algorithm to solve the Flow Problem on directed acyclic graphs with
treewidth 2 and use the BFS as a subroutine.

Zusammenfassung

Der Backward-Forward Sweep (BFS) ist ein iterativer Algorithmus zur Losung von Lastfluss-
problemen in radialen elektrischen Verteilungsnetzen. Angewandt auf Lastflussprobleme im
Wechselstrom, berechnet der BFS iterativ die Spannungen an den Netzbussen, welche die
Lastfliisse in den Leitungen bestimmen.

Diese Arbeit untersucht den BFS als ein generisches Framework zur Losung von Lastfluss-
problemen auf gewurzelten Baumen und gerichteten azyklischen Graphen. Wir abstrahieren
von der physikalischen Interpretation des BFS und konzentrieren uns auf die algorithmischen
Eigenschaften, die auf eine Vielzahl von Lastflussproblemen anwendbar sind.

Wir beginnen mit einer formalen Definition des Frameworks auf gewurzelten Baumen,
definieren das Flow Problem und analysieren die Konvergenz des BFS fiir Flussmodelle mit
einer Monotonieeigenschaft, welche wir Gegenmonotonie oder counter-monotonicity nennen.
Uber Biaume hinaus erweitern wir das Framework auf gerichtete azyklische Graphen, fiir die
Lastflussprobleme schwerer zu l6sen sind. Um diese Schwierigkeit zu tiberwinden, reduzie-
ren wir das Flow Problem auf gerichteten azyklischen Graphen auf das Flow Problem auf
gewurzelten Baumen, welches wir bereits 16sen kénnen. Dafiir priasentieren wir einen neuen
Algorithmus, der das Flow Problem auf gerichteten azyklischen Graphen mit Baumweite 2
l16st, indem er den BFS als Subroutine verwendet.
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1 Introduction

1.1 Motivation

Many problems in network optimization and electrical engineering require the distribution
of power through a network while satistying local demands. The flow of power through a
transmission line of a network is directly controlled by the voltage potentials of the incident
buses. The problem lies in finding the correct voltage potentials for each bus such that the
power demands of all buses are satisfied. Such power flow problems are well-studied in
electrical engineering, but often do not allow a direct computation of the solution voltage
potentials.

The Backward-Forward Sweep (BFS) was introduced as an iterative algorithm intended for
solving the AC-OPF problem on radial distribution networks [SHSL88]. When the BFS is
applied to a radial network, it computes the voltage potentials of all buses in two repeated
steps. First, the Backward Sweep computes the power flows through the transmission lines
based on the current voltage potentials. Then, the Forward Sweep computes new voltage
potentials based on the computed power flows. This process is repeated until the voltage
potentials converge to a solution.

Related work established that the feasibility of AC power flows is strongly NP-hard [BV19].
This greatly limits the efficiency of power flow analysis in radial distribution systems. Despite
this, power flow solution methods show practical success on many instances, and the BFS is
widely used in practice. Therefore, it is of interest to study the BFS in a more general setting
and to understand its convergence behavior for different flow models.

Most research on the BFS focuses on its application to electrical power flow problems,
and therefore only considers the physical interpretation of the algorithm, where the voltage
potentials and power flows are determined by the laws of physics. Further, these studies often
only consider its performance on very specific and restricted instances, such as the IEEE radial
distribution test feeders [Ker91], which only contain at most 123 buses. Our goal is to abstract
from this and formalize a general algorithmic framework for the BFS that is applicable to a
wide range of flow problems in networks. We can model these electrical networks as directed
graphs, where the buses are represented by vertices with associated voltage potentials and the
transmission lines by edges with associated impedances. Because most distribution networks
are radial, this often results in trees where the root is the only generating source of power.
Although the BFS is originally designed for these radial networks, we want to analyze it in a
more general setting and study its behavior for different flow models and network topologies.
The focus lies on flow models with a monotonicity property, we call counter-monotonicity,
which is a property that is satisfied by many practically relevant flow models and guarantees
some beneficial properties. We show that the BFS converges to a solution for flow models with
counter-monotonic backward functions and extend the BFS framework to directed acyclic
graphs. Trying to apply the BFS to more general graphs, we find that it can be used as a
subroutine to solve the flow problem on directed acyclic graphs with treewidth 2.
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1.2 Related Work

Power flow problems have been studied since before the invention of digital computers,
going back to the early 20th century. Early digital approaches used iterative elimination
and impedance matrix formulations to solve the nonlinear equations describing the net-
work [WH56 | VG61 | BCHP63]. These methods repeatedly update the unknown bus voltages
until the power flow equations are satisfied. Their computational cost and convergence
behavior depend strongly on the network size, the initial voltages, and the conditioning of
the corresponding system of equations.

An alternative approach uses Newton’s method [TH67]. It linearizes the power flow equa-
tions around the current voltages and computes a correction by solving a system involving
the Jacobian matrix of the equations. Newton’s method is known to converge quadratically
near a regular solution. However, this local guarantee does not imply global convergence.
Poor initial values, singularities in the Jacobian, or heavily loaded networks can cause di-
vergence [FN23 | DC13]. Moreover, repeatedly constructing and factorizing the Jacobian can
be expensive for large networks. Several variants have therefore been developed, including
modified Newton methods for radial distribution systems [GR99 | DVE09]. These methods
exploit the structure of radial networks to reduce computational effort while retaining much
of the robustness of the Newton approach [ZC97].

The Fast Decoupled Loadflow method reduces the cost of Newton iterations by neglecting
selected couplings between active and reactive power as well as voltage magnitude and
angle [SA74]. This produces constant, or infrequently updated, coefficient matrices and
consequently makes each iteration considerably cheaper than a full Newton iteration step.
The approximation can provide high computational speed on transmission networks, but its
accuracy and convergence depend on the assumptions used in the decoupling. A theoretical
study of its convergence shows that these assumptions and the network parameters play
an important role in determining whether the algorithm converges [Wu77]. Fast decoupled
formulations have also been adapted to unbalanced radial distribution systems [ZC95].

The Backward-Forward Sweep is an alternative iterative method designed particularly
for radial distribution networks. It exploits the tree structure of such networks instead of
repeatedly solving a global Jacobian system. The method was introduced by Shirmohammadi,
Hong, Semlyen and Luo as an iterative power flow method for weakly meshed and trans-
mission networks [SHSL88], and has since become one of the standard approaches for radial
distribution system analysis.

Many variants of the BFS have been proposed. They differ in the choice of state variables,
the representation of transmission line losses, and the treatment of single- and multiphase
systems. For example, direct solution techniques for distribution systems exploit the radial
topology to eliminate intermediate variables and compute the solution efficiently [GB91].
Other works develop simplified radial network formulations [DKK95], three-phase power flow
methods [Che+91 | CS95], and robust three-phase algorithms intended to improve numerical
reliability for practical distribution systems [TW]99]. For weakly meshed networks, compen-
sation methods combine a tree-based sweep with additional corrections for the remaining
cycles [LS90].

The convergence of the BFS depends on the loading level, line impedances, initial voltages,
and the particular flow model. Analytical studies have established convergence conditions for
backward-forward methods under suitable assumptions [BCCNO00 | FZL25]. Comparative stud-
ies also report that the BFS is faster and less computationally demanding than general purpose



1.3 Outline

methods on radial networks, while Newton-type methods may converge in fewer iterations
when they converge successfully [EH08 | MMH21 | dPdB18]. Recent surveys summarize these
trade-offs and the adaptations required for modern distribution networks [AMS26].

As stated above, Bienstock and Verma established that the feasibility of AC power flows
is strongly N"P-hard [BV19]. This difficulty is not removed by restricting the network to be
radial. AC-feasibility remains N'P-hard on tree networks [LGV16].

1.3 Outline

Chapter 2 introduces the notation and definitions used throughout the thesis. This includes
graphs, functions, and distributions.

Chapter 3 defines flow trees and the Flow Problem, which is the problem that the BFS
solves.

Chapter 4 formally defines the Backward-Forward Sweep. It also introduces convergence
properties of the BFS and proves that the BFS finds a solution whenever it converges.

Chapter 5 considers potential-independent backward functions. We show that the BFS
finds a solution after one iteration.

Chapter 6 introduces the concept of counter-monotonic functions, which are the focus of
this thesis. We establish monotonicity properties of the vertex potentials and total demands
that are used to prove convergence results. We show that the Modified Power Flow functions
are counter-monotonic and take a closer look at feasibility of palm tree instances.

Chapter 7 extends the Flow Problem to directed acyclic graphs. We introduce routing
functions, split graphs and the Routed Backward-Forward Sweep. Finally, we present an
algorithm to solve the Flow Problem on certain directed acyclic graphs, which we call nested
disjoints.

Chapter 8 evaluates the theoretical results of this thesis. We provide instance generation
methods and evaluate the convergence of the BFS on palm trees. We also evaluate the proposed
algorithm for solving the Flow Problem on nested disjoints.






2 Preliminaries
We introduce the necessary definitions and notations for this thesis.

2.1 Graphs

A directed graph G is a pair (V, E), where V is a set of vertices and E C V X V is a set of
directed edges. A subgraph G’ = (V',E’) of a directed graph G = (V,E) is a directed graph
suchthat V/ € Vand E' C EN (V' xV’). If G’ is a subgraph of G, we also say that G contains
G’ and write G’ C G.

A path in graph G is a sequence of vertices (vy, v, . .., Vi) with k > 1 such that (v;, vi41) € E
forall 1 < i < k. The length of a path is the number of edges it contains, which is k — 1 for a
path of k vertices. Note that there is always a path of length 0 from a vertex to itself. Two
paths are disjoint if they do not share any edges.

A directed graph G is a directed acyclic graph or DAG if it contains no cycles, i.e., there is no
path (vq, v, ..., vg) such that v; = v¢ and k > 1. For a DAG we define the following concepts.
If there exists an edge (u, v) € E, we call u the parent of v and v the child of u. The set of all
parents of a vertex v is denoted by p(v) :== {u € V : (u,v) € E}. The set of all children of a
vertex u is denoted by c¢(u) := {v € V : (u,v) € E}. The ancestors of a vertex v are all vertices
u # v that have a path to v. The descendants of a vertex u are all vertices v # u where a path
exists from u to v. A sink in a DAG is a vertex v with no children, i.e., c(v) = 0. ADAG G is
rooted in a vertex r if there is a path from r to every other vertex in G. We call r the root of
the directed graph. Note that the root vertex r is unique and has no parents.

A DAG G rooted in r is a directed tree if every non-root vertex has exactly one parent, i.e.,
|p(v)| = 1forall v e V \ {r}. This implies that there is a unique path from the root r to every
other vertex in G and that the number of edges in G is |E| = |V| — 1. Sink vertices in a tree
are called leaves.

Given a DAG G = (V, E), we define the induced subgraph G, of a vertex v as the subgraph
containing v, its descendants and all edges connecting them, that is G, = (V’,E’) where
V' = {w € V : there is a path from v to w} and E’ = {(u, w) € E : u,w € V'}. Note that G, is
also a DAG rooted in v and that G, is a tree if G is a tree.

Figure 2.1 shows an overview of the concepts defined in this section.

2.2 Functions

A function f : A — B is a relation between two sets A and B such that for every element
a € A, there exists a unique element b € B such that (a,b) € f. We denote this relationship as
f(a) =b.

Given two functions f : A — Band g : A — B with a relation ~ C B X B, we define that
f ~ g, if f(a) ~ g(a) for all a € A. When using < as the relation ~ we compare two functions
f and g pointwise, that is f is less than or equal to g at every point of the domain A.
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Figure 2.1: On the left, a DAG G rooted in r containing a path (r, v1, v2, v3) and another
disjoint path from r to vs. In the center, an example of the set of parents p(«) and children
c(u) of a vertex u. On the right, a directed tree G’ rooted in r’. In G’ the induced subtree G,
of a vertex v is highlighted.

2.3 Distributions

For an interval [a,b] C R, we define the uniform distribution, denoted by U([a, b]), as the
distribution where every value x € [a, b] is equally likely to occur, and every value x ¢ [a, b]
has probability 0 of occurring. If a value x is drawn from a uniform distribution ¢/([a, b]), we
denote this by x ~ U([a, b]).



3 Flow Trees

As the foundation of our work, we consider radial distribution networks. These networks can
be represented as directed trees, where the root vertex represents the power generating source
and the other vertices represent the consumers of power. In this chapter, we introduce the
theoretical framework behind radial distribution networks and define the power distribution
problem we want to solve.

Let G = (V,E) be a directed tree rooted in r and n € N be a positive integer. We assign a
demand to every vertex S : V. — R" and write S, := S(x) for x € V. If S, = 3 for some vertex
x, we interpret this as x demanding three units of flow. The root vertex r has no demand,
ie., S, = 0 and should be thought of as the supplier of flow for the other vertices. We also
assign a parameter to each edge w : E — R"” and write w, := w(e) for e € E. The parameter
of an edge e can be used to model its capacity or cost of sending flow through e, for example.
To fulfill the vertex demands, we assign a potential to each vertex ¢ : V.— R”. The vertex
potentials dictate how much flow is sent from a vertex to its children and how much flow
is received from its parent. We write ¢, := ¢(x) for x € V. A flow tree is a directed graph
with demands, edge parameters and a given root potential ¢,. We denote such a flow tree by
G’ = (V,E, ¢y, S,w) and say it has dimension n.

3.1 Flow

To describe the distribution of flow through the network, we must distinguish between the
flow sent from a vertex to its children and the flow received at a vertex from its parent. For
each edge e = (4, v) € E, we define the flow sent from u to v as S,,—,, and the flow received
at v from u as Sy,. Note that S,,_,,, is positive if u sends flow to v, and S, is positive if v
receives flow from u. Therefore, the excess flow at v is the incoming flow minus the outgoing
flows and thus calculated as

Sveu - Z Sv—>x .

xec(v)
To model the flow for each edge, we define two functions that determine the outgoing and
incoming flow based on the potentials of the parent and child vertices and the parameter of
the edge between them. The outgoing flow S,_,, is determined by the send function

H R'XR"XR" - R",  f,(du, Pv, We) = Susy

which takes the potentials of the parent and child vertices and the parameter of the edge
between them as input and outputs the flow sent from the parent to the child. The incoming
flow Sy, is determined by the receive function

fo:R'XR"XR" > R",  fo(¢du, Py, We) = Sy

which takes the same inputs as the send function but outputs the flow received at the child
from its parent. We demand that the functions f, and f; are well-defined and continuous for
all input potentials ¢,, ¢, € R". Together, the functions f, and f. are called the flow functions
or the flow model. The definitions of this section are illustrated in Figure 3.1.



3 Flow Trees

- fp
fe

vO-@— v O-G)—

Figure 3.1: The left and center figure illustrate the calculation of outgoing and incoming flow
Sveu and S, using the flow functions f}, f. on an edge e = (u, v). The right figure shows
the excess flow as the difference between the incoming and outgoing flows for a vertex x.
Dashed lines indicate an associated value, e.g., the vertex potentials or edge parameter.

3.2 Flow Problem

When the flow functions f,, f. and potentials ¢ are given, we can compute the flow for each
edge and thus the excess flow at each vertex. Our goal is to find vertex potentials such that the
excess flow at each vertex satisfies its demand exactly. So, given a flow tree G = (V, E, ¢, S, w)
and flow functions f,, fc, the Flow Problem is to find vertex potentials ¢ such that for every
non-root vertex v € V '\ {r} with parent u the equation

Sy =8yeu— Z Sy—x

xec(v)

holds and the root potential equals ¢,. By using the definitions of the send and receive
functions, we can rewrite this equation as

Sy :fc(¢w ¢v, We) - Z fi)(¢v: ¢x’ W(v,x))

xec(v)

to get a formulation of the Flow Problem in terms of the flow functions f,, f. and the vertex
potentials ¢.

Vertex potentials ¢ that satisfy the equation above for all non-root vertices v € V' \ {r} are
a solution to the Flow Problem. Every flow tree G = (V, E, ¢,, S, w) with flow functions f,, fc
admits an instance of the Flow Problem. If an instance of the Flow Problem has a solution, we
say that the instance is feasible, otherwise it is infeasible.
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To solve the Flow Problem defined in Section 3.2 for a flow tree G = (V, E, ¢,, S, w), we redefine
the problem in a way that allows us to compute the vertex potentials ¢ iteratively, since most
flow functions f,, f. do not allow us to compute the vertex potentials ¢ directly. For this, we
initialize our vertex potentials with some initial values. Then, we iteratively estimate the
required incoming flow S, at every vertex v using our current vertex potentials. With this
estimate, we update the vertex potentials ¢ and repeat this process.

We formalize this process by rearranging the equation from the Flow Problem and get the
equivalent equation

Syeu =8y + Z Syox
xec(v)

which we try to satisfy for every non-root vertex v € V' \ {r} with parent u. We define the
right-hand side of this equation as the total demand §V of a vertex v, i.e.,

S: VSR, visS, + Z Sy .

xec(v)

As a shorthand, we write §V =S (v) for v € V. We can see that the total vertex demand §V is
the initial vertex demand S, plus the flow sent to its children. Since that flow is dependent
on the current vertex potentials ¢, we cannot compute the correct total vertex demands S of
a solution directly without knowing the correct vertex potentials. But we can rewrite the
equation above as

Je(Pus Pvs we) = SAV

and solve for ¢, to get the forward function fw.

fw(¢u’ SAV, We) = ¢v

Intuitively, the forward function fw computes the vertex potential ¢, needed to satisfy the
total demand S, based on the vertex potential ¢, of its parent and the edge parameter w,.
As a result, the forward function fw and the receive function f, are inverses in the second
argument, that is the equations

ﬁ(¢u, fw(¢ua ~§Vs We), We) = SAV’ fw(¢uaﬁ(¢us ¢v’ We), We) = ¢v

must hold for every edge e = (u, v) € E.
To calculate the total vertex demands, we need to compute the flow sent to the children of
a vertex u. To calculate this, we define the backward function as

bw (¢, gv’ We) = f})(ﬁbu’fw(d’m gv’ We), We)

which computes the flow sent from u to its child v based on the parents potential ¢,,, the child
total vertex demand S, and the edge parameter w,. We demand that the functions fw and bw
are continuous for all inputs ¢y, S,, € R”. Since the edge parameter w, is fixed for every edge
e € E, often has no effect on our results and is clear from context, we will often omit it as a
function argument and write fw(¢,, S,) and bw(¢,, S,). An illustration of the backward and
forward functions is given in Figure 4.1.
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Figure 4.1: An illustration of the backward and forward functions. The left figure shows
how the forward function fw computes the vertex potential ¢, based on the parent potential
¢., and the total vertex demand S,,. The right figure shows how the backward function bw
computes the flow sent from u to its child v based on the parent potential ¢, and the child’s
total vertex demand §V. Dashed lines indicate an associated value, e.g., the vertex potentials
or edge parameter.

4.1 Backward Sweep

In the Backward Sweep, we want to compute the total vertex demands S for all vertices by
using the backward function bw. Because the backward function bw depends on the total
vertex demand of the children, we start with the leaf vertices and move upwards to the root
in a bottom-up manner. For every vertex u, we compute S, by adding its initial demand S, to
the flow sent to its children, which is computed using the backward function bw. This results
in the formula

Su=Su+ D bw($uSu W)

vec(u)

for every vertex u. We can see that we estimate the total vertex demand S, as the initial vertex
demand S, plus the flow sent to its children, which is dependent on the current vertex potential
¢, and the total vertex demands of its children S,. This results in a recursive calculation of
the total vertex demands S which can be computed by a depth-first search starting at the root
vertex r. An outline of this algorithm is given in Algorithm 4.1.

Algorithm 4.1: BackwardSweep
Input: G = (V,E, ¢,, S, w) flow tree,u € V
1 §u — S,
2 for every child v of u, e = (4, v) do
3 L BackwardSweep (G, v)
Sy Su+ bw(dy, Sy, we)

4

4.2 Forward Sweep

In the Forward Sweep, we compute the vertex potential ¢ for all non-root vertices based on
the estimated total vertex demands computed in the Backward Sweep. Because the forward
function fw depends on the vertex potential of the parent, we start with the root vertex and
move downwards to the leaves in a top-down manner. For every vertex v, we compute ¢,

10
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by applying the forward function fw to the vertex potential of its parent u, the total vertex
demand S, computed in the Backward Sweep, and the edge parameter w(,,,). We update the
vertex potential ¢, using the formula

¢v = fW(Qbu, SAV, W(u,v))

for every vertex v € V' \ {r}. As in the Backward Sweep, this results in a recursive calculation
of the vertex potentials ¢ which can be computed by a depth-first search starting at the root
vertex r. An outline of this algorithm is given in Algorithm 4.2.

Algorithm 4.2: ForwardSweep
Input: G = (V,E, ¢, S, w) flow tree,u € V
1 for every child v of u, e = (u, v) do

2 \\ d)V — fw(gbu; §V} We)
3 ForwardSweep (G, v)

4.3 Backward-Forward Sweep

The Backward-Forward Sweep (BFS) [SHSL88] repeatedly executes the Backward Sweep and
Forward Sweep to iteratively update the total vertex demands S and vertex potentials ¢ and
improve their estimates. In every iteration, we first estimate the total vertex demands S in a
Backward Sweep and then update the vertex potentials ¢ in a Forward Sweep. For this, we
use the vertex potentials ¢ from the previous iteration. We repeat this process until the vertex
potentials ¢ converge. Since the first iteration also depends on previous vertex potentials, we
need to initialize the vertex potentials ¢ before the first iteration of the BFS. This results in
the algorithm described by Algorithm 4.3.

Algorithm 4.3: BackwardForwardSweep
Input: G = (V, E, ¢, S, w) flow tree rooted in r
forve V\{r}do
| initialize ¢,
while not converged do
L BackwardSweep (G, r)
ForwardSweep (G, r)

GToRs W N =

We define one iteration of BFS as one execution of the Backward Sweep and Forward
Sweep. This induces a sequence of vertex potentials (¢! : V — R");cn, and total vertex
demands ($®) : V — R");cn> Where $® and SO are the vertex potentials and total vertex
demands after the i-th iteration. Furthermore, we define the initial vertex potentials ¢(*) as
our initialized vertex values before the first iteration with d)r(o) = ¢,. How we choose the
initial non-root vertex potentials ¢*) depends on the flow functions fp» fc and affects the
behavior of the BFS.

The structure of the Backward Sweep results in the formula

SV =5t > bw(p .8 W)

vee(u)

11
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for updating the total vertex demands. The structure of the Forward Sweep results in the
formula

¢ = Fw(ds, 80 win)

for updating the vertex potentials if u is the parent of v.

We can see that the root potential ¢, is not updated in the Forward Sweep since the root
has no parent, thus it does not change during a BFS iteration. As it is initialized with ¢,, we
have gbﬁi) = gbr(o) = ¢, for all i € N. Further, we can see that if u is a leaf vertex, u has no
children, i.e., c(u) = 0. Using this we can conclude that

80 =50+ 3 bwigl " 80 =,

vee(u)

This means that the total vertex demands .§£i) of leaf vertices u are equal to their initial vertex
demands S, and do not change during the BFS iterations.

Since the BFS is an algorithm to solve the Flow Problem, we want to show that the BFS does
not change the vertex potentials ¢ if and only if they are a solution to the Flow Problem. This
means, that we can stop the BFS if the vertex potentials ¢ do not change after an iteration,
and conclude that they are a solution to the Flow Problem. For this, we first show that the
total vertex demands S do not change during the next iteration if the vertex potentials ¢ are a
solution to the Flow Problem.

Lemma 4.1 (Total Demand Equality): If ¢ is a solution to the Flow Problem for some i € Ny,
then the total vertex demands SV do not change during the next iteration, that is S = §(+1),

Proof. For this proof, we define $(® = $(1) as the initial total vertex demands before the first
iteration of the BFS. These can be chosen arbitrarily as they do not affect the result of any
iteration. Let (u, v) € E be an edge and i € IN. We use the definition of the Flow Problem and
substitute gb](,i) for its definition.

Sv=F@ o) = > (6

xec(v)
& Sv =L@ fw(dd, 8 = > fr(dl 61"
xec(v)
Using the properties of fw.
& - > K38
xec(v)
& Se=8"= > £\, (g 81
xec(v)
We use the definition of the backward function bw.
= Sv=8" = > bw(gy".5")
xec(v)
= §f,i) =S, + Z bw(gbﬁi),ﬁ,(f))
xec(v)
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4.3 Backward-Forward Sweep

We use this for a structural induction over a flow tree G to show that S() = S(*D ety be a

leaf vertex. Then we have 515” =S, = S:,Sm). Now let u be a non-leaf vertex and assume that

for all children v of u, we have SASi) = §$,i+1) .

S =su+ Y bw(gi”. 8

vec(u)

=Su+ ) bw(g, SiY)
vee(u)

- i(ziﬂ)
By structural induction, we have $() = §(+1) a

We use this lemma to show that the BFS does not change the vertex potentials ¢ if and only
if they are a solution to the Flow Problem.

Theorem 4.2 (BFS on Solutions): If at any point during the BFS the vertex potentials do not
change after an iteration, i.e., (V) = ¢(*) for some i € Ny, that is equivalent to ¢V being a
solution to the Flow Problem, so the equation

Sv=f3.8) = > f(, 8
x€c(v)

holds for every edge (u,v) € E.

Proof. Assume that ¢¥ = ¢(*1) for some i € N;. We show that the Flow Problem equation
holds for every edge (u, v) € E. We begin by using the definition of the Backward Sweep.

S =5+ > bw(g)),8)

xec(v)
PN (l+1) Z bw(gb(l)’gy(fl'i'l))
x€ec(v)

We use our assumption ¢ = ¢+1),
o S, = S*‘(/i+1) _ Z bw(¢1(,i+1),§,(ci+1))
xec(v)

Using the definition of the backward function bw, we can rewrite the second term on the

right-hand side.
o S, = S*‘(/i+1) _ Z f}’(d)l(}iﬂ)’fw(qsl(/iﬂ),g)(ci+1)))
xee(v)
By definition of the Forward Sweep, we can substitute.
© Sy =8V = D K@)
xee(v)

We use the definition of the forward function.

& S, = ﬁ(¢,§i+l),fw(¢15i+l),.§‘(/i+1))) _ Z f})(¢1(}i+l)’¢)(ci+1))
xec(v)
& S, = fi(plD, gDy — Z F(@U, i)
x€c(v)

13



4 Backward-Forward Sweep

Using our assumption once more.

o Sv=F@ o) = > f(el 6

xec(v)

Since v was arbitrary, the Flow Problem is solved.

Now assume that ¢ is a solution to the Flow Problem for some i € N,. We show that
¢ = ¢+ by structural induction over a flow tree G. For the root vertex r, we know
that gb@ = ;Hl) . Now let v be a non-root vertex and assume that for its parent u, we have

(i) _ 4 (i+1)
u = Pu -

1(}i+1) — fw(¢l£i+1)’§$/i+1))
= fw(g. 8"
We use Lemma 4.1 to conclude that .§$,i) = SA‘(/M).
= fw(gi. 8
=40

By structural induction, we have ¢ = ¢(*+1), a

Theorem 4.2 shows that solutions to the Flow Problem are the only fixed points of the BFS.
This is a desirable property of the BFS since it guarantees that we do not skip any solutions.
Furthermore, it allows us to stop the BFS as soon as the vertex potentials ¢ do not change
after an iteration and return the found solution.

4.4 Convergence

In most cases, there is no i-th iteration of the BFS where the vertex potentials ¢ do not
change after an iteration. Instead, the vertex potentials ¢ converge to a solution of the Flow
Problem. To formalize this, we define the convergence of the BFS as follows and show that it
is equivalent to the converged vertex potentials being a solution to the Flow Problem.

We say that the BFS converges if the limit of the vertex potentials lim;_, ng‘(,i) is defined
for every vertex v. We denote ¢§°°) = 1lim; 00 g{)(vl) for every vertex v. Similarly, we define the
limit of the total vertex demands lim; e S 1(,’) for every vertex v and denote S ‘(/‘X’) = lim; 00 S 51).

To show that the converged vertex potentials ¢(*) are a solution to the Flow Problem, we
first show that the total vertex demands S converge as well.

Observation 4.3 (Total Demand Convergence): If the BFS converges, then the total vertex
demands converge as well.

14



4.4 Convergence

Proof. By structural induction over a flow tree G. Let u be a leaf vertex. Then we have

lim;_ 00 S(l) S.. Now let u be a non-leaf vertex and assume that for all children v of u, we
have that lim;_,o, S (V') =S ioo) is defined. Then we have

lim $\ = lim (S, + Z bw(giY,8))

i—o0
vec(u)

=Su+ ) limbw(g .57

vece(u)
=Sut 2, bwlim i Jim S

vec(u)

=Su+ ) bw(g™, 8

vee(u)
which is defined since ¢,§°°> and ${™ are defined by the induction hypothesis. a

We use this observation to show that the converged vertex potentials ¢(*) are a solution
to the Flow Problem.

Theorem 4.4 (BFS Convergence Solution): If the BES converges, then the limit vertex potentials
¢ are a solution to the Flow Problem and so the equation

Sv=F @™ ™) = > K@, 4

xec(v)
holds for every (u,v) € E.

Proof. If the BFS converges, then the limit of the vertex potentials f,oo) and total vertex
demands §$,°°) are defined for every vertex v by Observation 4.3. By definition of the forward
function, we can derive the following identity.

= w8
We use the definition of the Backward Sweep and rearrange.

S =5+ 37 bw(gy),8)

xec(v)
o S(l+1) Z bw((]s(l),SA)(cHl))
xec(v)

Using the definition of the backward function bw, we can rewrite the second term on the

right-hand side.

& Sp =S8 = X K8 fw(g, 5 ))

xec(v)

We use the definition of the forward function.

S S, = ﬁ(ff)f,"),fw(eb&”,éi"*”)) _ Z ﬁ)(¢§i),fw(¢§i),§£i+1)))

xec(v)
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4 Backward-Forward Sweep

Since ¢! converges to ¢(®) and $) converges to $(*), we can take the limit on both sides.

o S =B fw(d™ SEN) = D K@V fw(gy™ S5
xec(v)
o Sv=Fd™ ) = Y (@8, ¢
x€c(v)
We can conclude that ¢(*) is a solution to the Flow Problem. a

Theorem 4.4 shows that if the BFS converges, then the limit vertex potentials ¢(*) are a
solution to the Flow Problem. But it does not show that the BFS converges. This strongly
depends on the flow functions f, f. and the initial vertex potentials $© as we will see in
following chapters.

4.4.1 Epsilon Convergence

In practice, we do not compute the limit of the vertex potentials ¢(*), but instead stop the
BFS if the vertex potentials ¢ do not change significantly after an iteration. That means, we
choose a desired precision ¢ > 0 and stop the BFS if |¢Si) - ¢$,i_1)| < e for some i € N and all
v € V. If such an i exists, we say that the BFS e-converges to the vertex potentials ¢ ().

We take a look at the runtime of the BFS. The runtime of the BFS on a flow tree G =
(V,E, ¢, S, w) until e-convergence is denoted by Tgrs(G, €). We can see that the Backward
Sweep and Forward Sweep each visit every vertex v € V exactly once, which results in a
runtime of O(]V]) for each sweep. Running the BFS for i iterations until e-convergence results
in a total runtime of Tgrs(G, €) € O(i - |[V]). We do not provide a bound on the number of
iterations i until e-convergence, and leave this as an open problem for future research.
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5 Potential-Independent Backward
Functions

While the BFS is executed the same for all flow functions f}, f., its behavior strongly varies
depending on the given functions. In this chapter we take a look at a class of functions, where
the BFS solves the Flow Problem in one iteration. This class is defined by the property that
the backward function bw is independent of the vertex potentials ¢,. We say a backward
function bw is potential-independent if bw(dy, S, we) is independent of the vertex potential
¢y, that is
bw(Pu, Sy, we) = bw(¢), Sy, we)

holds for every ¢,, gb;,gv, we € R". In this case, we can define an equivalent function
bw’(Sy, we) = bw(¢u, Sy, we). Since we only defined this property in terms of the back-
ward function bw, it can be useful to show properties of the flow functions f,, f. that imply
the potential-independence of bw.

Observation 5.1 (Potential-Independent Flow Functions): If the outgoing flow function f, is
a function of the incoming flow function f. and the edge parameter w,, that is f,(¢u, v, we) =
9(fe(Pus v, We), we) for some function g : R* X R* — R", then the backward function bw is
potential-independent.

Proof. We use the definition of the backward function bw.

bw(¢u, gv’ We) = fp(Pus fw(du, gv’ We), We)
= g(fe(Pu, fw(Pus §v: We), We), We)
= g(SAv: We)

Therefore, the backward function bw is potential-independent, and we can define an equivalent
function bw’(S,, we) := g(ﬁv, We). a

Now that we have defined potential-independent backward functions and identified the
conditions under which they arise, we can show that the BFS runs in linear time for such
functions by showing that just one iteration of the BFS is sufficient to find a solution to the
Flow Problem.

Theorem 5.2 (Potential-Independent Convergence): If the backward functions bw is potential-
independent, the vertex potentials after one iteration of the BFS ¢V are a solution to the Flow
Problem.

Proof. By structural induction over a flow tree G we can show that S = §@)_ Let u be a leaf
vertex. We know that SA,ﬁl) =S, = 51(,2). Now let u be a non-leaf vertex and assume that for all
children v of u, we have S (Vl) = Sf,z). We conclude the following.

S =Syt Y. bw (S =8+ > bw(8P) =5

vec(u) vec(u)
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5 Potential-Independent Backward Functions

Therefore, we have S = §@),

A final structural induction over a flow tree G shows that ¢) = ¢(?). Let r be the root
vertex. We know that qﬁfl) = ¢£2)' Now let v be a non-root vertex and assume that for its
parent u, we have ¢1(,1) = ¢ff). With

W= fw(gl S = fwgl, S = ¢

we conclude that ¢V = ¢,
Using Theorem 4.2 we can conclude ¢! is a solution to the Flow Problem. a

With this result, it follows that the BFS runs in linear time for potential-independent
backward functions, since it only needs one iteration to find a solution to the Flow Problem.
That is, Tgrs(G, €) € O(i - |V]) = O(|V]).

5.1 Lossless Flow Functions

When choosing flow functions f}, fc an intuitive choice is to choose them such that no flow
is lost when sent from one vertex to another. We will see that these flow functions form a
subclass of potential-independent backward functions, and therefore the BFS finds a solution
to the Flow Problem after one iteration. To formalize, a set of flow functions f, f. is lossless if
the flow sent from u to v is equal to the flow received at v from u for every edge e = (u, v)
and all edge parameters w, i.e., the equation

Jp(Pu, pvo we) = fe(Pu, Pv, we)

holds for all vertex potentials ¢, ¢, and all edge parameters w,. If no flow is lost when sent
from one vertex to another, then the backward function bw should just return the total child
vertex demand S,. We see this in the following observation.

Observation 5.3 (Lossless Backward Function): If the flow functions f,, f. are lossless, then
the backward function bw is equal to the total child vertex demand S,, that is

bW(¢u, SAV; We) = gv .
Proof. Using the definition of the backward function bw we have

bw(¢ua gv: We) = ﬁ?(qsuafw((]ﬁu’ gv, We), We) = f;(¢u’fw(¢u:§m We), We) = gv .

From this, the next conclusion follows directly.

Corollary 5.4 (Lossless Convergence): If the flow functions f,, f. are lossless, the vertex poten-
tials after one iteration of the BFS ¢V are a solution to the Flow Problem.

Proof. By Observation 5.3 we know that bw is potential-independent. Using Theorem 5.2 we
can conclude ¢! is a solution to the Flow Problem. a

As a result, we can conclude that the BFS runs in linear time for lossless flow functions,
since it only needs one iteration to find a solution to the Flow Problem.
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6 Counter-Monotonic Backward/Forward
Functions

When looking at different flow functions f,, f., we can find that some function classes have
properties that allow us to solve the Flow Problem more easily. In Chapter 5 we looked
at potential-independent backward functions which allow us to find a solution to the Flow
Problem after one iteration of the BFS. In this chapter we look at another class of flow functions
fp> fc that are not as easy to solve as potential-independent backward functions, but still have
properties that allow us to show convergence of the BFS. That class of flow functions f, f. is
defined by a certain monotonicity property of the backward and forward functions bw, fw.

In detail, we require that the backward function bw is monotonically non-increasing
in its first argument and monotonically non-decreasing in its second argument. That is,
bw(¢u, Sy we) < bw(d., S, w)) if ¢, > ¢’ and S, < §’. We also require that the forward
function fw is monotonically non-decreasing in its first argument and monotonically non-
increasing in its second argument. That is, fw(¢u, Sy, we) < fw(@., S\, w’) if ¢, < ¢/, and
§V > .§; We call such a set of backward and forward functions bw, fw counter-monotonic
backward and forward functions. Further, the Flow Problem with counter-monotonic back-
ward and forward functions is called the Counter-Monotonic Flow Problem. We restrict the
Counter-Monotonic Flow Problem to be 1-dimensional, although the definitions can be ex-
tended to higher dimensions. Note that we do not state any requirements to the behavior of
functions when the edge parameter w, changes. Therefore, we omit the edge parameter as a
function argument in the following definitions, observations and theorems.

First, we show that the vertex values, such as total demands and potentials, are also
monotonic in the initial vertex potentials and vertex demands when the backward and forward
functions bw, fw are counter-monotonic.

Lemma 6.1 (Monotonic Vertex Values): Let G be an instance of the Counter-Monotonic Flow
Problem. Let S < S” be two assignments of vertex demands. If we initialize the vertex potential
such that $© > ¢ (), and the BFS converges to a solution of the Flow Problem for both
assignments of vertex demands S and S’, then the limit total vertex demands are less for S than
forS’, that is $©) < §'(®)_ Also, the limit vertex potentials are greater for S than for ', that is
P(®) > ¢'(=),

Proof. We show by induction over i that SH < 5" and ¢ > ¢ For the base case i = 0,
we have ¢(©) > ¢'(©) by assumption. For i € Ny, we show that S+ < §'(+1) jf () > 4'()
by structural induction over G. Let v be a leaf vertex.

5*,‘(/1'+1) — Sv < S; — 5*.;(1‘+1)

For a non-leaf vertex v, we assume that for all children x of v, we have SA,(CM) < A,,((Hl).

S =5+ 37 bw(gy),8)

xec(v)
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6 Counter-Monotonic Backward/Forward Functions

We use our assumption that S < §’.

<8+ > bw(gy,5")

xec(v)

We use the monotonicity of bw twice.

<5 3 bw(, 56
xec(v)
<Sp+ 3 bw(g ), 8 =5

xec(v)

Now we show that ¢‘(,i+1) > ¢’V(i+1) for every vertex v. Let r be the root vertex. We have
r(m) > ,(Hl) by assumption. Now let v be a non-root vertex and assume that for its parent
y P P

u, we have ¢1(4i+1> > ng,;(m). We use the monotonicity of the forward function fw and that
§(i+1) < §'(i+1)

D = pw(g?,85) > fw(g, D, Sy = ¢,

By induction, we have $®) < §'() and ¢© > ¢'( for every i € N. Because of the continuity
of the functions, the argument extends to the limit values, such that S (@) < §(®) and
P > @' (=), a

Lemma 6.1 shows an interesting connection between the vertex demands and the vertex
potentials of a solution to the Flow Problem when the backward and forward functions bw, fw
are counter-monotonic. But we did not yet show any convergence properties of the BFS
when the backward and forward functions bw, fw are counter-monotonic. In the following
theorem, we show an important property of the vertex potentials ¢ when running the BFS
that will later make it easier for us to show convergence.

Theorem 6.2 (Monotonic Vertex Potentials): Let G be an instance of the Counter-Monotonic
Flow Problem. If the initial vertex potentials ¢°) undersupply the total vertex demands, i.e.,

£@ 6 <80+ > S8l 1)

xec(v)

for every non-root vertex v with parent u, then the vertex potentials decrease after every iteration,
that is ¢ > ¢ for every i € Ny.

Proof. We show that ¢ > ¢{*1) by induction over i. For the base case i = 0 we define
.§‘(,0) = fc(gzﬁl(lo), ¢$,0)) for every non-root vertex v with parent u. We show that $(© < §(1) by
structural induction over G. For a leaf vertex v, we have Al(,o) = SAl(,l). Now let v be a non-leaf
vertex and assume that for all children x of v, we have SA,(CO) < SA,(CI). We use the monotonicity

of the backward function bw and the definition of S 1(,0).

SV =8, > bw(p”, 51

xec(v)

>S,+ > bw(gy”, )

xec(v)
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Using the definition of the backward and forward functions.

=Sv+ ), K@ fw@.5)

xec(v)

=0t 3, K@ w9 67))

xec(v)

=Sut . Sl 8"

xec(v)

We apply the theorem assumption.

> fi(p\, ¢L7) = 3

Therefore, we have $(© < (1)

We show that ¢(©) > ¢1) by structural induction over G. Let r be the root vertex. We know
that ¢r(0) = r(l). Now let v be a non-root vertex and assume that for its parent u, we have
¢,(40) > ¢,(41). We use the definition of the forward function fw and the definition of $ 50), then
apply the monotonicity of the forward function fw and that SO <5,

W= gl (0 80 = (@l S = fw(gy ) = g3

Let 71 > ¢ for some i € N. We show that ¢(?) > ¢+ By structural induction over
a flow tree G we can show that $@) < U1 Let v be a leaf vertex. We have §1(,l) =S, = SAim).

Now let v be a non-leaf vertex and assume that for all children x of v, we have 5,(Ci) < §,(ci+l). We
use the monotonicity of the backward function bw and the induction hypothesis ¢ =1 > ¢,

SW=s,+ > bw(g) T8 <80+ Y bw(pl, S =

xec(v) xec(v)

Therefore, we have S() < S+,

Another structural induction over a flow tree G shows that ¢! > ¢ Let r be the
(i) _ 4
r - r

root vertex. We have ¢ *1) Now let v be a non-root vertex and assume that for its

parent u, we have gbl(li) > ¢,§i+l). We use the monotonicity of the forward function fw and
that $@ < §(i+D),

Vo= w80 = (gl ) = gt
Therefore, we have ¢(?) > ¢+, a

The result of Theorem 6.2 is very useful to show that the vertex potentials ¢ converge to
a solution of the Flow Problem, since the only thing remaining is to show that the vertex
potentials are bounded below. Then the vertex potentials ¢ converge to a solution of the Flow
Problem by the Monotone Convergence Theorem.

Until now, we have only stated requirements for the backward and forward functions
bw, fw to show that the vertex potentials ¢ decrease after every iteration of the BFS. Since the
backward and forward functions bw, fw are defined in terms of the flow functions f,, fc, it is
useful to find conditions on the flow functions f,, f. that guarantee the required monotonicity
of the backward and forward functions bw, fw.
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6 Counter-Monotonic Backward/Forward Functions

Observation 6.3 (Counter-Monotonic Flow Functions): Let the incoming flow function f. be
monotonically non-decreasing in the first vertex potential ¢, and monotonically non-increasing
in the second vertex potential ¢, that is fo(¢y, 1) < fo(Pr. §7) if pu < §,, and ¢, > §',. Further,
let the outgoing flow function f, be monotonically non-increasing in the both vertex potentials

Pus P, i€, fo(Pu dy) < fo(@r, P,) if pu > ¢, and ¢, > ¢, Then the backward and forward
functions bw, fw are counter-monotonic.

Proof. Assume that ¢, < ¢/. We apply the monotonicity of f; and the definition of the
forward function fw.

fe( i fw(1s50)) = Sy = folPus fw(hus 1)) < fel s fw (s 1))

From this we can conclude that fw(¢,,$,) < fw(¢,,$,) because f. is monotonically non-
decreasing in its second argument. Assume that S, < S;,. We apply the monotonicity of f;
and the definition of the forward function fw.

fo(bus f(980)) = Sy < 8, = ful Bus fw(u S,))

From this we can conclude that fw(¢y,,S,) > fw(¢u.,S’) because f; is monotonically non-
increasing in its second argument. We can conclude that the forward function fw is monoton-
ically non-decreasing in its first argument ¢, and monotonically non-increasing in its second
argument ﬁv.

For the backward function bw, assume that ¢, < ¢;,. We apply the monotonicity of f, and
the definition of the backward function bw.

bw(bus ) = fo(us fW(Pus 1)) = fo (Bl fw(9, S)) = bw($L,S,)

Now assume that S, < §:, We apply the monotonicity of f, and the definition of the backward
function bw.

bw($us $v) = fo(bus fw(dus $0)) < fo(Bus fw (b S})) = bw (i, S))

From this we can conclude that the backward function bw is monotonically non-increasing in
its first argument ¢,, and monotonically non-decreasing in its second argument S,. Therefore,
the backward and forward functions bw, fw are counter-monotonic. a

These properties guarantee that the backward and forward functions are counter-monotonic.
But we will see that other flow functions f,, f. can also have counter-monotonic backward
and forward functions bw, fw.

6.1 Modified Power Flow

In literature, the BFS is often used to solve the AC-Optimal Power Flow Problem on radial
networks. The AC-OPF Problem is an electrical engineering problem that aims to satisfy
the power demands of a network [Cap16]. The vertex potentials ¢, € C represent complex
voltages at a vertex v and the edge weights w, € C represent the complex admittance of an
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6.1 Modified Power Flow

edge e. The vertex demands S, € C represent the complex power demand at a vertex v. Then,
the AC-OPF Problem on radial networks is equivalent to the 2-dimensional Flow Problem on
flow trees with a set of flow functions we call Power Flow functions. For an edge (u,v) € E,
the Power Flow functions are defined as follows.

o b wu) = Wi (190l = 1801 ") - 164l
fe(Pus G W) = wiy, ) - (|¢u| e =161 - 19

where © = arg(¢,) —arg(¢,) is the angle between the complex numbers ¢, and ¢, and W?u,v)
is the complex conjugate of w(y, ).

We simplify the Power Flow functions by assuming that the vertex potentials ¢, are non-
negative real numbers and the edge weights w, are equal to 1. Let the vertex demands S, also
be non-negative real numbers. This eliminates the complex numbers from the Power Flow
functions since the angle difference © is always zero and the complex conjugate of 1 is also 1.
We define the flow functions f, and f. of the Modified Power Flow as follows.

fb(d’u’ ¢V’ W(u,v)) = (¢u - ¢v) : ¢u
ﬁ(¢u’ ¢V’ W(u,v)) = (¢u - ¢v) : Si)v

We can see that the flow functions are independent of the edge weights w,, and thus we
omit them in the following. The resulting forward and backward functions fw and bw of the
Modified Power Flow are defined as follows.

fw(¢u,§v) = 452_u+ V%u _SV
2
bw(ﬁbu’gv) = (sz_u - \, % - SAV) “du

We can verify that these functions are indeed the forward and backward functions of the

flow functions f, and f; by showing that fi($u. fw(¢u,S1)) = Sv, fw(Bus fo($u $1)) = $u,
and bw(¢us Sy) = fj‘v(ﬁi’u’fw(‘ﬁua 5v)).

From now on, we assume that S > 0 such that every vertex is a consumer. Further, we
demand that every feasible instance of the Flow Problem with Modified Power Flow functions
has a solution where the vertex potentials are non-negative, i.e., ¢ > 0.

The first observation we can make is that the total vertex demands $() are non-negative
for every iteration i of the BFS because the vertex demands S are non-negative.

Observation 6.4 (Non-Negative Total Vertex Demands): Let the flow functions f, and f. be
the flow functions of the Modified Power Flow and fw and bw be the corresponding forward and
backward functions. IfS > 0 and ¢ > 0, then S0 > 0 for every iteration i of the BFS.

Proof. Let v be a leaf vertex. We know that §1(,i) =S, > 0. Now let u be a non-leaf vertex and
assume that for all children v of u, we have gﬁm) > 0.

Sit =5+ D bw(g),8Y)

vece(u)
(i) ()2 R B
u u A1 i
= Su + Z 9 - T - Sv : d)u
vee(u)
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6 Counter-Monotonic Backward/Forward Functions

Since S, > 0 and §(vi+1) > 0, the following inequality holds.

(i) (i)?

> L u .(i):()
‘Z 2 4 “

vee(u)

Since i was arbitrary, we have $) > 0 for every iteration i of the BFS. The argument also
applies to the limit vertex potentials $(*) > 0. a

From this observation we can derive some properties of the vertex potentials ¢. First, we
can show that the vertex potentials decrease when descending the tree from the root to the
leaves. This is similar to flow in electrical networks, where current flows from higher to lower
potentials.

Observation 6.5 (Decreasing Vertex Potentials): Let the flow functions f,, and f. be the flow
functions of the Modified Power Flow and fw and bw be the corresponding forward and backward
functions. For an edge e = (u,v) € E the parent vertex potential is greater than or equal to
the child vertex potential in every iteration, that is gbl(f) > f,i), if the vertex potentials are
non-negative.

Proof. We use the definition of the forward function fw, then we use Observation 6.4.

0 0 a0 (i) (i) ) (i) (i)2 "
i i i u u i M u ;
v = fw(dy ’SV):_Z + T—SV ST+ g 0

The same argument applies to the limit vertex potentials 1(100) > ¢‘(/°°). a

Further, we observe that the forward and backward functions fw(¢, S), bw(¢,S) are only

2 A
well-defined if % > S. We conclude that if the vertex potentials ¢ are a solution to the Flow
Problem with Modified Power Flow functions, then % > .§V for every edge e = (u,v) € E.
In Chapter 6, we have shown that the convergence of the BFS is easily proven if the
backward and forward functions are counter-monotonic. The following lemma shows that the

backward and forward functions of the Modified Power Flow are indeed counter-monotonic.

Lemma 6.6 (Modified Power Flow Counter-Monotonicity): The backward and forward func-
tions of the Modified Power Flow are counter-monotonic.

Proof. We show that bw(¢, S) is monotonically non-increasing in ¢ and monotonically non-

decreasing in S.
o 2 . 2 2 R
bw(¢’s>=(§‘\/¢?‘s)'¢=%‘¢' T8

Deriving with respect to ¢ gives us the following.

¢ ¢’

i $) =% -5 -

d¢ 2. ¢2_4.§
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6.1 Modified Power Flow

Since S > 0, the following inequality holds.

4
4 z.W

<¢-
=0
Therefore, bw(¢, $) is monotonically non-increasing in ¢. Let § < §’.

2 2 R
bwig$) = 2 L -8

¢2 ¢2 T U
< TS =meS)

Therefore, bw(¢$,$) is monotonically non-decreasing in S. Now we show that fw(¢,$) is
monotonically non-decreasing in ¢ and non-increasing in S. Let ¢ < ¢'.

8 =2 4T s
s% % S = fw(¢’,9)

A

Therefore, fw(¢, S) is monotonically non-decreasing in ¢. Let § < §’.

2 A~

fwig$) =2y [T s
¢ ()b S5, _ U
2o\ S = fw(¢,S")

Therefore, fw(¢,$) is non-increasing in S. All together, we have shown that the backward
and forward functions of the Modified Power Flow are counter-monotonic. a

Since the backward and forward functions of the Modified Power Flow are counter-
monotonic and thus fulfill the assumptions of Theorem 6.2, we can conclude that the vertex
potentials decrease after every iteration of the BFS if the initial vertex potentials undersupply
the total vertex demands. It remains to find such initial vertex potentials ¢(®) and show
that the vertex potentials (¢(i))i cN, are bounded below. Further, we have to show that the
backward and forward functions are well-defined for every iteration i of the BFS.

Theorem 6.7 (Modified Power Flow Convergence): Let f, and f. be the flow functions of
the Modified Power Flow as defined above and fw and bw be the corresponding forward and
backward functions. If we initialize the vertex potentials such that ¢‘(,0) = ¢, for every vertex v
and a non-negative solution to the Flow Problem exists, then the BFS converges.

Proof. By Lemma 6.6, the backward and forward functions of the Modified Power Flow are
counter-monotonic and thus fulfill the assumptions of Theorem 6.2. We show that the initial
vertex potentials undersupply the total vertex demands. Let v be a non-root vertex and u be
its parent.

£ B0 = fildribr) = fo(brnbr) = (b — 61) - = O
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6 Counter-Monotonic Backward/Forward Functions

Since there is no flow on any edge and the vertex demands are non-negative, all vertex
demands are undersupplied.

f@ ") =0<S =5+ > @4

x€c(v)

Because the initial vertex potentials undersupply the total vertex demands we can apply
Theorem 6.2 to conclude that the vertex potentials decrease after every iteration. It remains
to show that the vertex potentials are bounded below. For this, we show that ¢§” > ¢}, for
every vertex v, where ¢* > 0 are the vertex potential of a non-negative solution to the Flow
Problem with Modified Power Flow functions. We show this by induction over the iterations
i of the BFS.

If i =0, we have ¢§0) = ¢, = ¢;. From Observation 6.5, we know that the vertex potentials
of a non-negative solution decrease when descending the tree from the root to the leaves.
Therefore, qﬁ‘(,o) > ¢} holds for every vertex v.

Now assume that i > 0 and that ¢‘(/i) > ¢} holds for every vertex v. First, we show that
$(+1) < §* where S* are the total vertex demands of the non-negative solution ¢*. Let v be
a leaf vertex. We have §‘(,i+1) =S, = $*. Now let u be a non-leaf vertex and assume that for
every child v of u, we have S () < S*. We use the counter-monotonicity of the backward

function bw and the induction hypothesis.

Si =8+ Y bw(g). 5 <8y + ) bw(glS) =S,

vee(u) vee(u)

For the root vertex r, we have ¢£i+l) = ¢, = ¢;. Let v be a non-root vertex and assume that
for its parent u, we have ¢,(4’+1) > ¢7. We use the definition of the forward function fw and
S+ < §* Because fw is counter-monotonic, we can conclude the following.

S = fw(g ™, S = fwigy, S1) = 6

Finally, we must show that the backward and forward functions are well-defined for every
iteration i of the BFS. We have ¢,(f) > ¢ and .§‘(,i) < §* for every edge e = (u,v). For a non-
i)2 . i)2 .
negative solution ¢*, we have %”2 > $*. From this follows that % > Sf,l) and % = §‘(,l+1).
Therefore, the backward and forward functions are well-defined for every iteration i of the
BFS.
Finally, we know that for every vertex v the potentials ¢‘(,0) > d)‘(,l) > ... > @} converge toa

limit gb‘(,oo) > ¢} and therefore to a solution to the Flow Problem as proven in Theorem 4.4. @

From this we can conclude that the BFS converges for the Modified Power Flow functions
if we initialize the vertex potentials such that ¢1(,0) = ¢, for every vertex v and a non-negative
solution exists. Therefore, running the BFS on feasible instances of the Flow Problem with
Modified Power Flow functions, that is instances where a solution with non-negative vertex

potentials exists, will always converge to a solution. We sum this up in the following corollary.

Corollary 6.8 (Modified Power Flow Convergence): A non-negative solution to the Flow
Problem with Modified Power Flow functions exists if and only if the BFS converges when
initialized with (;51(,0) = ¢, for every vertex v. Furthermore, if the BFS converges, it converges to
the largest non-negative solution.
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6.2 Palm Trees

Figure 6.1: A palm tree P, , of height m and width n with root vertex p;. The vertices
P1,- - > pm form a directed path and the vertices [y, . . ., [, are leaves attached to the end of the
path.

Proof. Assume that a non-negative solution to the Flow Problem with Modified Power Flow
functions exists. Then, by Theorem 6.7, the BFS converges when initialized with qS‘(,O) = ¢, for
every vertex v. Further, that solution is the largest non-negative, since we chose the solution
¢* in Theorem 6.7 arbitrarily and ¢(*) > ¢*.

Now assume that no non-negative solution to the Flow Problem with Modified Power Flow
functions exists. We can show that the vertex potentials ¢*) of the BFS are still bounded

below by 0.
_ o (i) UL (i)
=P S = T T =S 2 B 20

This means that the vertex potentials ¢ ") would converge to a limit ¢(*) > 0 and therefore
a solution if the forward and backward functions are well-defined in every iteration. We
conclude, that there must be an iteration i where the backward function is not well-defined
2
o)

for an edge, that is ~4— < 5‘5"“) for some edge e = (u, v). a

This corollary shows that we can use the BFS with Modified Power Flow functions to solve
any instance of the Flow Problem with Modified Power Flow. If no solution exists, we will
detect this by the fact that the backward function is not well-defined for some edge in some
iteration of the BFS and can conclude that no solution exists.

6.2 Palm Trees

In this section, we take a closer look at a subset of flow trees that are particularly easy to
analyze. We define a palm tree P, , = (V,E) of height m > 2 and width n > 1 as a directed
tree with the following properties. The tree is composed of a directed path of length m and
n leaves attached to the end of the path. This results in V = {p1,...,pm} U{l1,..., I} and
E={(pipi+s1) |1 <i<m}U{(pm1;) | 1 £ j < n}. An illustration of a palm tree Py, , is
shown in Figure 6.1.
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6 Counter-Monotonic Backward/Forward Functions

We now focus on flow trees G = (V, E, ¢,, S, w) where the underlying directed tree is a
palm tree Py, ,. Furthermore, we assume all non-leaf vertex demands to be zero, i.e., Sy, = 0
for every 1 < i < m. The leaves all have the same demand S;, = s/n for every 1 < j < n
and some s > 0. Since all leaves have the same demand, we can conclude that their vertex
potentials are equal, i.e., ¢;;, = ¢; forevery 1 < j < n.

We are trying to find the maximum value for s such that the instance is still feasible. Because
the demand at every path vertex p; is zero, the incoming flow at p; is equal to the total outgoing
flow to p;41 for 1 < i < m. From this, we can conclude that the difference between the vertex
potentials of two consecutive path vertices is constant.

f;«'(¢Pi—1’ ¢Pi) = fj>(¢Pi’ ¢Pi+1)
< (¢Pi—1 - ¢Pi) ’ ¢Pi = (¢Pi - ¢Pi+l) ’ ¢Pt

We divide both sides by ¢,,, which we assume to not be 0, since this is only possible if s = 0.
If s = 0 the solution is trivial with ¢, = ¢, for every vertex v.

A ¢Pi—l - ¢Pi = ¢Pi - ¢Pi+1

We denote the difference between the vertex potentials of two consecutive path vertices by
0 = ¢p, — ¢p,,, for 1 < i < m. From this, we can derive the vertex potentials of the path
vertices in terms of ¢, and 6. The potential at each path vertex p; is ¢, = ¢, — (i — 1) - 6 for
1 < i < m. Further, we can derive the vertex potentials of the leaf vertices in terms of ¢, and

J.

Observation 6.9 (Leaf Vertex Potentials): The solution vertex potential at each leaf vertex l; is
¢l:¢r—(m+%—1)‘5.

Proof. For p,, the incoming and outgoing flow must be equal, since the demand at p,, is zero.

Fe@om s Do) = D fo (Do B1,)
j=1

& Bpms = o) Bom = Do = $1,) - $pim
=1
We divide both sides by ¢,,,, which is not 0 for the same reason as above.
And Ppms ~ Pom = Z(¢pm - ¢1)
=1

Since all leaf vertex potentials are equal, we can simplify the right-hand side and substitute
the left-hand side for §.

e §=n-(¢p, — 1)
o
A ¢l:¢pm_;

We substitute ¢, with ¢, — (m —1) - 6.

& ¢l:¢r_(m+%—l)-5
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6.2 Palm Trees

Now that we know all vertex potentials in terms of ¢, and §, we can derive the maximal
value for s such that a solution to the Flow Problem exists.

Theorem 6.10 (Maximum Value of s): The maximal value for s such that a solution to the Flow
7

Problem exists is Spay = —F/—5—.
max = ;eI )

Proof. The incoming flow at each leaf [; is calculated as follows.

(b 1) = (¢pm—¢l>-¢l=§-(¢,—(m+%_1) .5)

To maximize the incoming flow and thus s, we can derive the incoming flow with respect to §

and set it equal to zero.
v d (6 1
235 fmei ) o)

We apply the product rule to the left-hand side.

o ettt ot

Multiplying both sides by n and rearranging gives us the following.

o 0:¢r—2-(m+l—1)-5
n
We solve for 6.
=N 5:—¢r
2-(m+1-1)

Substituting this value for § into the expression for the incoming flow shows us that this is
indeed a maximum. We can now calculate the maximal value for s.

Smax = NI * f0(¢pm’ ¢’l)

—ne 2[4 (me 2 -1) ]
s forferi

We substitute the value for § into the expression.

b (qﬁr _ ﬂ)
2-(m+1-1) 2
__
4-(m+1-1)
This concludes the proof that the maximal value for s such that a solution to the Flow Problem
exists is Spax = ﬁ. Therefore, every instance with s > sy, must be infeasible and no
solution exists. a
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6 Counter-Monotonic Backward/Forward Functions

The upper bound for s derived in Theorem 6.10 reveals that the maximum demand s,y is
proportional to the square of the root potential ¢,. Further, sy, decreases with increasing
height m of the palm tree. This is intuitive, as a longer path from the root to the leaves has
more edges and thus more losses, which reduces the maximum demand that can be satisfied
at the leaves. On the other hand, s,y increases with increasing width n of the palm tree. This
is due to the fact that the total demand is distributed among more leaves, which reduces the
demand at each individual leaf and thus allows for a higher total demand to be satisfied.
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7 Non-Tree Graphs

When only looking at directed trees, the Flow Problem is not as complex as on general rooted
directed graphs because every non-root vertex has exactly one parent. That means that the
total demand S of a vertex must be completely satisfied by the incoming flow from its only
parent. When looking at all DAGs, the total vertex demand $ can be supplied by multiple
parents. The added complexity lies in the question of how to distribute the total demand S
among the incoming flows from the parents.

We have to redefine some of the definitions from Chapter 3 to account for this added
complexity. First, we define a flow DAG G = (V, E, ¢,, S, w) similarly to flow trees, but now
(V,E) is a DAG instead of a directed tree. Further, the excess flow at a vertex v is now the
sum of the incoming flows minus the sum of outgoing flows and thus calculated as

Z Sw—u_ Z Sv—)x'

uep(v) xec(v)

Our goal is still to find vertex potentials such that the excess flow at each vertex satisfies its
demand exactly. So, given a flow DAG G = (V, E, ¢,, S, w) and flow functions f;, f., the Flow
Problem is to find vertex potentials ¢ such that for every vertex v € V the equation

S, = Z Syeu— Z Syox

uep(v) xec(v)

holds and the root potential equals ¢,. By using the definitions of the send and receive
functions, we can rewrite this equation as

S, = Z ﬂ(¢u>¢v’w(u,v))_ Z ﬁ)(¢v:¢xaw(v,x))

uep(v) xec(v)

to get an equivalent definition depending on the vertex potentials ¢.

7.1 Routing

To solve the question of how to distribute the total demand S among the incoming flows
from the parents, we introduce a routing function or routing p. This function determines the
fraction of the total demand S of a child v that is supplied by an edge from a parent u. To
formalize this, we define a routing function p : E — [0, 1] such that for every non-root vertex
v the total vertex demand § is fully distributed among the incoming flows from the parents,
ie, Yyep(v) P((uv)) = 1. We will shorten p((u, v)) to p(u, v) for better readability.

From this definition, we can conclude that p(e) = 1 for all edges e in a flow tree, since every
non-root vertex has exactly one parent and thus the total demand § is fully supplied by the
incoming flow from its only parent. For flow DAGs, the routing function p can be used to
distribute the total demand S among the incoming flows from the parents. A visualization of
an example routing function is shown in Figure 7.1.
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7 Non-Tree Graphs

Figure 7.1: Example of a routing function p for a flow DAG. The vertex v has three parents
from which it receives flow. Its first parent supplies most of the total demand S, as suggested
by the size of the incoming edge. The routing values add up to 1.

We now use the routing function p to generalize the definition of the forward and backward
functions fw, bw from Chapter 3 to account for the distribution of the total demand S. Since p
determines the fraction of the total demand S of a child v that is supplied by an edge e = (u, v),
we know that the following equation must hold for a solution of the Flow Problem.

ﬁ(d’u, ¢v: We) = P(e) : év

We can again solve this for the vertex potential ¢, of the child v and define the forward
function fw for flow DAGs.

fw(gus ple) - Svowe) = ¢y

As in Chapter 3, the forward function fw and the receive function f, are inverses in the
second argument and satisfy the following equations.

fe(@us fw(u, p(e) - gv: We), We) = p(e) - gv’ Fw(us fo(Pus Pvs We), We) = ¢y

Then, we can use the forward function fw to define the backward function bw for flow DAGs.

bw(qsv’ p(e) : §v’ We) = f})(d’v, fw(¢u’ P(e) : gv’ We), We)

Note that these definitions are very similar to the definitions of the forward and backward
functions fw, bw for flow trees and in the next sections, we will see that they also behave
similarly. Still, we cannot yet solve the Flow Problem on flow DAGs since the BFS from
Chapter 4 breaks down in the Forward Sweep when we calculate multiple potentials ¢, for
a vertex v with multiple parents. Because the calculated potentials can be different, simply
setting ¢, to one of them can lead to a state where the forward function fw does not apply to
the other incoming edges. This problem extends to the limit vertex potentials as well, which
then are no longer a solution to the Flow Problem. We solve this problem by introducing the
concept of a split graph in the next section.

7.2 Split Graph

Flow DAGs are more complex than flow trees because a vertex can have multiple parents. We
can simplify the problem by converting a flow DAG G into a flow tree G° by splitting every
vertex with multiple parents. We call such a vertex a join vertex. To convert G into a flow
tree, we define splitting G at a vertex v. We denote this operation as G o v and define it as
follows. Let G, be the induced subgraph of v in G. For each parent uy, ..., ux of v, we create
a copy G ...G¥ of the induced subgraph G,. The split G o v is then defined as the graph
(G\ G,) UGL U ---U Gk with edges (u;, v;) for all 1 < i < k, that is, we remove the induced
subgraph G, and connect each parent u; to its corresponding copy v; of the original vertex v.
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7.3 Routed Backward-Forward Sweep

Figure 7.2: Example of a flow DAG G with a join vertex v and its induced subgraph G,. The
graph G o v obtained by splitting the join vertex v. The split graph G° is obtained by splitting
all remaining join vertices in G o v. The graphs show how the routing function p is extended
to G o vand G°.

We call the vertices vy, ..., vk the split vertices of v. The demands and edge parameters of the
resulting graph are copied from the original graph G. If a routing p is given, we can define
p° on G o v by defining p°(u;, v;) := p(u;, v) for all 1 < i < k and copying the routing for all
other edges. Note that p° does not sum to one for the incoming edges of the split vertices v;
and is therefore not a routing. However, Y%, p°(u;, v;) = 1 still holds.

We define the split graph G° of a flow DAG G as the graph obtained by repeatedly splitting
vertices with multiple parents until every non-root vertex has exactly one parent. We do this
in bottom-up order to avoid cloning an unsplit join vertex. An example of a flow DAG G and
its split graph G° is shown in Figure 7.2. The split graph is unique for a given flow DAG G
and is a flow tree. Note that the size of the split graph can be exponential in the size of the
original flow DAG G since every vertex with multiple parents and its induced subgraph are
cloned for each parent.

We use the split graph to define a modified Backward-Forward Sweep that can solve the
Flow Problem on flow DAGs when a correct routing is given.

7.3 Routed Backward-Forward Sweep

Given a flow DAG G = (V,E, ¢,, S, w), flow functions f,, fc, and a routing function p, we
can use the routed forward and backward functions fw, bw from Section 7.1 to construct an
iterative algorithm that solves the Flow Problem. We modify the Backward-Forward Sweep
from Chapter 4 to incorporate the routing p. Furthermore, in the Forward Sweep, we must
additionally account for the fact that a vertex can now have multiple parents since the regular
Forward Sweep only calculates the vertex potential based on one parent. We fix this by
preprocessing the flow DAG G into its split graph G° thereby ensuring that every vertex has
at most one parent.

The Backward Sweep is still performed in the same way as before, but now we use the
§£i+1)

backward function bw for routed flows to calculate the total vertex demand of a vertex

u in iteration i + 1. This results in the formula

S =5, > bw(@ powv) - 55, wi)

vee(u)
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7 Non-Tree Graphs

for every non-root vertex u.

Since we preprocessed the flow DAG into the split graph G°, the Forward Sweep is also
performed in the same way as before, but using the forward function fw for routed flows to

calculate the vertex potential ¢1(,i+1) of the child v in iteration i + 1.

S = fw(dd™™, p () - SE, W)

We do this for every non-root vertex v with parent u.

The Routed Backward-Forward Sweep (RBFS) is defined as the splitting of the flow DAG G
into the split graph G° followed by the repeated execution of the modified Backward and
Forward Sweep. We execute these sweeps until the vertex potentials ¢?) converge to a
solution of the Flow Problem. As in the Backward-Forward Sweep, we must initialize the
vertex potentials ¢?) before the first iteration.

We define the limit of the vertex potentials ¢(®) and total vertex demands $(*) as with the
regular BFS, that is, if the limit values exist for every vertex of the split graph G°, we define
¢ = lim_eo ¢V and $¢*) := lim; 0o S Also, we define the e-convergence of the RBFS
in the same way as with the regular BFS and get a runtime of Trpps(G, €) = Tprs(G®, ¢) €
O(i - |V°|) where |V°| is the number of vertices in the split graph G° and i is the number of
iterations until e-convergence.

Since the RBFS runs on the split graph G° and not on the original flow DAG G, we will later
show how we can use the limit values ¢(*) and $(®) to get a solution of the Flow Problem on
the original flow DAG G. As with the regular BFS, we can show that if the RBFS converges, it
converges to a solution of the Flow Problem. The proof is similar to the proof of Theorem 4.4
but uses the definitions of the backward and forward functions bw, fw for flow DAGs.

Theorem 7.1 (RBFS Convergence Solution): If the RBFS with routing p converges and for every
vertex v in G with split vertices vy, ..., vk in G° we have gi)l(,loo) == ¢1(,:°) and SA&OO) ==
§‘(,k°°), then the limit vertex potentials (™) give us a solution to the Flow Problem on the original
flow DAG G, that is, the equation

D AC R e B SN A TN

uep(v) x€c(v)

holds for everyv e V.

Proof. If the BFS converges, then the limit of the vertex potentials ¢1(,°°) and total vertex
demands S ‘(/oo) are defined for every vertex v. We can derive the following identity for an edge

(u,v).

) = Fw (s, p°(u,v) - S)
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7.3 Routed Backward-Forward Sweep

Let v be a vertex in G with split vertices vy, ..., vk in the split graph G°. We use the fact that

p is a routing and p° is defined as p°(u;, v;) = p(u;, v). We define gb&oo) = 1(,100) =...= gbl(,koo)
and §1(,°°) = §1(,1°° )=...=§ ﬁ:o) This means that the potential of the vertex v in the original

flow DAG G is defined as the potential of its split vertices v; in the split graph G°.
k k
3 = plusv) - 80 = Z p° (us,vi) - S
i=0 i
- chwf:"),f (@0 () - S

i u"o), ¢(°°)

i=0
We translate this back to the original flow DAG G.
= > L@ 90
uep(v)

Now, we use the definition of the Backward Sweep and rearrange.

S =s5,+ 3T bw(gy, p°(vx) - SY)

xec(v)
& Sy =8 = > bw(gl p(nx) - S
xec(v)

Using the definition of the backward function bw, we can rewrite the second term on the
right-hand side.

o S=80 = S RV, w9, p(v.x) - SD))

x€ec(v)

Since ¢! converges to ¢(*) and ) converges to $(*), we can take the limit on both sides.

=S = Y K@ fw@ e (%) - S

x€ec(v)

= Se= ) LG = D H@e)

uep(v) x€c(v)

We can conclude that a solution to the Flow Problem on the original flow DAG G can be
obtained from the limit vertex potentials ¢(° of the RBES on the split graph G° by choosing
an arbitrary copy of a vertex and using its potential in the original DAG G. a

When including the routing function p and using the forward and backward functions
for routed flows, the other previous results such as the solution property of Theorem 4.2,
the properties of potential-independent and counter-monotonic functions of Chapter 5 and
Chapter 6 can be similarly proven for the Routed Backward-Forward Sweep as well. Also,
properties of the Modified Power Flow functions of Section 6.1 such as Theorem 6.7 and
Corollary 6.8 still hold for the Routed Backward-Forward Sweep. The modified proofs are
similar to the original proofs, but substitute the total vertex demands S with the routed total
vertex demands p - § and use that the routing function adds to one for the incoming edges of
a vertex.
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7 Non-Tree Graphs

S

Vjoin V1 V2 V3

Figure 7.3: A disjoint flow DAG G with a join vertex vjo;, and the three components Gy, G, Gs.
Its split graph G° shows the split components.

In Theorem 7.1, we stated the condition that the limit vertex potentials and total demands
must be equal for all split vertices of a join vertex v, that is, 1(;0) == ‘(,:o) and §1(,f°) =

s = §‘S,<°°). This is not satisfied for all possible routings. We call a routing p that satisfies
this condition a correct routing. Since the routing function p is not part of an instance of the
Flow Problem, we must first find a correct routing p for a given flow DAG G = (V, E, ¢,, S, w)
and then use the Routed Backward-Forward Sweep to solve the Flow Problem on G. In the
following, we show how to do this for a subclass of flow DAGs.

7.4 Disjoint Flow DAGs

In this section, we construct an algorithm to solve the Flow Problem on a restricted class
of flow DAGs to later use this algorithm as a subroutine in a more general algorithm. Let
G = (V,E, ¢, S, w) be a flow DAG with flow functions f,, f. and counter-monotonic backward
and forward functions bw, fw. We restrict G to have only one join vertex v;,;, with k parents
Ui, ..., ur and no children. Further, we demand that all paths from the root r to vj,;, are
pairwise disjoint, that is, they share no edges. We call this a disjoint flow DAG. The i-th path
from the root r to vje;n is the path that contains u;. A disjoint flow DAG where the join vertex
Vjoin has k parents admits k components Gy, . .., Gy that are connected only by the root r and
the join vertex vjoin. If (7, u;, .. ., Vjoin) is the i-th path from the root r to the join vertex vjin,
then the component G; is defined as the union of the root 7, the edge (r, u;), and the induced
subgraph G, of the vertex u; following the root on the i-th path. On the split graph G°, the
component G; contains the split vertex v; instead of the join vertex vj,;,. An example of a
disjoint flow DAG and its split graph is shown in Figure 7.3. Because these components share
only the root r which has a fixed potential ¢,, and the join vertex v;,;, which has a fixed
total demand § viom» the behavior of the RBFS for a given routing on each component G; is
independent of the other components.

To solve the Flow Problem on a disjoint flow DAG G = (V, E, ¢,, S, w), we split G at the
join vertex vj,i, to get its split graph G°. Note that the size of G° is only linear in the size of
G since we only split one vertex with no children. Because the instance of the Flow Problem
does not provide a routing, we observe some properties of p that help us find a correct routing.
First, we show that the limit vertex potential of a split vertex v; is monotonic in the value of
p(ui, Vjoin) and therefore independent of the other routing values. In detail, we show that
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if we increase the routing value p(u;, vjoin) for a parent u; of the join vertex vjo;n, then the
vertex potential ¢1(,l°°) of the corresponding split vertex v; in the split graph G° decreases. The
proof for this is very similar to that of Lemma 6.1 because increasing p(u;, vjoin) is essentially
the same as increasing the total vertex demand.

Lemma 7.2 (Routing Monotonicity): Let G be an instance of the Counter-Monotonic Flow
Problem and a disjoint flow DAG with join vertex vjoin With parents uy, ..., u; and let G° be
its split graph. Let p, p’ be two routings on G and ¢D, ¢’ () be the vertex potentials during the
RBFS with routing p and p’, respectively. If the RBFS converges and is initialized equally for both
routings, then gbg) < ¢,V§i) if and only if p(uj, Vjoin) = p’(Uj, Vjoin).

Proof. Assume p(uj, Vjoin) = p’(Uj, Vjoin). By the definition of the split graph, we have
p°(uj,vj) = p'°(uj,vj). Since the components Gy, ...,Gy of G are independent, we can
analyze the behavior of the RBFS on the component G; separately. Therefore, we only look
at vertices v of G; and show that gbvi) < qﬁ,‘,(i). For i = 0, we have ¢ < ¢'(®) by assumption
that the RBFS is initialized equally for both routings. Assume that g{)(vi) < /v(i) holds for
some iteration i. We first show that §1(4i+1) > SA,;(M) holds for the total vertex demands in
iteration i + 1. For this, we perform a structural induction over the vertices of G;. Let u be
a leaf. We have 5‘,2"“) =S, = Sﬁ””. Now, let u be a non-leaf vertex of G; and assume that

§1(,i+1) > SA;,(HI) holds for all children v of u.

§£i+1) =S5, + Z bW(ngl(,i),po(u, V) - §1(}1'+1))

vee(u)

We use the counter-monotonicity of the backward function bw and the induction hypothesis.

2SS b ) 1) = 500

vee(u)

Analogously, we can show that ¢,(1i+1) < gb,;(iﬂ) holds for the vertex potentials in iteration
i+ 1.

i = fw(gyt, p(pu) - S

We use the counter-monotonicity of the forward function fw and the induction hypothesis.
< fw(gy" " (pow) - S = 6

Therefore, we have ¢§"> < (ﬁ;(i) for all vertices v of G; and by taking the limit, we have ¢5°°) <
gi)v(oo). Swapping the roles of p and p’, we get that ¢1(,j°) > gi)vj.oo) if p(uj, Vjoin) < p'(U), Vjoin)-
The equivalence follows directly from these two statements. a

This lemma shows that the vertex potential gbl(,]oo) can be controlled by increasing or de-
creasing p(uj, v;). That means, we can guess a routing p and then use the RBFS to figure out
how to modify the routing values to get a correct routing. We use this, to find a routing where
all potentials of the split vertices vy, .. ., v are equal. Because these vertices are leaves, their
total vertex demands are always equal and such a routing is already correct.
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Figure 7.4: One iteration of the binary search for finding a balanced routing on a disjoint
flow DAG with join vertex v. p(uy, v) is set to the midpoint of the current search interval and
p(uz, v) is set to the remaining value. After running the RBFS with this routing, we compare
the vertex potentials 1(,100 ) and gbl(;o) to decide whether to increase or decrease p(uy, v).

7.4.1 Routing Search Algorithm

We base our algorithm on the following idea. Assume we have two split vertices vy, v, and
know the sum of the routing values R := p(u1, Vjoin) +p (U2, Vjoin) but not how to distribute this
sum among the two edges (u1, Vjoin) and (ug, Vjoin). By using the monotonicity of the vertex
potentials ,,1 ) and ¢‘(,2°°) in the routing values we can find a routing where qﬁ(oo) l(,zoo).
We do this by performing a binary search on the routing value p(u1, vjoin) € [0,R] and
assigning the remaining value to p(uz, Vjoin) = R — p(u1, Vjoin). To decide whether to increase
or decrease p(uy, Vjoin), We can compare the vertex potentials ¢‘(,f° ) and gbf,zoo) after having run
a RBFS with the current routlng If (;3(00) ngl(,:o), Lemma 7.2 tells us that we must decrease
p(u1, Vjoin) to increase (f)vl ). Simultaneously, this will increase p(uz, vjoin) and thus decrease
¢‘(,2°°). An illustration of one iteration of this binary search is shown in Figure 7.4.

If there exists a distribution of the routing values such that ¢(°°) gbl(,:o), then this binary
search will find it. On the other hand, if no distribution of the routing values exists such
that ¢(°°) ¢1(;o), then the binary search will converge to a routing where p(u1, vjoin) = 0 or
p(u2, Vjoin) = 0. This happens when the routing sum R is too small. We will later prove these
statements.

The search is an infinite process that converges to a correct routing. In practice, we can
stop the search when the difference between the routing of the last iteration and the current
iteration is smaller than a given threshold &,;, > 0. Note that this is not directly related to
the e-convergence of the BFS and RBFS from Section 4.4.1, and we must choose ¢p;, and &
independently. The relationship between ¢,;, and ey f, is not trivial and is left open for future
work.

If the join vertex vjo;n has exactly two parents, we can set R := 1 and get a correct routing.
We generalize this to a join vertex v;,;, With k parents by recursively applying the binary
search to match the vertex potentials of more and more split vertices. For a parent vertex u;,
the idea is to fix all previous routing values and finding a distribution of the remaining routing

values such that gz’)(oo) = ¢1(,k°°). Then, we step to the previous parent vertex u;_; and find
a distribution of the remaining routing values such that (]51(::) =...= qSl(,kw). By repeating this

process, we ultimately find a correct routing,.
Beginning with the first split vertex v;, we know that the sum of the routing values
is Ry := 1. Therefore, we binary search for a routing value p(u1, vjoin) € [0, Ri] such that

‘(/;x’) =... = ¢1(/:O)' For the i-th split vertex v;, the sum of the remaining routing values must be
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R; := Ri—1 — p(ui-1, Vjoin), and we try to binary search for a routing value p(u;, vjoin) € [0, R;]

such that gbvioo) == ngikoo). We do this very similarly to the binary search for two split
vertices. Assume that we already have d)&fl) =-.. = (;51(,20), and we want to find a routing

(0)
7

value p(u;, Vjoin) to match the vertex potential ¢1(,f’°) to the others. If ¢, " < ¢1(,f’:) Lemma 7.2

tells us that we must decrease p(u;, Vjoin) to increase ¢‘(f°) This will simultaneously increase
the sum of the remaining routing values Ri;; = R; — p(uj, Vjoin). Since the rest routing has

changed, we must find a new distribution of the remaining routing values to match the vertex
()

Vieps o> 5:0) If at any point we do not find a distribution of the remaining routing

potentials ¢

values such that qS‘(,:) =... = ‘(,:o), we must decrease p(u;, Vjoin) because the remaining
routing R;i1 is too small. Repeating this process will lead to a distribution of R; such that
1(,?0) == (V:o) This results in Algorithm 7.1 which we call the Routing Search on a disjoint

flow DAG G.

Algorithm 7.1: RoutingSearch
Input: G = (V, E, ¢,, S, w) disjoint flow DAG, routing p, i < k

1 if i = k then
2 p(uk, Vjoin) — Ry
3 L RoutedBFS(G, p)
4 else
5 low « 0, high <« R;
6 | whiled!™ # ¢ do
p (Ui, Vjoin) < (low + high)/2
3 RoutingSearch(G,i+ 1)
9 if ¢i<°°) < ¢l<f1’) then
10 | high « p(u;, Vjoin)
1 else
12 | L L low« p (Ui, Vjoin)

It remains to show the correctness of the Routing Search. We assume that all RBFSs
converge. For this we take a closer look at the remaining routing R;. First, we show that the
vertex potentials of a correct distribution of the remaining routing R; are monotonic in R;.

Lemma 7.3 (Remaining Routing Monotonicity): Let G be an instance of the Counter-Monotonic
Flow Problem and a disjoint flow DAG with join vertex vjoin With parentsus, . .., ux. Furthermore,
let R;, R] be two sums of routing values for a fixed i and let ¢(®), ¢'(®) be limit vertex potentials
with routing values R; and R;, respectively. If we find a distribution for both R; and R; such that

l(,fo) =-..= ngS:o) and ¢,‘,§°°) =...= qﬁ,‘,,(coo), then the following equivalence holds. gng’) > (/5;500)
if and only if R; < R;.

Proof. Assume R; < R]. The definition of the remaining routing guarantees that R; =
lezip(uj, Vjoin) and R; = Zi?:ip’(uj, Vjoin)- Because R; < R}, there must exist a j such that
p(Uj, Vjoin) < p'(Uj, Vjoin). By Lemma 7.2, we have ¢1(,;>°) > (;S/VE.OO). Since we have ngl(,lm) = ngl(;")

and ¢'v§oo) = /Vf.oo), we can conclude that (]551 ) > (]5/‘,500). Swapping the roles of R; and R;, we
get the other direction of the equivalence. a
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Now, we explore the case that there is no distribution of the remaining routing R; such that
f,fo) == gbl(,koo) . In this case, we can want to show that the remaining routing R; is too

small.

Lemma 7.4 (Small Remaining Routing): Let G be an instance of the Counter-Monotonic Flow

Problem and a disjoint flow DAG with join vertex vj,i, with parents uy, ..., uk. If there is no
distribution of the remaining routing R; such thatqﬁ‘(,fo) == ¢)1(,k°°), then the remaining routing

R; is too small.

Proof. Assume that there is no distribution of the remaining routing R; such that (]51(,100) =
)

.. Because of the

(00) . That is, for every value of p(u;, Vjoin) € [0, R;], we have qﬁ <) 4 ¢v,+
contmulty of the values, two cases can occur. First, qu,fo) < ¢1(::) for all p(u;, vjoin) € [0, R;].
Therefore, this also holds for p(u;, vjoin) = 0 where ¢‘(,f°) is maximal and ¢1(/,? is minimal
for all distributions of R; by Lemma 7.2. Second, ¢‘(,f° > gbV:) for all p(u,, Vioin) € [0,R;].
Again, this also holds for p(u;, vjoin) = R; where d)f,l is minimal and ¢V+1 is maximal for
all distributions of R;. In both cases, we can conclude that the remaining routing R; must be
increased to find a distribution such that ngffo) = ¢, a

Vit1

Note that if no correct distribution of the remaining routing R; exists, the Routing Search
will converge to a routing where p(u,, V]oin) = 0 or p(u;, Vjoin) = R; since the comparison
of the vertex potentials ) and ¢V+1 will always yield the same result. With this, we
show that if a correct distrlbutlon of the remaining routing R; exists, and we can solve

‘(,:) == ng(OO) recursively, then we find the correct distribution of the remaining routing

such that 45(00) - = l(,koo).

Lemma 7.5 (Routing Subsearch): Let G be an instance of the Counter-Monotonic Flow Problem

and a disjoint flow DAG with join vertex vjoin With parents us, ..., ux. Assume a distribution
of R; exists such that ¢(°°) = ¢£k°°) and we can find a correct distribution of R;1 or detect

if none exists for all Ry, € [0, Ri]. Then, the Routing Search finds such a distribution of the
remaining routing R;.

Proof. We know that a correct distribution of R; exists such that ¢1(,l°°) =...= 1(,:0) Then the
routing value of the edge (u;, vjoin) must satisfy p(u;, vjoin) € [0, Ri]. Let p(u;, vjoin) be the
current routing value and p*(u;, vjin) be the correct value.

Assume, we can find a distribution of the remaining routing Riy1 = R; — p(;, Vjoin) such

that ¢1(,ff1) =... = ¢(V:°) If ¢(v100) < ¢V+1 , we can conclude that p(u;, vjoin) > p*(ti, Vjoin) by
Lemma 7.2 and Lemma 7.3. Thereby, we eliminate all routing values greater than the current
value. Analogously, if ¢1(,f’° ¢V+1 , we can conclude that p(u;, Vjoin) < p* (i, Vjoin) and
eliminate the lower values.

Now assume, there is no distribution of the remaining routing R;;; such that ¢(°°) =

Viel

¢,(,k°°). By Lemma 7.4, R;4 is too small, so we have p(u;, Vjoin) > p* (Ui, Vjoin)-
Choosing the midpoint of the remaining interval and repeating this process will converge

to the correct routing value p* (u;, Vjoin)- a

This gives us all we need to show the correctness of the algorithm.

Theorem 7.6 (Routing Search Correctness): The Routing Search finds a correct routing p for a
disjoint flow DAG G with join vertex Vjoin wWith parentsus, ..., ux if and only if such a routing
exists.
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Proof. For i = k — 1 we find a correct distribution of Ri_; if one exists by binary searching
p(Ur—1,Vjoin) € [0, Rk_1]. This follows from Lemma 7.2, Lemma 7.3 and the correctness of
the decisions in the binary search. If no distribution exists, Lemma 7.4 shows how to detect
this. We use Lemma 7.5 as the induction step and conclude that we can correctly distribute R;
if such a distribution exists.

Therefore, we find a routing such that qﬁ(vlm S ‘(,:o). The limit total vertex demand of
all split vertices is equal to S,. Theorem 7.1 tells us that this is a correct routing p and the
RBES converges to a solution. If no correct routing exists, the Routing Search cannot find one
and Lemma 7.4 tells us how we can detect this case. a

With the correctness of the Routing Search, we can now solve the Flow Problem on a
disjoint flow DAG G by finding a correct routing p. The resulting vertex potentials when the
Routing Search finds a correct routing p are then a solution to the Flow Problem on G by
Theorem 7.1.

At the beginning of this section, we assumed that every RBFS converges. When using the
Modified Power Flow functions of Section 6.1, this does not pose a problem since Corollary 6.8
guarantees convergence if a solution exists. If not, we know that the backward or forward
functions are not defined for an edge e and some iteration i. Let that edge e lie in the j-th
component and with Lemma 7.2, we can conclude that the routing value p(uj, vjoin) is too
big which we can use in the routing search.

We take a look at the runtime of the Routing Search. If we run the binary search for each
routing value p(u;, vjoin) With a precision of &;,,, the RBFS runs (’)(log(ﬁ)) times. Because
we have k parents of the join vertex v;,;,, we nest the binary search k — 1 times and run the
RBES for each iteration. This results in a total runtime of O (log*™! (ﬁ) - Trers(G, €)) where
¢ is the precision of the RBFS.

7.5 Nested Disjoint Flow DAGs

In the previous section, we showed how to solve the Flow Problem on a disjoint flow DAG G
with exactly one join vertex v;,i,. A question we answer by solving a disjoint flow DAG is
what the total demand at the root r is if we know the total demand at the join vertex vjoin
and the root potential ¢,. This is exactly the question the backward function bw answers for
a single edge as seen in Figure 4.1. So, we can abstract the disjoint flow DAG G with join
vertex Vi, to a single edge (, vjoin) and use the algorithm as a blackbox that solves the
Flow Problem on this abstracted subgraph. Whenever we would normally call the backward
function bw for the edge (7, vjoin), We instead solve the Flow Problem on the disjoint flow
DAG G and get the correct total demand at the root . An illustration of this is shown in
Figure 7.5.

Calculating the vertex potentials in the next Forward Sweep will then update the root
potential of G, and we have to solve the Flow Problem on G again. We will see that this
abstraction can be used to solve the Flow Problem on a wider class of flow DAGs, we call
nested disjoint flow DAGs or nested disjoints.

An inductive definition of a nested disjoint reveals why we are interested in this class of
flow DAGs. Every flow tree is a nested disjoint. If G is a nested disjoint and (u, v) is an edge in
G, then the flow DAG G’ that is obtained by replacing the edge (u, v) with a disjoint flow DAG
with join vertex v and root u is also a nested disjoint. An example of such a construction is
shown in Figure 7.6. We denote the initial flow tree as Gy, and note that Gy is unique for every
nested disjoint G. Any edge (u, v) that is replaced in this process admits a unique smaller
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Figure 7.5: Illustration of a Backward Sweep on a flow tree where some edges are replaced
by disjoint flow DAGs. The subgraphs are colored red when they are not yet solved in the
Backward Sweep and green when they are solved. The process solves theses subgraphs in
a bottom-up manner and uses the resulting total demands at the roots of the subgraphs to
continue this process until it reaches the root of the flow tree.

Go G
0]

Figure 7.6: Construction of a nested disjoint G. We begin with the flow tree G, and replace
an edge with a disjoint flow DAG. Then, we replace an edge in that disjoint flow DAG with
another disjoint flow DAG twice. Disjoint flow DAGs are highlighted in the same color as the
edge they replace.

nested disjoint in the final nested disjoint. It is the inclusion-maximal connected subgraph
rooted in u where v is a sink. This is also a nested disjoint, and we denote it as G, ,. Intuitively,
we can think of G, ,, as the nested disjoint that replaces the edge (u, v) by iteratively replacing
edges in it with disjoint flow DAGs.

We also provide a non-inductive definition of nested disjoints. Let G = (V, E, ¢, S, w) be
a flow DAG with counter-monotonic backward and forward functions bw, fw. Every join
vertex Vjoin admits a set of ancestors where paths from the root r to v;e;y, split and later join
again in vj,;,. We call these ancestors fork vertices or forks, and they are defined as follows.
Let u be an ancestor of v;,;,. Vertex u is a fork vertex if there exist at least two disjoint paths
from u to vjoin. Figure 7.7 shows examples of fork vertices.

To use the algorithm from Section 7.4.1, we have to ensure that we can find disjoint flow
DAGs in the given flow DAG that we can abstract to a single edge. For this, we demand that
every fork vertex u fulfills the following property. If u is a fork vertex of two join vertices
v1 and v, then every pair of paths pq, p2, where p; goes from u to v; and p, goes from u to
v, must be disjoint. Flow DAGs where every fork vertex satisfies this property are nested

42



7.5 Nested Disjoint Flow DAGs

r r/ r//
V3 Vs
V4
V1 V2

Figure 7.7: Three nested disjoints with colored join vertices. Their fork vertices are high-
lighted in the same color as the corresponding join vertex. Note that the vertices can be fork
vertices for multiple join vertices. The first nested disjoint shows that a join vertex like v; can
have multiple fork vertices. The third nested disjoint is a nested disjoint even though the root
is a fork vertex of both v4 and vs since all paths from u to v4 and u to vs are disjoint.

V2

V1

Figure 7.8: A flow DAG that is not a nested disjoint. The root r is a fork vertex for both join
vertices vy and v,. Since there is a path from v, to vy, this flow DAG is not a nested disjoint.

disjoint flow DAGs. Figure 7.7 shows three examples of nested disjoints. A counterexample of
a flow DAG that is not a nested disjoint is shown in Figure 7.8. It should be noted that nested
disjoints are flow DAGs where the underlying undirected graph is series-parallel without
multi-edges, and the edges are oriented such that the root is the source and the leaves are the
sinks. Undirected series-parallel graphs are all graphs with treewidth 2, and we can always
direct their edges to obtain a nested disjoint flow DAG.

The first definition of nested disjoints emphasizes how they can be solved like flow trees
by solving the disjoint flow DAGs with a modified version of the algorithm from Section 7.4.1
as a subroutine akin to the backward function used for a single edge. Thus, we propose the
following algorithm to solve the Flow Problem on a nested disjoint flow DAG G.

7.5.1 Nested Backward-Forward Sweep
Let G = (V, E, ¢,, S, w) be a nested disjoint flow DAG with counter-monotonic backward and

forward functions bw, fw. We modify the Routed Backward-Forward Sweep from Section 7.3
as follows.
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We abstract the given nested disjoint G to the original flow tree Gy from the inductive
definition of nested disjoints. In the Backward Sweep, we traverse G, in a bottom-up manner.
For every edge (u, v) in Gy that is not replaced by a nested disjoint, we calculate the flow that
is sent from u to v as before.

bw(g”, S

If (u, v) is replaced by a nested disjoint G, ,, assume we can solve the Flow Problem on G,, ,,
with our blackbox where we fix the vertex potential ¢L(,i) and simulate the vertex demand at
vertex v to be its total demand in G, ie., S/, := SA‘(,iH). Consider a solution to the Flow Problem
on Gy, with these fixed values. Then, we can calculate the outgoing flow from u into G, ,
as follows. The vertex u has multiple children vy, ..., vy, in G, ,. We set Sl(,lm), .. .,SA‘(EU to
be the total vertex demands of the solution to the Flow Problem on G, ,. We do this for all
vertices of G, . Then, we can calculate the total flow that is sent from u into G, ,, as follows.

m . .
D bw(g”,55)
j=1

This term can be used to replace the term bw((/ﬁl(f), §$,i+l)) in the Backward Sweep.
In the Forward Sweep, we traverse Gy in a top-down manner. For edges (u, v) that are not
replaced by a nested disjoint, we calculate the vertex potentials as before.

Note that in this case, the routing p for (u, v) is 1 since no child of u is a join vertex. If (u, v)
is replaced by a nested disjoint G, ,, we calculated a solution to the Flow Problem on G, , in
the Backward Sweep. We use the vertex potentials of this solution as the vertex potentials of
the vertices in G,,,, in the next iteration ¢**"). Because the vertex potentials and the total
vertex demands are a solution to the Flow Problem, the formula

D = Fw(e*, p(pc) - S5

holds for all vertices ¢ # u in G,,, where p is an arbitrary parent of c.

As with the Routed Backward-Forward Sweep, we have to initialize the vertex potentials
¢ and repeat this process until the vertex potentials ¢} and total vertex demands §)
converge. We call this algorithm the Nested Backward-Forward Sweep or Nested BFS. As with
the Routed Backward-Forward Sweep, we show that if the Nested BFS converges, then the
limit vertex potentials ¢(*) are a solution to the Flow Problem on G.

Lemma 7.7 (Nested BFS Convergence Solution): Let G be an instance of the Counter-Monotonic
Flow Problem and a nested disjoint flow DAG. If we can solve the Flow Problem on every nested
disjoint G, encountered in the Nested BFS and the algorithm converges, then the limit vertex
potentials ) are a solution of the Flow Problem on G.

Proof. We show that the limit vertex potentials ¢(* are a solution to the Flow Problem on
G. To do this, we show that the limit vertex potentials ¢ () fulfill the following equation for
every vertex vin G.

D AC R e B PN A TN

uep(v) x€c(v)
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If v is part of a nested disjoint Gy, encountered in the Nested BFS and v # y the equation
holds since we assumed that we can solve the Flow Problem on Gy, . If v is the lowest join
vertex of a nested disjoint Gy, ,, we know that we solved the Flow Problem with the simulated
vertex demand S, = $) The solution on Gy, v gives us the following.

S, =S = > £ 65

uep(v)
The total vertex demand SAéoo) is calculated as follows.

xec(v)

=Syt > L@ @ p(nx) - S

xec(v)

If (v, x) is part of a nested disjoint, we found a solution on that nested disjoint. If (v, x) is not
part of a nested disjoint, the following holds by definition of the forward function fw.

=Su+ D K6

xec(v)

Substituting this into the previous equation and rearranging, we get the desired result.

Se= D L@ = DT L0865

uep(v) xec(v)

If vis not part of a nested disjoint, the equation holds with the same argument as in Theorem 4.4.
This covers all vertices in G and we can conclude that the limit vertex potentials ¢(*) are a
solution to the Flow Problem on G. a

It remains to show how we can solve the Flow Problem on G, , by providing a working
blackbox. To do this, we modify the Routing Search from Section 7.4.1 to recursively solve
the Flow Problem on the smaller contained nested disjoints.

7.5.2 Nested Routing Search

Let Gy, be a nested disjoint found in the Nested BFS. Because G, , is not necessarily a disjoint
flow DAG, but only a nested disjoint, we have to treat all contained nested disjoints as single
edges and solve them recursively with the same approach. For this, we abstract G, ,, to a
disjoint flow DAG G;, , which is the original disjoint flow DAG that was used to replace the
edge (u,v) in Gy. We modify the Routing Search as follows. Normally the Routing Search
would run the RBFS on the split graph G, ,,, but because G, is not necessarily a disjoint flow
DAG, we run the Nested BFS on the split graph of the abstracted graph G,;,..

It can happen that a nested disjoint in G, ,, contains v as a join vertex. An example of this is
shown in Figure 7.6. In this case, the vertex v in G}, , has fewer parents than in G, . Therefore,
instead of assigning each routing value of the incoming edges of v that were collapsed into a
single edge in G, ,, we assign a single routing value and use it as the total routing sum R;
in the Routing Search for the contained nested disjoint. We call this algorithm the Nested
Routing Search.

We now show that the Nested Routing Search finds a solution of the Flow Problem on a

nested disjoint G, , if such a solution exists.
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DAG found in the Nested BFS on an instance G of the Counter-Monotonic Flow Problem. Let all
Nested BFSs converge. If and only if a solution to the Flow Problem on G, exists, then the Nested
Routing Search finds it.

Theorem 7.8 (Nested Routing Search Correctness): Let G, € G be a nested disjoint flow

Proof. We prove this by structural induction on G, ,. If no edge in G, , is replaced by a
nested disjoint to form G, then G, , is a disjoint flow DAG and the Nested Routing Search
is equivalent to the Routing Search. By Theorem 7.6, the Routing Search finds a solution to
the Flow Problem on G, , if and only if such a solution exists. Now, assume that the Nested
Routing Search finds a solution on every nested disjoint G,/ ,» # Gy, that is contained in
Gy,v- By Lemma 7.7, the Nested BFS converges to a solution to the Flow Problem on G;, ,..
Lemma 7.2 and Lemma 7.3 still hold for the Nested BFS. Therefore, we can apply the same
binary search as in the Routing Search to solve the Flow Problem on G, ,.. a

With this theorem and the previous results, we can conclude that if the Nested BFS con-
verges, it finds a solution to the Flow Problem on any nested disjoint G. We sum this up in a
corollary.

Corollary 7.9 (Nested BFS Correctness): Let G be an instance of the Counter-Monotonic Flow
Problem and a nested disjoint flow DAG. If the Nested BFS converges, then the limit vertex
potentials $') are a solution of the Flow Problem on G.

Proof. This follows directly from Lemma 7.7 and Theorem 7.8. a

When working with the Modified Power Flow functions of Section 6.1, we can guarantee
convergence of the Nested BFS if a solution exists. This follows from Corollary 6.8 and
Theorem 7.9.
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In this chapter, we evaluate the theoretical results for the Backward-Forward Sweep on
the Flow Problem with Modified Power Flow functions. We empirically investigate the
convergence behavior of the BFS and analyze how it is affected by the structure of the flow
tree, the vertex demands, the root potential, and the convergence precision.

To conduct these experiments, we first describe methods for generating feasible instances
of the Flow Problem. We then focus on palm trees introduced in Section 6.2 for which we
derived an upper bound for the demand. In particular, we study the influence of the demand,
the height and width of the palm tree, the root potential, and the convergence threshold on the
number of iterations required for e-convergence. Finally, we evaluate the Routing Search and
the Nested Backward-Forward Sweep for small instances of disjoint flow DAGs and nested
disjoint flow DAGs, respectively, and analyze how they are affected by the structure of the
graph.

8.1 Generating Feasible Instances

To test and analyze solution algorithms like the BFS for the Flow Problem with Modified
Power Flow functions, it is useful to generate feasible instances of the Flow Problem. When
generating such instances, one might try to set the vertex demands S directly and then
compute the vertex potentials ¢ of a solution. We will not focus on this approach, since the
connection between vertex demands and the feasibility of the instance is not straightforward.
This leads to the problem that we might generate vertex demands S for which no feasible
solution exists. Instead, we can generate the vertex potentials ¢ and then compute the supplied
vertex demands S. This section describes different methods to generate such vertex potentials.

If we want to have a fixed root potential ¢,, we can generate the vertex potentials in a
top-down manner while guaranteeing that the resulting vertex demands S are non-negative.
We will see that some resulting instances are harder to solve than others depending on the
choice of the vertex potentials.

If we do not care about the root potential ¢,, we can generate the vertex potentials in a
bottom-up manner while setting the leaf potentials as we choose.

8.1.1 Top-Down-Generation

If we want to guarantee an upper bound for the vertex potentials, we can fix the root vertex
potential and generate the vertex potentials in a top-down manner. Let the root vertex r
have a potential ¢, > 0. For every child x of r, we can uniformly choose arbitrary potentials
0 < ¢x < ¢y, ie., P ~U([0, pr]). We can generate the vertex potentials ¢, for every vertex
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v in a top-down manner. Let v be a non-root vertex with parent u and edge e = (u, v). Let
¢u, $, be known vertex potentials. We generate the vertex potentials ¢, for every child x of v
as follows. For the demand S, to be non-negative, we must satisfy the following condition.

0< > fldud) = D, fr(dnde)

uep(v) x€c(v)
o 0 D Gu=0) dv= Y, (G =6
uep(v) xec(v)

Dividing both sides by ¢,, which is non-negative by assumption, we get the following.

& 0< D Gu=9) = D, ($v=¢)

uep(v) x€c(v)

Rearranging the terms gives us the following.

e D, b2 (kW +1pM) ¢ = D du

xec(v) uep(v)
To generate the vertex potentials for a child x of v uniformly at random, we can conclude that
(leWI+1pW)) - $v = Zuep(v) Pu
Px 2
le(v)]

must hold for every child x of v. Since the right-hand side can be negative, we define the
lower bound ¢y, for the vertex potentials of the children of v as follows.

(leWI+1pW)]) - v = Zucp(v) Pu
le(v)]

Pmin := max {0,

We sample the vertex potentials ¢, for every child x of v uniformly at random from the
interval [Pmin, Pv], i-e., P ~ U([Pmin, Pv]). To show that this interval is well-defined, we
have to show that ¢pin < ¢y. If dmin = 0, this is true by our assumption that ¢, > 0. We now
assume the other case and use the fact that ¢, > ¢, for all u € p(v) as by Observation 6.5.

b = (eI +1pW)I) - v = Zuep(v) Pu 2 UeMI+1pMI) - év = IpM)1 - 6
o le(v)] - le(v)]

Note that this method does not generate all feasible instances on a given flow graph, since we
sample the vertex potentials for all children of a vertex v from the same interval [Pmin, ¢, ].
This excludes cases where the vertex potentials are heavily unbalanced, i.e., some children
have very low vertex potentials while others have very high vertex potentials.

=¢,

8.1.2 Epsilon-Top-Down-Generation

The last section describes a method to generate vertex potentials in a top-down manner,
but does not give us much control over the magnitude and spacing of the generated vertex
potentials. In this section, we modify the method from Section 8.1.1 to give us more control
over the generated vertex potentials. Let the generation of the vertex potentials be as in
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Figure 8.1: BFS-iterations i until 10~8-convergence and the solution total demand of the root
vertex 5,(00) as a function of the sampling parameter ¢ = ¢; = ¢, for a complete binary tree
of height 8. The root vertex potential is set to ¢, = 1. The left y-axis shows the number of
BFS-iterations, and the right y-axis shows the solution total demand.

Section 8.1.1, but we modify the intervals from which we sample the vertex potentials. We
define two parameters ¢, ¢, € [0, 1] with ¢ < ¢,. We now sample between from the ¢ and
&, fractions of the original interval. That is, for each child x of v, we sample its potential
uniformly from the following interval.

[¢min; ¢v]£7 = [¢min + (va - ¢min) €, ¢min + (¢v - d’min) : gu]

For the children x of the root r, we sample their potentials uniformly from the following
interval.

[O: ¢r]?; = [¢r €l ¢r : Eu]

Varying the values of ¢; and ¢, gives us more control over the magnitude of the generated
vertex potentials. For example, sampling with a high value of ¢ will result in higher average
value of the vertex potentials.

We begin by simplifying this and always setting ¢; = ¢, and observe the impact of this
parameter on the e-convergence speed of the BFS.

Figure 8.1 shows the number of iterations i until convergence and the solution total demand
of the root vertex §r(°°) as a function of the sampling parameter ¢ = ¢; = ¢, for a fixed flow
graph. We can see that the number of iterations i are maximal for ¢ ~ 0.56. This is consistent
with the maximum of the roots total demand _§,(°°) of the solution and indicates that the BFS
converges slower for instances with higher total demand.

To support this observation, we now vary both parameters ¢ and ¢, independently and
observe the impact on convergence speed of the BFS. Figure 8.2 shows the number of iterations
i until convergence and the solution total demand of the root vertex Sr(oo) as a function of the
sampling parameters ¢ and ¢, for a fixed flow graph. Again, we can see that the number of
iterations i are maximal when the solution total demand of the root vertex §,(°°) is maximal.
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Figure 8.2: The left figure shows a heatmap of the maximum BFS-iterations i over 100 runs
until 107%-convergence as a function of the sampling parameters ¢ and ¢, for a complete
binary tree of height 8. The heatmap is scaled logarithmically. The right graphic shows a
heatmap of the solution total demand of the root vertex §r(°°) for the corresponding run in the
left graphic as a function of the sampling parameters ¢ and ¢, for a complete binary tree of

height 8.

8.1.3 Bottom-Up-Generation

While generating potentials top-down guarantees an upper bound for the potential of the root
vertex, we can also focus on fixing the leaf potentials. For that, we begin by setting the leaf
potentials as we choose. Then, we can generate the vertex potentials for the parent vertices
in a bottom-up manner. From the last section, we know that for a vertex v, the following
condition must hold for the demand S, to be non-negative.

D, $uz (cMI+pMD)-¢v= > ¢x

uep(v) x€c(v)

To generate the potential of u uniformly at random, we divide both sides by |p(v)| and get
the following lower bound for the potential of u.

. (eI +1pW)]) - $v = Zvee(v) $x
‘T lp(v)

Among all children v of u, we take the maximum of these lower bounds to guarantee that the
resulting vertex demands S are non-negative. Using this, we can define a lower bound ¢
for the potential of u.

¢ .~ max | (lC(V)l + |P(V)|) . ¢V - erc(v) ¢X
e vece(u) |p(V)|

}

We can now sample the potential of u uniformly at random from the interval [pmin, oo]. This
process can be repeated until all vertex potentials are generated.
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Figure 8.3: BFS-iterations i until e-convergence as a function of the demand s for four different
palm trees Py, , and root vertex potentials ¢,. The x-axes are scaled to spax for each palm tree.
The y-axes are scaled logarithmically.

8.2 Palm Trees

In Section 6.2, we introduced palm trees, which are a special class of flow trees composed
of a path with m vertices and n leaves attached to the last vertex of the path. We derived an
upper bound for the demand s that can be satisfied at the leaves of a palm tree P,, , with root
vertex potential ¢, in Theorem 6.10. With this upper bound for s, we can generate feasible
instances of the Flow Problem with Modified Power Flow functions on palm trees Py, ,,. First,
we analyze the convergence speed of the BFS on these instances by measuring the iterations i
of the BFS until e-convergence for different values of s < sy, while varying the height m,
width n and root vertex potential ¢, of the palm tree P, ,,.

As we can see in Figure 8.3, the number of iterations i until e-convergence increases as
s approaches spax. When comparing the different plots, we can see that the variation of
the height m and width n does not change the e-convergence speed of the BFS significantly.
Oppositely, the variation of the root vertex potential ¢, has a significant impact on the
e-convergence speed of the BFS such that the number of iterations i until e-convergence
increases as ¢, increases. When comparing the first and last plot, we can see that the number
of iterations i almost increases by a factor of 10 when increasing the root vertex potential
¢ from 1 to 10. A notable observation is that the shape of all curves is very similar, which

51



8 Evaluation

Pm, 10, ¢r=1,€= 1078,s = Smax

4760
4740
4720
= 4700
4680
4660 -

4640

Figure 8.4: BFS-iterations i until e-convergence as a function of the height m of the palm
tree. The demand s is set to syax for each palm tree. The x-axis is scaled logarithmically.
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Figure 8.5: BFS-iterations i until e-convergence as a function of the width n of the palm tree.
The demand s is set to sy, for each palm tree.

indicates that the e-convergence speed of the BFS is mainly determined by the ratio s/smax
and not by the absolute value of s, since sy,y is different for each shown palm tree. Because
the y-axes are scaled logarithmically, we can conclude that the e-convergence speed of the
BFS is just scaled between different palm trees by some factor independent of the ratio s/spax.

To see the impact of m and n more clearly, we now fix all parameters of the palm tree P, ,
except for m and n and vary them. As seen in Figure 8.4, the number of iterations i until
e-convergence increases very slowly as m increases. Figure 8.5 shows that the number of
iterations i until e-convergence only decreases as n increases. This means, we can approximate
the impact of n on the e-convergence speed of the BFS by a constant factor.

In the previous analysis, we fixed the value of ¢ to 1078, Now, we vary the value of ¢ and
observe its impact on the e-convergence speed of the BFS. Doing this, the number of iterations
i until e-convergence increases as ¢ decreases. This is intuitive, since the BFS is executed
equally for all values of ¢ but stops earlier for larger values of e. We can quantify the impact
of e. When measuring the iterations i until e-convergence for different values of ¢, we observe
a linear relationship between the number of iterations i until e-convergence and the value of
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P10,10, ¢r=1,5 = Smax

Figure 8.6: BFS-iterations i until e-convergence as a function of ¢. The demand s is set to
Smax for each palm tree. Both axes are scaled logarithmically.

Figure 8.7: A disjoint flow DAG with w = 3 and h = 2. Note that h describes the number of
vertices between root and join on each path, not the number of edges.

¢ on a logarithmic scale. The slope of this linear relationship is —%, which indicates that the
number of iterations i until e-convergence is inversely proportional to v/e. This is shown in
Figure 8.6.

8.3 Routing Search

In Section 7.4.1, we introduced the Routing Search to find a correct routing for a given disjoint
flow DAG. Now, we evaluate the Routing Search empirically and analyze how it is affected by
the structure of the graph. For this, we use disjoint flow DAGs made up of parallel paths of
equal length, which are joined at the source and sink vertices. This gives us two parameters
to vary, the number of parallel paths w and the length of the paths h. An example for such a
disjoint flow DAG is shown in Figure 8.7.

When analyzing the Routing Search on these disjoint flow DAGs, we can measure two
quantities. First, the amount of times i;¢; the BFS is executed during the Routing Search.
Second, the sum of the number of BFS iterations over all executions during the Routing Search.
We denote this quantity as izozq1-

As we can see in Figure 8.8, the number of times iy, the BFS is executed during the Routing
Search only increases minimally as the path length h increases. We suspect that this increase
is due to the relationship between ¢p;, and &, as stated in Section 7.4.1.
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Figure 8.8: The left figure shows the number of times i,rs the BES is executed during the
Routing Search as a function of the path length h. This is shown for different numbers of
parallel paths w. The right figure shows the sum of the number of BES iterations iz, Over
all executions during the Routing Search as a function of the path length h. This is shown for
different numbers of parallel paths w. Both y-axes are scaled logarithmically and the values
of iy s and issq1 are an average over 20 runs. The vertex potentials are generated using the
method described in Section 8.1.1 with root potential ¢, = 1. The binary search precision &;,,
is set to 107! and the BFS precision epfs is set to 1077,

On the other hand, the sum of the number of BFS iterations i;,;q over all executions
during the Routing Search increases more significantly as the path length h increases. This
is intuitive, since the BFS takes more iterations to converge for longer paths. Both plots
show that the number of parallel paths w has a much more significant impact on the values.
Between the different values of w, the values of i, s and i;o;q increase by approximately a
factor of 10 for each additional parallel path. This is consistent with the theoretical results in
Section 7.4.1, where the number of times iy s, the BFS is executed during the Routing Search
lies in (’)(logw_l(ﬁ)).

8.4 Nested Backward-Forward Sweep

We proposed the Nested Backward-Forward Sweep (NBFS) as a generalization of the BFS for
nested disjoint flow DAGs in Section 7.5.1. As a proof of concept, we implemented the NBFS
and now evaluate it empirically and analyze how it is affected by the structure of the graph.

For this, we introduce two families of nested disjoints. We define recursively nested disjoints
N; and series nested disjoints S; as shown in Figure 8.9. We do this to analyze the impact of
the number of nested levels and contained nested disjoints on the number of iterations i;;4;
of the NBFS.

Figure 8.10 shows that the number of iterations i;44; of the NBFS increases exponentially
as the number of nested levels k increases for recursively nested disjoints N;. This is to be
expected, since solving N; requires solving N;_; in every iteration of the NBFS. On the other
hand, the number of iterations i;o;4; of the NBFS increases approximately linearly as the
number of contained nested disjoints k increases for series nested disjoints S;. This is the
expected behavior, since solving S; involves solving S i times in each iteration of the NBFS.
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8.4 Nested Backward-Forward Sweep

Figure 8.9: The left graph shows the base case for both recursively and series nested disjoints
Ny and Sp. The center graph shows the recursively nested disjoint N; where an edge has
been replaced by a recursively nested disjoint N;_;. The right graph shows the series nested
disjoint S; as a series of S;_; and S.
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Figure 8.10: The left figure shows the sum of NBFS iterations i;y;q; over all executions during
the NBFS as a function of the number of nested levels i for recursively nested disjoints N;. The
right figure shows i;,,4; as a function of the number of contained nested disjoints i for series
nested disjoints S;. The total iterations is;, contain all iterations of all NBFS executions
during the NBFS, including the executions of the NBES in the Routing Search. The left y-axis
is scaled logarithmically and the values of i;,;, are an average over 20 runs. The vertex
potentials are generated using the method described in Section 8.1.1 with root potential ¢, = 1.
The binary search precision &, is set to 1071° and the BFS precision & s 18 set to 1077,
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Note that we only evaluated the NBFS for a very small number of nested levels and contained
nested disjoints, since the number of iterations i;,;,; increases very quickly and becomes

computationally expensive.
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9 Conclusion

This thesis studied the Backward-Forward Sweep (BES) as a general algorithmic framework
for solving flow problems on networks. We abstracted from the electrical interpretation of the
BFS and formalized the notations of flow functions, forward and backward functions, vertex
potentials, and total vertex demands.

For flow trees, we showed that the BFS computes a solution whenever its vertex potentials
converge. We further considered two classes of flow functions. For potential-independent
backward functions, the total vertex demands do not depend on the current vertex potentials,
and the BFS finds a solution after a single iteration. For counter-monotonic backward and
forward functions, we established monotonicity properties of the vertex potentials and total
vertex demands. These properties guarantee that the BFS converges if the initial vertex
potentials undersupply the vertex demands and the vertex potentials are bounded below.

We applied this framework to the Modified Power Flow functions, which are a simplification
of the AC power flow equations used in practice. Their backward and forward functions
are counter-monotonic. Consequently, when a non-negative solution exists and the vertex
potentials are initialized with the root potential, the BFS converges to a solution. If no such
solution exists, the algorithm detects this through an undefined backward or forward function.
The analysis of palm trees further illustrated how the structure and demands of an instance
influence feasibility and convergence.

We also extended the Flow Problem from directed trees to directed acyclic graphs. Since
vertices in a directed acyclic graph can have multiple parents, we introduced routing functions
and split graphs. The resulting RBFS solves the problem on the split graph when a correct
routing is given. For disjoint flow DAGs, we developed a Routing Search that uses the
monotonicity of the vertex potentials to find a correct routing. Finally, we combined these
ideas recursively in the Nested BFS and showed how it can solve Flow Problems on nested
disjoint flow DAGs. These are directed acyclic graphs whose underlying undirected graphs
have treewidth at most 2.

The results demonstrate that the BFS is not limited to its traditional application in radial
electrical networks. Its framework can be studied independently of a specific physical flow
model and can be extended to more general network topologies. At the same time, the
convergence of the BFS depends on the concrete choice of flow functions, initialization, and
feasibility of the instance.

9.1 Future Work

Several questions remain open. First, the convergence results could be strengthened by
deriving explicit convergence rates and by identifying weaker conditions than counter-
monotonicity. In particular, it would be valuable to determine an upper bound for the number
of iterations required for the BFS to converge depending on the instance parameters. In
Section 8.2 we observed that number of iterations is mainly influenced by the vertex demands
of the instance. Although we only considered Palm Trees, we suspect that the main factor
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influencing the convergence speed on general graphs are the total vertex demands of the
solution. Based on this, it would be interesting to study the convergence speed of the BFS
in relation to the magnitude and distribution of vertex demands, e.g., if the demands are
concentrated near the root or the leaves.

Second, we only considered a subclass of directed acyclic graphs where the routing for
every join vertex can be found independently of other join vertices. General directed acyclic
graphs require a more sophisticated routing search that considers the interactions between
join vertices.

Third, the relationship between the precision of the binary search and the precision of the
BFS could be studied in more detail. This would help in understanding how the choice of
precision affects the overall performance and convergence of the algorithm.

Finally, the practical performance of the Nested BFS could be improved. At the moment,
the algorithm requires solving the Flow Problem for complete contained nested disjoints. This
is not necessary in every case as solving the Flow Problem on just the paths from fork vertices
to the leaves while aggregating the total demands of other parts beforehand is sufficient.
This reduces the number of subgraphs nested in other subgraphs and therefore the number
of times the Flow Problem must be solved. Also, when binary searching the routing in the
Routing Search algorithm many values are calculated multiple times. This could be improved
by eliminating routings that are known to be incorrect and reusing previously computed
values.
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