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Abstract

A geometric embedding of a graph is an assignment of positions to vertices such that vertices
are positioned “close” to each other if and only if they are connected. They have been an
important tool in various fields of studies. Network scientists use hyperbolic and weighted
geometry to generate graphs with properties of real-world social networks. In machine
learning, one is interested in learning latent space representations of graphs such that the dot
product between positions of vertices represents their similarity.

Both applications use social network graphs, thus it is of interest how well we can translate
between the underlying geometric embeddings. However, almost no comparisons like this
have been done. We make progress on this problem by comparing weighted, dot product and
ball embeddings of graphs.
In this thesis, we show that under certain assumptions there is no universal translation

from 𝑑-dimensional dot product embeddings to 𝑑-dimensional weighted embeddings. Then
we turn our attention to dot product and ball graphs and compare their random graph models.
To do this, we define what it means for one random graph model to be a generalization up to
constant factors of another random graph model. This definition is inspired by the relation of
geometric inhomogeneous random graphs (GIRGs) to hyperbolic random graphs proven by
Bringmann et al. [BKL19]. We prove that (𝑑 + 1)-dimensional random dot product graphs
generalize 𝑑-dimensional random ball graphs up to constant factors and vice versa.

Zusammenfassung

Eine geometrische Einbettung eines Graphen ist eine Zuordnung von Positionen zu Knoten,
sodass Knoten genau dann “nahe” beieinander liegen, wenn sie im Graphen verbunden sind.
Sie sind ein wichtiges Werkzeug in einer Vielzahl an Fachgebieten. Die Netzwerkwissenschaf-
ten benutzen hyperbolische und gewichtete Geometrie um Graphen mit Eigenschaften von
echten sozialen Netzwerken zu generieren. Im Bereich des maschinellen Lernens ist man
daran interessiert latente Repräsentationen von Graphen zu lernen, sodass das Skalarprodukt
zwischen den Positionen von Knoten ihre Ähnlichkeit widerspiegelt.
In beiden Anwendungsfällen beschäftigt man sich mit Graphen von sozialen Netzwerk,

deshalb ist es von Interesse, wie gut man die unterliegenden geometrischen Einbettungen
ineinander übersetzen kann. Allerdings gab es bisher fast keine Vergleiche zwischen gewich-
teten, Skalarprodukt- und Kugel-Einbettungen (ball embeddings) von Graphen.
In dieser Abschlussarbeit zeigen wir, dass es unter gewissen Annahmen keine univer-

selle Übersetzung von 𝑑-dimensionalen Skalarprodukt-Einbettungen zu 𝑑-dimensionalen
gewichteten Einbettungen gibt. Anschließend fokussieren wir uns auf Skalarprodukt- und
Kugelgraphen und vergleichen deren zugehörige Zufallsgraphmodelle. Dafür definieren wir,
wann ein Zufallsgraphmodell ein anderes bis auf konstante Faktoren verallgemeinert. Diese
Definition ist inspiriert durch den Zusammenhang zwischen geometrischen, inhomogenen
Zufallsgraphen (GIRGs) und hyperbolischen Zufallsgraphen, die durch Bringmann et al. be-
wiesen wurde [BKL19]. Wir zeigen das (𝑑 + 1)-dimensionale Skalarprodukt-Zufallsgraphen
die 𝑑-dimensionalen Kugel-Zufallsgraphen bis auf konstante Faktoren verallgemeinern und
umgekehrt.
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1 Introduction

Realistic graph models have various applications in different fields such as network science,
social science and biology. As real-world instances are often scarce, there is a high interest to
recreate their properties, e.g., through machine learning and random graph theory.
A common tool used by both of these disciplines are geometric embeddings of graphs. In

a geometric embedding of a graph, vertices are assigned positions in a geometric space of
some dimension 𝑑 , e.g., the Euclidean space ℝ𝑑 , such that vertices are connected if and only if
their positions satisfy a specified geometrical condition [RRŠ89]. Typically, such a condition
checks if the vertices are “close” enough to be connected. Some embeddings also assign further
properties to vertices, like a weight, for even more nuanced embeddings. In such cases the
condition for connectivity does not only depend on the position of the vertices in question
but also their other properties.
In practice, geometric embeddings are used in the following two ways. First, they can be

used to represent graphs in lower dimensional, continuous spaces in the following sense. If
the dimension of the geometric space is significantly lower than the number of vertices, one
can store the positions of the vertices instead of the full discrete adjacency matrix. Connection
between vertices can then be checked through the (possibly differentiable) connectivity
condition of the chosen geometric embedding. This requires criteria that can easily be
checked. One important instance of this principle are latent space representations of graphs
used in machine learning [MKNŠ21 | Xu21]. There, the goal is to learn low-dimensional graph
embeddings in continuous spaces, such that similar vertices get positioned close together. It
is then much faster and more accurate to analyze graphs in this continuous setting instead of
using their discrete symbolic representation [Xu21].

Second, one can study random graph models emerging from a specific geometry. In these
random graph models positions of vertices are drawn independently from a distribution over
the desired geometric space. Usually this is a uniform distribution over a bounded subset
of the space. If there exist other properties, they are drawn independently from a chosen
distribution over the domain of said properties. Then one uses the connectivity condition
from the geometric model to calculate the resulting edges in the resulting random graph.
There is high research interest in random graph models that produce graphs with similar

properties than real-world graphs, e.g., as testing instances for graph algorithms. Geometric
models have the advantage that they already share certain properties with real-world graphs.
One shared property is locality, i.e., the fact, that two vertices with a common neighbor are
more likely to be connected. In geometric graphs this results from the fact that vertices which
are connected are usually positioned close together. For other properties somemodels are more
suitable than others. For example, many real-world network graphs admit a heterogeneous
degree distribution and there is research showing that their inherent geometry is hyperbolic
rather than Euclidean [DT19]. Thus, one is interested in geometric embeddings, that have
these properties.
The most basic example of geometric embeddings (without any extra properties) are unit

disk graphs which have been studied extensively [CCJ90]. In this model, vertices are embedded
in 2-dimensional Euclidean space and two vertices are connected if and only if their Euclidean
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1 Introduction

distance is at most 1. Their name comes from the fact, that unit disk graphs are precisely the
intersection graphs of unit disks in the Euclidean plane. This model easily generalizes into
higher dimensions yielding unit ball graphs, i.e., intersection graphs of unit 𝑑-balls in ℝ𝑑 . In
formulas, for two vertices 𝑢 and 𝜈 and their positions 𝑝𝑢, 𝑝𝜈 ∈ ℝ𝑑 it holds that

𝑢𝜈 ∈ 𝐸 ⇐⇒ ∥𝑝𝑢 − 𝑝𝜈 ∥2 ≤ 2.

When embedding graphs, this model has some drawbacks, mostly that certain graphs need a
high number of dimensions to be embedded correctly. One example are trees, which need
up to logarithmic dimension in the number of the vertices of the tree [RRŠ89]. This can be
fixed by introducing a ball radius and looking at their intersections, yielding the model of
ball graphs. In this model, trees need only two dimensions to be represented. In ball graphs,
vertices get assigned not only a position 𝑝𝜈 ∈ ℝ𝑑 but also a radius 𝑟𝜈 . Vertices are connected
if and only if the corresponding balls with midpoint 𝑝𝜈 and radius 𝑟𝜈 intersect. In formulas,
for two vertices 𝑢 and 𝜈 this reads

𝑢𝜈 ∈ 𝐸 ⇐⇒ ∥𝑝𝑢 − 𝑝𝜈 ∥2 ≤ 𝑟𝑢 + 𝑟𝜈 .

An embedding that is widely used in machine learning, is using the dot product of the
positions as a connectivity criterion [Xu21 | Ahm+13 | Ou+16]. It yields the following model,
independently introduced by Reiterman et al. and Fiduccia et al. [RRŠ89 | FSTZ98] A 𝑑-
dimensional dot product embedding of a graph is a geometric embedding of said graph in ℝ𝑑

where two vertices 𝑢 and 𝜈 are connected if and only if the dot product of their corresponding
vectors 𝑥𝑢, 𝑥𝜈 is greater than 1 [RRŠ89 | FSTZ98]. Contrary to the embeddings above, the
inequality in the condition is the other way around, as the dot product gets larger if two
vectors point in the same direction. In formulas for vertices 𝑢, 𝜈 it holds that

𝑢𝜈 ∈ 𝐸 ⇐⇒ ⟨𝑥𝑢, 𝑥𝜈⟩ ≥ 1.

As an example of finding geometric embeddings whose corresponding random graph
models have properties of real-world graphs, we introduce an embedding in hyperbolic space.
To do this, the idea that comes to mind is considering unit disk graphs in hyperbolic space.
However, unlike in the Euclidean setting, the size of the disk has impacts on which graphs
can be represented. In a hyperbolic unit disk graph, vertices are assigned positions in the
hyperbolic plane. Vertices are connected if and only if their hyperbolic distance is smaller than
a fixed threshold. The corresponding random graph model has a lot of properties of real-world
network graphs, including the mentioned heterogeneous degree distribution, which have
been studied extensively [PKBV10 | GPP12 | BFM13 | BFK18]. One drawback of this model is
that generating hyperbolic random graphs is mathematically complex and can be numerically
unstable.
Bringmann et al. have suggested a similar model to hyperbolic random graphs, the so-

called geometric inhomogeneous random graphs (GIRGs), which are easier mathematically more
simple [BKL19]. The underlying geometric embedding has a weighted Euclidean geometry.
This means that each vertex gets a position 𝑝𝜈 in ℝ𝑑 and a positive weight𝑤𝜈 . Two vertices
are connected if and only if their distance is smaller than the product of their weights. In
formulas for vertices 𝑢 and 𝜈 the connectivity condition reads

𝑢𝜈 ∈ 𝐸 ⇐⇒ ∥𝑝𝑢 − 𝑝𝜈 ∥2 ≤ 𝑤𝑢𝑤𝜈 .

Especially in the past years there has been extensive research in GIRGs and their efficient
generation [KL20 | Blä+22 |MS22 | FGKS24].
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Figure 1.1: Relations of different types of embeddings and their corresponding random graph
models. Shown are unit ball graphs, hyperbolic unit disk graphs, ball embeddings, dot product
embeddings and weighted embeddings. Their respective random graph models (except for
unit ball graphs) are hyperbolic random graphs (HRG), random ball graphs (RBG), random dot
product graphs (RDPG) and GIRGs. Note that the inclusion of unit ball graphs into hyperbolic
unit disk graphs only works in dimension 2, i.e., for unit disk graphs.

Summarizing, we have introduced three major geometric embeddings with different types
of underlying geometry: ball embeddings, which use Euclidean geometry; dot product em-
beddings, which are related to spherical geometry and weighted embeddings, which are a
generalization of hyperbolic geometry. Dot product embeddings are mainly applied for graph
embeddings by the machine learning community and weighted embeddings are mainly used
in random graph models
Having these different embeddings, there naturally arise questions regarding the connec-

tions between these models. For example, one could ask which embeddings are similar to
each other or whether one can transform embeddings of one model into an embedding of
another model. On a random graph level one could ask whether the different corresponding
random graph models can generate the same graphs, or if some models are more expressive
than others. However, between these three big embeddings almost no comparisons have been
done.

1.1 Contribution

In this thesis we bridge this gap between different graph models. We give an overview about
existing relationships and also introduce new ones. All results are summarized in Figure 1.1
with existing comparisons indicated by gray arrows and our contributions indicated by black
arrows.
We start by explaining the inclusion arrows in Figure 1.1. It is easy to see that unit ball

graphs are a special case of every other model in the sense that every unit ball graph embedding
is or can be transformed into an embedding of the other models. For ball graphs and weighted
embeddings, 𝑑-dimensional unit ball graphs have an inherent 𝑑-dimensional ball or weighted
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embedding by just setting all radii or weights to 1. For dot product graphs one notices that
the angular distance on the surface of the 𝑑-sphere (calculated through the dot product) is
very similar to the 𝑑-dimensional Euclidean distance if one restricts itself to a small section.
Thus, one can shrink the 𝑑-dimensional unit ball embedding and map it onto a sphere to get
a (𝑑 + 1)-dimensional dot product embedding, where all vectors 𝑥𝜈 of the vertices have the
same lengths. This fact has been proven by Reiterman et al. [RRŠ89]. One can also transform
(2-dimensional) unit disk graphs into hyperbolic unit disk graphs, this fact was proven by
Bläsius et al. [BFKS23]. Moreover, if one considers the Poincaré disk model of the hyperbolic
plane, every hyperbolic disk looks like a Euclidean disk [And05]. Thus, every hyperbolic unit
disk graph is a Euclidean disk graph with potentially different-sized disks.
Moving onto the big models, we first show that there is no universal translation from a

𝑑-dimensional dot product embedding to 𝑑-dimensional weighted embedding of the same
graph, that uses the directions of the vectors as positions and turns their lengths into weights.
This fact is indicated in Figure 1.1 by the crossed arrow. It suggests that weighted and dot
product graphs are hard to compare. We prove however, that one can always transform a
1-dimensional dot product embeddings into 1-dimensional weighted embeddings.

We then show, that there is a somewhat natural way to translate a 𝑑-dimensional ball
embedding into a (𝑑 + 1)-dimensional dot product embedding where all vectors have length
at least 1. However, this translation is not exact, as it only produces a subgraph of the ball
graph. It can be modified to give a supergraph of the ball graph. There one could hope, that
the sub- and supergraph are very similar, in the sense that the number of wrongly introduced
edges is small. However, there are malicious counterexamples examples, where this is not the
case, e.g., the subgraph can be just an independent set. Instead, we consider random models
and show that when considering random drawn ball graphs, then the expected degrees of the
sub- and supergraph differ only by a constant factor.
To make this statement precise, we define what it means that one random graph model

generalizes another up to constant factors. Loosely this definition will say, that if one draws a
random graph from a random graph model G and then finds a sub- and a supergraph that
come from another modelH such that their expected average degrees differ only by a constant
factor, then we say thatH generalizes G up to constant factors. This definition is not arbitrary,
as Bringmann et al. have shown that the GIRG model generalizes hyperbolic random graphs
up to constant factors [BKL19]. This generalization was already mentioned above, and is
indicated as a gray arrow in Figure 1.1.
We consider a random ball graph model where positions are drawn in a small hypercube

independently and uniformly at random and the radii are drawn independently from a chosen
distribution. Our random dot product graph model draws directions in a part of ℝ𝑑+1 almost
uniformly and independently at random and lengths independently from a chosen distribution
on ℝ≥1. To get the vector for each vertex one scales the direction with the given lengths.
As already indicated above, we will show that that our (𝑑 + 1)-dimensional random dot

product graph model will generalize the 𝑑-dimenisional ball graph model up to constant
factors. Moreover, we will see that under certain assumptions the translations from ball
graphs to dot product graphs also work in the other direction. This will imply that the
generalization up to constant factors will work in both directions as indicated by the arrow in
Figure 1.1.
We suspect that one could also translate the inclusion of hyperbolic unit disk graphs in

ball graphs to the corresponding random models, i.e. that the random ball graph model
generalizes the hyperbolic random graph model (HRG) up to constant factors. In Figure 1.1
this is indicated by a dashed arrow.
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1.2 Related Work

1.2 Related Work

Apart from GIRGs and hyperbolic graphs, there is also research that uses random dot product
graphs as a model for social networks [YS07]. This random graph model differs from the one
that we use in this thesis. For each vertex they choose vectors in [0, 1]𝑑 with length at most 1
(rather than at least 1) uniformly and independently at random and then use the dot product
between the vectors of two vertices as the edge probability of the corresponding edge. This
model is also widely used as latent space representations in machine learning applications
[STP14 | SBNH21 | RCTP22].

For different graphs and graph classes the minimum dimension needed for an embedding,
the so-called embedding dimension, has also been studied. For unit disk graphs this has
been done under the term sphericity [Fis83 |Mae84 |MQ06]. Especially for the class of dot
product graphs, there has been research interest in studying the corresponding embedding
dimension. For certain graph classes, the dot product dimension is known e.g. for trees,
where it is 3 [RRŠ89 | FSTZ98] or for planar graphs, where it is 4 [KM11a]. There also has
been research on the upper bound of the dot product dimension depending on the number
of vertices of the graph [FSTZ98 | LC14]. It is known, that deciding whether the dot product
dimension of a given graph 𝐺 is below a threshold 𝑑 > 1 is NP-hard [KM11b]. For 𝑑 = 1 all
graphs with this dot product dimension are known by a classification of forbidden induced
subgraphs [RRŠ89 | FSTZ98]. There has also been research about which graphs have dot
product dimension 2 [JPL21]. As hyperbolic unit disk graphs and weighted embeddings have
almost exclusively been studied in the random graph setting, there are very few results about
the corresponding embedding dimensions. It is known that trees have weighted dimension
[Ber25]. And there are some results about the generalization of hyperbolic unit disk graphs
to higher dimension and the respective embedding dimension called hyperbolic sphericity
[Gro24].

1.3 Outline

The remainder of this thesis is structured as follows. First, in Chapter 2, we introduce
the necessary mathematical concepts and fix our notation. In Chapter 3, we compare 𝑑-
dimensional dot product and weighted embeddings and show that they differ in certain
aspects. At the end of the chapter, we show a translation from dot product embeddings
to weighted embeddings in dimension 1. In Chapter 4, we compare 𝑑-dimensional ball
embeddings to (𝑑 + 1)-dimensional dot product embeddings and their respective random
graph models by studying their relation to an intermediate embedding. We study translations
from ball graphs to this intermediate embedding that work well with random graph theory in
Section 4.1. Having these translations, we show in Section 4.2 that the random graph models
corresponding to ball embeddings and dot product embeddings produce similar distributions
of graphs. Finally, in Chapter 5 we summarize our findings and provide an outlook to future
work.
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2 Preliminaries

In this chapter we first fix our notation about graphs. Then, we introduce the different
geometric embeddings of graphs, their corresponding random models and a tool to compare
them.

2.1 Graph Theory

A graph 𝐺 = (𝑉 , 𝐸) consists of a set of vertices 𝑉 together with a set of edges 𝐸 ⊆
(
𝑉
2
)
=

{𝑒 ⊆ 𝑉 | |𝑒 | = 2}. We write 𝑢𝜈 as a short notation for an edge {𝑢, 𝜈} ∈ 𝐸. In particular this
means that all our graphs are undirected and without loops and multi-edges. We also write
𝑉 (𝐺) ≔ 𝑉 and 𝐸 (𝐺) ≔ 𝐸 if we want to make clear to which graph the vertex or edge set
belongs. For 𝑢𝜈 ∈ 𝐸 we say that 𝑢 and 𝜈 are connected or 𝑢 is a neighbor of 𝜈 . The number
of neighbors of a vertex 𝜈 is called its degree deg(𝜈). The average degree of 𝐺 is denoted as
𝑑 = 1

|𝑉 |
∑
𝜈∈𝑉 deg(𝜈).

A graph 𝐻 = (𝑉 ′, 𝐸′) is called a subgraph of𝐺 if𝑉 ′ ⊆ 𝑉 and 𝐸′ ⊆ 𝐸. We then write 𝐻 ⊆ 𝐺
and call 𝐺 a supergraph of 𝐻 .
The induced subgraph 𝐺 [𝑉 ′] of a set of vertices 𝑉 ′ ⊆ 𝑉 of 𝐺 is the subgraph 𝐻 = (𝑉 ′, 𝐸′)

of 𝐺 with edges 𝐸′ = {𝑥𝑦 ∈ 𝐸 | 𝑥,𝑦 ∈ 𝑉 ′}. In other words 𝐸′ contains precisely all edges
between vertices in 𝑉 ′ in 𝐺 .
For two graphs 𝐺1,𝐺2 we define their disjoint union as the graph 𝐺 with vertices 𝑉 =

𝑉 (𝐺1) ⊔𝑉 (𝐺2) and edges 𝐸 = 𝐸 (𝐺1) ⊔ 𝐸 (𝐺2), where ⊔ denotes the disjoint union of sets. In
particular in 𝐺 , there are no edges between vertices in 𝑉 (𝐺1) and 𝑉 (𝐺2).

2.2 Geometric Embeddings of Graphs

In this thesis we study different kinds of geometric embeddings of graphs. Before we define
them, we first fix some geometrical notations. For this whole chapter 𝑑 ∈ ℕ+ refers to a
dimension.

EuclideanGeometry Weuse the𝑑-dimensional Euclidean spaceℝ𝑑 with the standard norm
∥·∥2. We also use the maximum norm ∥·∥∞. For 𝑥 ∈ ℝ𝑑 it holds that ∥𝑥 ∥∞ ≤ ∥𝑥 ∥2 ≤

√
𝑑 ∥𝑥 ∥∞.

For 𝑥,𝑦 ∈ ℝ𝑑 we denote their dot product as ⟨𝑥,𝑦⟩. For a (measurable) bounded subspace
𝐴 ⊆ ℝ𝑑 we denote its volume with Vol(𝐴).

For a point 𝑝 ∈ ℝ𝑑 and 𝑟 ∈ ℝ+
0 the 𝑑-dimensional ball with center 𝑝 and radius 𝑟 is

the subset of ℝ𝑑 of all points with Euclidean distance at most 𝑟 from the center 𝑝 , i.e.,
{𝑥 ∈ ℝ𝑑 | ∥𝑝 − 𝑥 ∥2 ≤ 𝑟 }.
A 𝑑-dimensional hypercube is a subset of ℝ𝑑 of the form

>𝑑
𝑖=1 [𝑎𝑖 , 𝑎𝑖 + 𝑠] where 𝑎𝑖 ∈ ℝ for

𝑖 ∈ {1, . . . , 𝑑} and 𝑠 ∈ ℝ+.
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2 Preliminaries

Spherical Geometry The 𝑑-dimensional sphere 𝑆𝑑 is the subset of ℝ𝑑+1 of all points with
distance 1 from the origin, i.e., 𝑆𝑑 = {𝑥 ∈ ℝ𝑑+1 | ∥𝑥 ∥2 = 1}. For 𝑑 ≥ 2 and 𝑥,𝑦 ∈ 𝑆𝑑 we define
the angular distance dist𝑆 of 𝑥,𝑦 as dist𝑆 (𝑥,𝑦) = arccos(⟨𝑥,𝑦⟩), where arccos is the inverse
function of cosine in the interval [0, 𝜋2 ]

1. The angular distance function fulfills the triangle
inequality.
For a point 𝑝 ∈ 𝑆𝑑 and 𝜃 ∈ [0, 𝜋2 ] the cap with center 𝑝 and angular radius 𝜃 is the

subset of 𝑆𝑑 of all points with angular distance at most 𝜃 from the center 𝑝 , i.e., the subset
{𝑥 ∈ 𝑆𝑑 | dist𝑆 (𝑝, 𝑥) = arccos(⟨𝑝, 𝑥⟩) ≤ 𝜃 }. This is the spherical analog of a ball in Euclidean
geometry. Applying cosine to the condition we get {𝑥 ∈ 𝑆𝑑 | ⟨𝑝, 𝑥⟩ ≥ cos(𝜃 )}, i.e., a cap is
the intersection of a half-space with 𝑆𝑑 .

A translation between Euclidean and spherical geometry are polar coordinates, which use
Euclidean coordinates as angles for positions on the sphere. We define the (𝑑 + 1)-dimensional
polar coordinates Φ𝑑+1 : [−𝜋2 ,

𝜋
2 ]
𝑑 → 𝑆𝑑 inductively as follows.2 For 𝑑 = 1 we define:

Φ2(𝑝) =
(
cos(𝑝)
sin(𝑝)

)
.

For 𝑑 ≥ 2 we define

Φ𝑑+1(𝑝) =
(
cos(𝑝𝑑 ) · Φ𝑑 (𝑝 [𝑑−1])

sin(𝑝𝑑 )

)
,

where 𝑝 [𝑘 ] =
(
𝑝1 . . . 𝑝𝑘

)
∈ ℝ𝑘 for 𝑝 ∈ ℝ𝑑 and 𝑘 ≤ 𝑑 . If one unrolls the inductive definition,

then the 𝑘th entry of Φ𝑑+1(𝑝) is Φ𝑑+1(𝑝)𝑘 = sin(𝑝𝑘−1)
∏𝑑
𝑖=𝑘

cos(𝑝𝑖) where sin(𝑝0) ≔ 1. We
will omit the dimension index and write only Φ for the polar coordinates if the dimension is
clear.

Another translation between Euclidean and spherical geometry is the stereographic projec-
tion. It establishes a bijection 𝑆𝑑 \ {𝑁 } → ℝ𝑑 , where 𝑁 =

(
0 . . . 0 1

)
∈ ℝ𝑑+1 is the “North

Pole” of the sphere, by mapping a point on the sphere to the intersection of the ray from 𝑁

through that point with the hyperplane spanned by the first 𝑑 coordinates3. In particular,
stereographic projection maps caps to balls and vice versa. This is the only property of
the stereographic projection that we use in this thesis. However, centers and radii are not
preserved.

A geometric embedding of a graph is an assignment of positions to vertices such that
vertices are connected if and only if their positions fulfill a specified geometric condition. We
work with the following four embeddings in this thesis.

Ball Embedding A 𝑑-dimensional ball embedding of a graph 𝐺 = (𝑉 , 𝐸) is a map of
positions 𝑝 : 𝑉 → ℝ𝑑 , 𝜈 ↦→ 𝑝𝜈 and an assignment of radii 𝑟 : 𝑉 → ℝ+

0 , 𝜈 ↦→ 𝑟𝜈 such that two
vertices 𝑢, 𝜈 ∈ 𝑉 are connected if and only if the balls 𝐵𝑢 with center 𝑝𝑢 and radius 𝑟𝑢 and 𝐵𝜈
with center 𝑝𝜈 and radius 𝑟𝜈 intersect. In formulas, for vertices 𝑢, 𝜈 ∈ 𝑉 it holds that

𝑢𝜈 ∈ 𝐸 ⇐⇒ ∥𝑝𝑢 − 𝑝𝜈 ∥2 ≤ 𝑟𝑢 + 𝑟𝜈 .

We write (𝑝•, 𝑟•) as a short notation for the embedding and call 𝐺 a 𝑑-dimensional ball graph.
If there exist an embedding of 𝐺 such that all vertices have the same radius 𝑟 we call 𝐺 a unit
ball graph.
1Not to be confused with cos−1 = 1

cos .
2Usually the first angle is defined to come from [−𝜋, 𝜋] such that Φ is surjective. We will not need this in this
thesis, as we restrict ourselves to small sections of the sphere

3This hyperplane defines the “equator” of the sphere.
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2.3 Random Graphs

Cap Embedding A𝑑-dimensional cap embedding of a graph𝐺 = (𝑉 , 𝐸) is a map of positions
𝑝 : 𝑉 → 𝑆𝑑−1, 𝜈 ↦→ 𝑝𝜈 and an assignment of angular radii 𝜃 : 𝑉 → [0, 𝜋2 ], 𝜈 ↦→ 𝜃𝜈 such that
two vertices 𝑢, 𝜈 ∈ 𝑉 are connected if and only if the caps 𝐶𝑢 with center 𝑝𝑢 and angular 𝜃𝑢
and 𝐶𝜈 with center 𝑝𝜈 and angular radius 𝜃𝜈 intersect. In formulas, for vertices 𝑢, 𝜈 ∈ 𝑉 it
holds that

𝑢𝜈 ∈ 𝐸 ⇐⇒ dist𝑆 (𝑝𝑢 − 𝑝𝜈 ) ≤ 𝜃𝑢 + 𝜃𝜈 .

We write (𝑝•, 𝜃•) as a short notation for the embedding and call 𝐺 a 𝑑-dimensional cap graph.
This embedding is the analog of ball embeddings in spherical geometry.

Weighted Embedding A 𝑑-dimensional weighted embedding of a graph 𝐺 = (𝑉 , 𝐸) is a
map of positions 𝑝 : 𝑉 → ℝ𝑑 , 𝜈 ↦→ 𝑝𝜈 and an assignment of weights 𝑤 : 𝑉 → ℝ+

0 , 𝜈 ↦→ 𝑤𝜈
such that two vertices 𝑢, 𝜈 ∈ 𝑉 are connected if and only if the distance of their positions is at
most the product of their weights. In formulas, for vertices 𝑢, 𝜈 ∈ 𝑉 it holds that

𝑢𝜈 ∈ 𝐸 ⇐⇒ ∥𝑝𝑢 − 𝑝𝜈 ∥2 ≤ 𝑤𝑢 ·𝑤𝜈 .

We write (𝑝•,𝑤•) as a short notation for the weighted embedding. Weighted embeddings are
the underlying geometric embeddings of geometric inhomogeneous random graphs (GIRGs).

Dot Product Embedding A 𝑑-dimensional dot product embedding of a graph 𝐺 = (𝑉 , 𝐸)
is a map of directions 𝑝 : 𝑉 → 𝑆𝑑−1, 𝜈 ↦→ 𝑝𝜈 and a map of lengths ℓ : 𝑉 → ℝ+ such that two
vertices 𝑢, 𝜈 ∈ 𝑉 are connected if and only if the dot product of their corresponding vectors
𝑥𝑢 = ℓ𝑢𝑝𝑢 and 𝑥𝜈 = ℓ𝜈𝑝𝜈 is at least 1. In formulas, for vertices 𝑢, 𝜈 ∈ 𝑉 it holds that

𝑢𝜈 ∈ 𝐸 ⇐⇒ ⟨ℓ𝑢𝑝𝑢, ℓ𝜈𝑝𝜈⟩ ≥ 1.

We write (𝑝•, ℓ•) as a short notation for the embedding and call𝐺 a 𝑑-dimensional dot product
graph. Note that in this case the inequality goes in the other direction, as the dot product
between vectors is large if they point in a similar direction. A dot product embedding is
called nonnegative if all directions have only nonnegative entries. In particular this implies
that all pairwise dot products ⟨ℓ𝑢𝑝𝑢, ℓ𝜈𝑝𝜈⟩ are nonnegative. A lot of the times we will restrict
ourselves to dot product embeddings where every vertex has length at least 1.

2.3 Random Graphs

Before we define the random graph models and the comparison tool, we first introduce some
basic probability theory.

Probability Theory We use capital letters for random variables, e.g. 𝐺,𝐻, 𝐿, . . . and cal-
ligraphic letters for distributions like G,H,L. If a random variable 𝐺 has distribution G we
write 𝐺 ∼ G as a short notation. For continuous distributions, we assume that they have
probability density functions. One well-known continuous distribution that we use is the
uniform distribution on a hypercube 𝐾 ⊆ ℝ𝑑 denoted as U (𝐾). We use ℙ for probabilities and
𝔼 for the expected value of a random variable in the usual way. For an event 𝐴 we define its
indicator random variable 𝟙𝐴, which is 1, if the event occurred and 0 otherwise. It holds that
𝔼[𝟙𝐴] = ℙ(𝐴).
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2 Preliminaries

A random graph model is a probability distribution on a set of graphs. This distribution can
depend on parameters, which can be constants, functions or other probability distributions.
One example for such a parameter is the number of vertices 𝑛, i.e., the chosen set of graphs
are the graphs on 𝑛 vertices. All random graph models that we discuss have the number
of vertices as a parameter. We use calligraphic letters for random graph models and write
the parameters in parentheses, i.e., like G (𝑛, 𝛽), where 𝑛 is the number of vertices and 𝛽 is
a place-holder for other parameters. For a random variable 𝐺 that has the distribution of a
random graph model G (𝑛, 𝛽) we write 𝐺 ∼ G (𝑛, 𝛽).

In this thesis we want to compare different random graph models to make statements like
that the expected average degree of a model G is lower than the one from another model H.
For this to work easily we can show something even stronger. We want to be able to couple
random variables𝐺 ∼ G and 𝐻 ∼ H together, such that 𝐺 has always lower average degree
than 𝐻 . Formally, for this to be well-defined we need that the two random variables 𝐺 ∼ G
and 𝐻 ∼ H are defined on the same probability space. If this is the case, we call the random
variables 𝐺 and 𝐻 a coupling of the distributions G and H. We use the notation (𝐺,𝐻 ) for
such a coupling. One can generalize this notion onto an arbitrary number of distributions.
For distributions G1, . . . G𝑟 , we call random variables 𝐺1 ∼ G1, . . . 𝐺𝑟 ∼ G𝑟 a coupling of the
distributions if 𝐺1, . . . ,𝐺𝑟 are defined on the same probability space. Like above, we use
(𝐺1, . . . ,𝐺𝑛) as notation for this coupling.
An easy way to construct a coupling between two random graph models G and H is the

following. Start with a random variable 𝐺 ∼ G and construct a function 𝑓 that maps graphs
to graphs such that 𝑓 (𝐺) ∼ H. Then 𝐺 and 𝑓 (𝐺) are a coupling of G and H.
Let G (𝑛, 𝛽) and H(𝑛,𝛾) be random graphs models, i.e., probability distributions over the

graphs on 𝑛 vertices depending on parameters 𝛽 and 𝛾 . We say that H generalizes G up
to constant factors if for every possible 𝛽 there exist parameters 𝛾1 and 𝛾2 and a coupling
(𝐺,𝐻1, 𝐻2) between G (𝑛, 𝛽), H(𝑛,𝛾1) and H(𝑛,𝛾2) such that 𝐻1 ⊆ 𝐺 ⊆ 𝐻2 and 𝔼(𝑑 (𝐻2)) ∈
O(𝔼(𝑑 (𝐻1))). The use of O-notation here means that there exists a universal constant 𝑐
independent of 𝑛 and 𝛽 such that 𝔼(𝑑 (𝐻2)) ≤ 𝑐 · 𝔼(𝑑 (𝐻1)). In less formal words, this means
that for every random graph 𝐺 we find a sub- and a supergraph 𝐻1 and 𝐻2 such that the
expected average degrees of 𝐻1 and 𝐻2 differ only by a constant factor.
We use the following random graph models for dot product and ball graphs. For the

definitions let 𝑑 ∈ ℕ+.

RandomBall Graphs For a distribution of radiiR on [0, 𝜋2 ] and a𝑑-dimensional hypercube
𝐾 ⊆ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 , we define the 𝑑-dimensional random ball graph model RBG𝑑 (𝑛,R, 𝐾) as

the following probability distribution on graphs with 𝑛 ∈ ℕ+ vertices.
Let 𝑉 be a vertex set with |𝑉 | = 𝑛. First for each vertex 𝜈 ∈ 𝑉 positions 𝑃𝜈 are drawn

uniformly and independently in 𝐾 and radii 𝑅𝜈 are drawn independently from the distribution
R. This means we have independent random variables {𝑃𝜈 , 𝑅𝜈 }𝜈∈𝑉 with 𝑃𝜈 ∼ Φ(U (𝐾)) and
𝑅𝜈 ∼ R. In the resulting graph𝐺 an edge 𝑢𝜈 is present if and only if ∥𝑃𝑢 −𝑃𝜈 ∥2 ≤ 𝑅𝑢 +𝑅𝜈 , i.e.,
𝐺 has the ball embedding (𝑃•, 𝑅•). Note that the restrictions on R and 𝐾 are done to make
the comparison between random ball graphs and random disk graphs possible. In this model
this is however only a minor restriction, that says that radii and positions are bounded by
some constant. For any distribution of radii that is bounded and any hypercube 𝐾 we can
scale both with the same factor such that they lie in the desired range.

10



2.3 Random Graphs

Random Dot Product Graphs For a distribution of lengths L onℝ≥1 and a 𝑑-dimensional
hypercube𝐾 ⊆ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 like above, we define the (𝑑+1)-dimensional random dot product

graph model RDPG𝑑+1(𝑛,L, 𝐾) as the following probability distribution on graphs with 𝑛
vertices.

Let 𝑉 be a vertex set with |𝑉 | = 𝑛 like above. For each vertex 𝜈 ∈ 𝑉 a polar coordinate
vector 𝜑𝜈 is drawn from 𝐾 uniformly and independently at random. Set 𝑃𝜈 = Φ𝑑+1(𝜑𝜈 ), where
Φ𝑑+1 : ℝ𝑑 → 𝑆𝑑 is the map for the (𝑑 + 1)-dimensional polar coordinates. The lengths 𝐿𝜈 are
drawn independently from the length distributionL. This means we have independent random
variables {𝑃𝜈 , 𝐿𝜈 }𝜈∈𝑉 with 𝑃𝜈 ∼ Φ(U (𝐾)) and 𝐿𝜈 ∼ L. In the resulting graph 𝐺 an edge 𝑢𝜈
is present if and only if ⟨𝐿𝑢𝑃𝑢, 𝐿𝜈𝑃𝜈⟩ ≥ 1, i.e., 𝐺 is the graph with dot product embedding
(𝑃•, 𝐿•). Like above, the restrictions on L and 𝐾 are needed to make the comparison between
the two random graph models possible.

Choosing positions only from the small section Φ(𝐾) of 𝑆𝑑 instead of the whole sphere does
not change the distribution too much, one mostly needs just one more dimension. This follows
from a theorem from Fiduccia et al., who showed that for 𝜀 > 0, every (𝑑 + 1)-dimensional
dot product graph has a dot product embedding in dimension 𝑑 + 2, where every vertex is
positioned within distance 𝜀 of a fixed unit vector [FSTZ98]. When looking into this proof
one can see that, if the length of a vertex in the (𝑑 + 1)-dimensional embedding was greater
than 1, it also is in the (𝑑 + 2)-dimensional embedding.
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3 Comparing Dot Product and Weighted
Embeddings

We start with comparing dot product and weighted embeddings because this connection is of
most interest.

At first glance it seems that for a vertex v, its weight𝑤𝜈 and the length ℓ𝜈 have similar effects
on the degree of the vertex. In both cases a higher weight or length corresponds to a higher
degree, because increasing these values decreases the weighted distance and increases the
dot-product, making connections more likely. This however is not the case, as the following
observation and theorem show.
A first observation one can make is that both embedding systems admit some artifacts in

edge cases that do not match up. In a weighted embedding, vertices with the same position
are always connected regardless of their weight. In a dot product embedding vertices with
the same position, but length smaller than 1 are never connected. Thus, in the following we
restrict ourselves to dot product embeddings where all lengths are greater than 1. Another
thing that differs is, that in weighted embeddings, if one increases the weights, each pair of
vertices can get connected. In dot product embeddings, vertices whose positions point in
opposite directions are never connected, regardless of the length. If we restrict ourselves to
nonnegative dot product embeddings1, we reduce this problem, as the only thing that still
produces these artifacts are orthogonal vectors.
The following theorem shows that even if we restrict ourselves to embeddings that do

not have these artifacts (nonnegative dot product embeddings with length at least 1), length
and weight have different effects on the resulting graph. Informally, it says that there is no
function that transforms lengths into weights for all graphs without changing the positions.
Note that in this case all positions lie in on a sphere.

Theorem 3.1: For each function 𝑓 : ℝ≥1 → ℝ+
0 and each dimension 𝑑 ≥ 1 there exists a graph

𝐺 with a nonnegative 𝑑-dimensional dot product embedding (𝑝•, ℓ•) with lengths ℓ𝜈 ≥ 1 such
that (𝑝𝜈 , 𝑓 (ℓ𝜈 )) is not a 𝑑-dimensional weighted embedding of 𝐺 .

Proof. Let 𝑓 : ℝ≥1 → ℝ+
0 be a function and 𝑑 ≥ 2. We will now construct a 𝑑-dimensional dot

product embedding (𝑝•, ℓ•) of a graph 𝐺 such that (𝑝•, 𝑓 (ℓ•)) is not a weighted embedding of
𝐺 . First consider an arbitrary graph G together with a nonnegative dot product representation
(𝑝•, ℓ•) where ℓ𝜈 ≥ 1. Let 𝑢,𝜈 ∈ 𝑉 . Note that using that ∥𝑝𝑢 ∥ = ∥𝑝𝜈 ∥ = 1 the following holds,
by definition of the norm:

∥𝑝𝑢 − 𝑝𝜈 ∥2 = ⟨𝑝𝑢 − 𝑝𝜈 , 𝑝𝑢 − 𝑝𝜈⟩ = ∥𝑝𝑢 ∥2 − 2⟨𝑝𝑢, 𝑝𝜈⟩ + ∥𝑝𝜈 ∥2 = 2 − 2⟨𝑝𝑢, 𝑝𝜈⟩

1Embeddings where the coordinates of all positions are nonnegative
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3 Comparing Dot Product and Weighted Embeddings

Using this, we get the following criterion for an edge between 𝑢 and 𝜈 , expressed through
the distance ∥𝑝𝑢 − 𝑝𝜈 ∥ instead of the dot product.

𝑢𝜈 ∈ 𝐸 ⇔ ⟨ℓ𝑢 · 𝑝𝑢, ℓ𝜈 · 𝑝𝜈⟩ ≥ 1
⇔ ℓ𝑢ℓ𝜈 ⟨𝑝𝑢, 𝑝𝜈⟩ ≥ 1

⇔ ℓ𝑢ℓ𝜈
2 − ∥𝑝𝑢 − 𝑝𝜈 ∥2

2
≥ 1

⇔ ∥𝑝𝑢 − 𝑝𝜈 ∥2
2 ≤ 2 − 2

ℓ𝑢ℓ𝜈

⇔ ∥𝑝𝑢 − 𝑝𝜈 ∥2 ≤
√︂

2 − 2
ℓ𝑢ℓ𝜈

≕ 𝐹 (ℓ𝑢, ℓ𝜈 )

Note that the equivalences (except the first one) also hold for equalities and not only for the
inequalities.

In weighted embeddings there is an edge between 𝑢, 𝜈 ∈ 𝐸 if and only if ∥𝑝𝑢 − 𝑝𝜈 ∥ ≤ 𝑤𝑢𝑤𝜈 .
Now, we have a criterion for each embedding that depends on the distance of the position.
Comparing the two criteria, we observe that if our function 𝑓 fulfills 𝑓 (ℓ𝑢) · 𝑓 (ℓ𝜈 ) = 𝐹 (ℓ𝑢, ℓ𝜈 ),
then 𝑓 would be a valid translation from dot product to weighted embeddings.
As we want to construct nonnegative dot product embeddings we note that there exists a

constant 𝑐𝑑 such that for every 𝑥,𝑦 ∈ [1, 𝑐𝑑 ) there exist nonnegative vectors2 𝑝𝑥 , 𝑝𝑦 ∈ 𝑆𝑑such
that ∥𝑝𝑥 − 𝑝𝑦 ∥2 = 𝐹 (𝑥,𝑦). More precisely, we can set 𝑐𝑑 to the solution of the equation
𝐹 (𝑥, 𝑥) =

√
𝑑 as for 𝑑 ≥ 2 there exist nonnegative 𝑝𝑥 , 𝑝𝑦 ∈ 𝑆𝑑 with ∥𝑝𝑥 − 𝑝𝑦 ∥2 =

√
𝑑 .

The rest of the proof proceeds as follows: We first show that for every function that does not
fulfill 𝑓 (𝑥) · 𝑓 (𝑦) = 𝐹 (𝑥,𝑦) for all 𝑥,𝑦 ∈ [1, 𝑐𝑑 ) there exists a graph𝐺 with a 𝑑-dimensional dot
product embedding (𝑝•, ℓ•) such that (𝑝•, 𝑓 (ℓ•)) is not a 𝑑-dimensional weighted embedding
of𝐺 . Then we show that there exists no function, that fulfills the upper equality. Together
this proves the theorem.
First assume there are 𝑥,𝑦 ∈ [1, 𝑐𝑑 ) such that 𝑓 (𝑥) 𝑓 (𝑦) < 𝐹 (𝑥,𝑦). Choose nonnegative

𝑝𝑥 , 𝑝𝑦 ∈ 𝑆𝑑−1 such that 𝑓 (𝑥) 𝑓 (𝑦) < ∥𝑝𝑥 − 𝑝𝑦 ∥ < 𝐹 (𝑥,𝑦). Then those two points form an edge
for the dot product but not for the weighted case.
Second assume there are 𝑥,𝑦 ∈ [1, 𝑐𝑑 ) such that 𝑓 (𝑥) 𝑓 (𝑦) > 𝐹 (𝑥,𝑦). Analogous to the

other case choose nonnegative 𝑝𝑥 , 𝑝𝑦 ∈ 𝑆𝑑−1 such that 𝑓 (𝑥) 𝑓 (𝑦) > ∥𝑝𝑥 −𝑝𝑦 ∥ > 𝐹 (𝑥,𝑦). Then
those two points form an edge for the weighted but not for the dot product case.
Now assume that 𝑓 has to fulfill

𝑓 (𝑥) · 𝑓 (𝑦) =
√︄

2 − 2
𝑥 · 𝑦 =

√︄
2 − 2

1 · 𝑥𝑦 = 𝑓 (1) · 𝑓 (𝑥𝑦)

for all 𝑥,𝑦 ∈ [1, 𝑐𝑑 ).
Setting 𝑥 and 𝑦 to 1 yields 𝑓 (1) · 𝑓 (1) =

√︁
2 − 2/(1 · 1) = 0, i.e., 𝑓 (1) = 0. Now using the

outer part of the observation yields 𝑓 (𝑥) · 𝑓 (𝑥) = 𝑓 (1) · 𝑓 (𝑥2) = 0 for all 𝑥 ∈ [1, 𝑐𝑑 ), i.e., 𝑓 ≡ 0.
This results in a contradiction as for 𝑥 > 1 it holds that 𝑓 (𝑥) · 𝑓 (𝑥) =

√︃
2 − 2

𝑥2 >

√︃
2 − 2

12 = 0.

However, there is one special case where a translation from dot product graphs to weighted
graphs works, namely the case of 𝑑 being 1.
2Vectors where every coordinate is nonnegative.
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The following lemma and corollary show that every 1-dimensional dot product graph has
a 1-dimensional weighted embedding. The proof heavily uses that the dot product in one
dimension is just the product of two numbers, like the weights in a weighted embedding.

Lemma 3.2: Let 𝐺 be a 1-dimensional dot product graph with nonnegative embedding (𝑝•, ℓ•),
i.e. 𝑝𝜈 = 1 for all 𝜈 ∈ 𝑉 . Then 𝐺 has a 1-dimensional weighted embedding with evenly spaced
positions 𝑝𝜈 ∈ [0, 1] and weights𝑤𝜈 = ℓ𝑘𝜈 for some integer 𝑘 ∈ ℕ+.

Proof. Let𝐺 and its embedding (𝑝•, ℓ•) be like in the claim. Let 𝑛 be the number of vertices of
𝐺 and identify 𝑉 = {1, . . . , 𝑛}.
We construct the weighted embedding (𝑝•,𝑤•) as follows. For 𝑖 ∈ 𝑉 we set 𝑝𝑖 = 𝑖

𝑛
, now

comparing distances this yields

1
𝑛
≤ ∥𝑝𝑖 − 𝑝 𝑗 ∥2 ≤ 1 for all 𝑖, 𝑗 ∈ 𝑉 .

Let 𝑖, 𝑗 ∈ 𝑉 . If we could guarantee

𝑤𝑖𝑤 𝑗 ≥ 1 for 𝑖 𝑗 ∈ 𝐸 and (3.1)

𝑤𝑖𝑤 𝑗 <
1
𝑛
for 𝑖 𝑗 ∉ 𝐸 (3.2)

then (𝑝•,𝑤•) would be a valid weighted embedding. We now construct weights𝑤𝑖 such
that the upper two properties are fulfilled, thus showing the claim. Given that (𝑝•, ℓ•) is a
valid dot product embedding with 𝑝𝑖 = 1 for all 𝑖 , we already know that

ℓ𝑖ℓ𝑗 ≥ 1 for 𝑖 𝑗 ∈ 𝐸 and
ℓ𝑖ℓ𝑗 < 1 for 𝑖 𝑗 ∉ 𝐸.

Taking the 𝑘th power for 𝑘 ∈ ℕ+ this yields.

ℓ𝑘𝑖 ℓ
𝑘
𝑗 ≥ 1 for 𝑖 𝑗 ∈ 𝐸 and

ℓ𝑘𝑖 ℓ
𝑘
𝑗 < 1 for 𝑖 𝑗 ∉ 𝐸.

Moreover, if 𝑖 and 𝑗 are not connected the sequence (ℓ𝑘𝑖 ℓ𝑘𝑗 )𝑘 is converging to zero. In
particular there exists a 𝑘0 ∈ ℕ+ such that ℓ𝑖ℓ𝑗 < 1

𝑛
for all 𝑖, 𝑗 ∈ 𝑉 with 𝑖 𝑗 ∉ 𝐸. Applying this

to the upper inequalities yields

ℓ
𝑘0
𝑖
ℓ
𝑘0
𝑗

≥ 1 for 𝑖 𝑗 ∈ 𝐸 and

ℓ
𝑘0
𝑖
ℓ
𝑘0
𝑗

<
1
𝑛
for 𝑖 𝑗 ∉ 𝐸.

In particular setting 𝑤𝑖 = ℓ
𝑘0
𝑖

fulfills the Equations (3.1) and (3.2), providing the desired
weights for the embedding.

Using this result for nonnegative dot-product embeddings, we can show that every 1-
dimensional dot product embedding can be transformed in a 1-dimensional weighted em-
bedding. In a general 1-dimensional dot product embedding, the subgraphs induced by all
vertices with position 1 and −1 are not connected. Thus, we can embed them separately using
the lemma above and place them far enough away in 1-dimensional weighted space and get a
valid weighted embedding.
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3 Comparing Dot Product and Weighted Embeddings

Corollary 3.3: Every 1-dot product graph has a 1-dimensional weighted embedding.

Proof. Let𝐺 be a 1-dimensional dot product graph with embedding (𝑝•, 𝑟•). We define subsets
𝑉+,𝑉− ⊆ 𝑉 with 𝑉± = {𝜈 ∈ 𝑉 | 𝑝𝜈 = ±1}. Then 𝐺 is the disjoint union of the induced
subgraphs 𝐺 [𝑉+] and 𝐺 [𝑉−] as the dot product between vertices in different sets is negative.
Both 𝐺 [𝑉+] and 𝐺 [𝑉−] admit a nonnegative dot product embedding, namely the one

inherited from𝐺 . In the case of𝐺 [𝑉−] we set the position to 1. By Lemma 3.2 both graphs have
a 1-dimensional weighted embedding with positions in [0, 1]. Let (𝑝±• ,𝑤±

• ) be the weighted
embedding of𝐺 [𝑉±] as constructed in. We set𝑊 = 1+max{𝑤−

𝑢𝑤
+
𝜈 | 𝑢 ∈ 𝑉−, 𝜈 ∈ 𝑉+}. Then we

construct the 1-dimensional weighted embedding of 𝐺 as follows. For 𝜈 ∈ 𝑉− we set 𝑝𝜈 = 𝑝−𝜈
and 𝑤̃𝜈 = 𝑤−

𝜈 . For 𝜈 ∈ 𝑉+ we set 𝑝𝜈 = 𝑝+𝜈 +𝑊 and 𝑤̃𝜈 = 𝑤+
𝜈 . This is also an embedding of

𝐺 [𝑉+] as translating all vertices by a constant does not change the difference in their positions.
For vertices 𝑢 ∈ 𝑉− and 𝜈 ∈ 𝑉+ it holds that ∥𝑝𝑢 − 𝑝𝜈 ∥2 ≥𝑊 > 𝑤̃𝑢𝑤̃𝜈 by construction of𝑊 .
Thus, (𝑝•, 𝑤̃•) is a valid 1-dimensional weighted embedding of 𝐺 .
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4 Comparing Dot Product and Ball Graphs

Having seen that weighted embeddings are not a good model to compare dot product graphs
to, we now turn our attention to ball graphs. Here, there are already a few indicators that the
models are more similar, especially when restricting the lengths in the dot product embedding
to ℝ≥1. This fact will become clear throughout the chapter.
Let us first consider ball graphs with fixed size balls, i.e. unit ball graphs, and dot product

graphs with fixed lengths in ℝ≥1. The latter we will call spherical graphs due to the fact
that all vertices lie on a sphere of a fixed radius 𝑟 ≥ 1. A different definition of spherical
graphs is to say that all positions lie on the unit sphere and vertices are connected if and only
if their dot product is larger than some threshold 𝑡 = 1

𝑟 2 that is not necessarily 1 as before,
but can be smaller. This is equivalent to stating that vertices are connected if and only if
their angular distance on the sphere is smaller than the threshold arccos(𝑡). As the surface
of a sphere is similar to a plane, especially if one only looks at a small section, one can now
translate unit ball graphs to spherical graphs in one dimension higher, by just shrinking the
whole embedding and mapping it onto a tiny section of the sphere. In other words, every
𝑑-dimensional unit ball graph is a (𝑑 + 1)-dimensional dot product graph where all vertices
have the same lengths. A formal proof of this fact can be found in [RRŠ89].
The hope is that if we now consider different-sized balls, we can choose different lengths

such that we can transform every 𝑑-dimensional ball graph into a (𝑑 + 1)-dimensional dot
product graph. Sadly, this is not possible, as the following example shows. Every planar
graph is a coin graph, i.e., a 2-dimensional ball graph were all intersections between disks are
just points [Sac94]. If there were an exact translation from disk graphs to 3-dimensional dot
product graphs, then every planar graph would have a 3-dimensional dot product embedding.
This however is a wrong statement, Kang and Müller have shown that there exist planar
graphs that have no 3-dimensional dot product embedding [KM11a].

Nevertheless, there is still some similarity between the models. We construct translations
from 𝑑-dimensional ball graphs to (𝑑 + 1)-dimensional dot product graphs that provide us
with a sub- and a supergraph of the original ball graph. These translations will be constructed
in a somewhat natural way. The hope is that the resulting sub- and supergraph are not
that different, i.e., their average degree differs only by a constant factor that depends on the
dimension 𝑑 but nothing else. We will see, that there are extreme cases where this is not the
case. The claim however is true if one considers random ball graphs. We will show that if
we draw a ball graph randomly, the expected average degree of the corresponding sub- and
supergraph will differ only by a constant factor. Moreover, the translations can be inverted to
turn a dot product embedding of a graph into ball embeddings of a sub- and a supergraph.
When considering the respective random graph models, the statement about the expected
average degree will hold as well.

We first start with constructing the translations from ball graphs to dot product graphs. On
our way to this goal we consider an intermediate embedding that is very similar to the ball
embedding, but which is easier to compare to dot product embeddings. This intermediate
embedding will be the cap graphs, which are the intersection graphs of caps of a sphere. As
we have already argued when discussing the similarity between unit ball and spherical graphs,

17



4 Comparing Dot Product and Ball Graphs
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Figure 4.1: Stylized translation between dot product and cap embeddings. For a vertex 𝜈
and corresponding vector ℓ𝜈𝑝𝜈 the half space 𝐻 is the subset of all possible positions where
vertices would get connected to 𝜈 . The intersection of 𝐻 with the unit circle is a cap 𝐶𝜈 with
center 𝑝𝜈 and angular radius 𝜃𝜈 = arccos( 1

ℓ𝜈
).

if one considers a tiny section of the sphere 𝑆𝑑 , caps in this section look almost like 𝑑-balls
and a direct translation is possible via stereographic projection. Thus, we can now try to
transform cap graphs into dot product graphs.
For a vertex 𝜈 in a dot product graph with ℓ𝜈 ≥ 1, the intersection of 𝑆𝑑 and all possible

positions where vertices would be connected to 𝜈 is a cap with angular radius arccos( 1
ℓ𝜈
)

and center 𝑝𝜈 . This fact is illustrated in Figure 4.1. If we look at it the other way around
and start with a cap with center 𝑝𝜈 and angular radius 𝜃𝜈 , this cap corresponds to the vector
cos−1(𝜃𝜈 )𝑝𝜈 in a dot product embedding, where cos−1(𝑥) = 1/cos(𝑥)1. This makes a good
candidate for translating caps to positions and lengths. Note that in this construction the
lengths will always be at least 1.

However, there is a slight caveat. In a cap embedding, caps that intersect somewhere form
an edge. In the translation that we have constructed, we identified the cap as all possible
positions on 𝑆𝑑 such that other vertices with this position would be connected. In the language
of caps, this translates to the fact, that for two connected vertices the center of one cap has to
be contained in the other. This is a lot more restrictive than only demanding that the caps
intersect. This results in fewer edges in the corresponding dot product graph, in fact the dot
product graph is a subgraph of the cap graph. The precise geometrical argument is more
nuanced and will be done down below.

A way to ensure that all edges of the cap graph are also present in the dot product graph is
to double all angular radii and then translate them, i.e., ℓ𝜈 = cos−1(2𝜃𝜈 ). This enforces that
for intersecting caps, one midpoint is contained in the other cap. Thus, in this case, the dot
product graph is a super graph of cap graph.
This construction, that provides us with the desired translations from cap graphs to dot

product graphs, is summarized in the following theorem.

Theorem 4.1: Let (𝑝•, 𝜃•) be a 𝑑-dimensional cap embedding of a graph 𝐺 with 𝜃𝜈 ∈ [0, 𝜋2 ] for
each 𝜈 ∈ 𝑉 . Then the (𝑑 + 1)-dimensional dot product graphs 𝐻1 with dot product embedding
(𝑝•, cos−1(𝜃•)) and𝐻2 with dot product embedding (𝑝•, cos−1(2𝜃•)) are a sub- and a supergraph
of 𝐺 .
1The inverse function of cosine is arccos.
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Proof. We show the two claims separately, starting with the one for the supergraph
Let 𝑢𝜈 ∈ 𝐸 be an edge in 𝐺 , i.e., arccos(⟨𝑝𝑢, 𝑝𝜈⟩) ≤ 𝜃𝑢 + 𝜃𝜈 . Applying cosine yields

⟨𝑝𝑢, 𝑝𝜈⟩ ≥ cos(𝜃𝑢 + 𝜃𝜈 ) as cosine is monotonically decreasing in [0, 𝜋]. We now have to show,
that 𝑢𝜈 is also an edge in 𝐻2, i.e.

⟨𝑝𝑢, 𝑝𝜈⟩ ≥
1
ℓ𝑢ℓ𝜈

= cos(2𝜃𝑢) cos(2𝜃𝜈 ).

We calculate
⟨𝑝𝑢, 𝑝𝜈⟩ ≥ cos(𝜃𝑢 + 𝜃𝜈 ) ≥ min{cos(2𝜃𝑢), cos(2𝜃𝜈 )},

where the second inequality follows from 𝜃𝑢 + 𝜃𝜈 ≤ 2 max{cos(𝜃𝑢), cos(𝜃𝜈 )} using again that
cosine is monotonically decreasing in [0, 𝜋] . Then we see that

min{cos(2𝜃𝑢), cos(2𝜃𝜈 )} ≥ cos(2𝜃𝑢) cos(2𝜃𝜈 )

as cos(𝜃 ) ≤ 1 for all 𝜃 , yielding the desired inequality.
Let 𝑢,𝜈 be disconnected in 𝐺 , i.e., arccos(⟨𝑝𝑢, 𝑝𝜈⟩) > 𝜃𝑢 + 𝜃𝜈 . Applying cosine like above

yields ⟨𝑝𝑢, 𝑝𝜈⟩ < cos(𝜃𝑢 + 𝜃𝜈 ). We now have to show that they are disconnected in 𝐻1 as well,
i.e. ⟨𝑝𝑢, 𝑝𝜈⟩ < 1

ℓ𝑢 ℓ𝜈
= cos(𝜃𝑢) cos(𝜃𝜈 ). We calculate

⟨𝑝𝑢, 𝑝𝜈⟩ < cos(𝜃𝑢 + 𝜃𝜈 ) = cos(𝜃𝑢) cos(𝜃𝜈 ) − sin(𝜃𝑢) sin(𝜃𝜈 ),

where the equality is precisely the angle addition formula for cosine. Using that sin(𝜃 ) ≥ 0
for 𝜃 ∈ [0, 𝜋2 ] we get

cos(𝜃𝑢) cos(𝜃𝜈 ) − sin(𝜃𝑢) sin(𝜃𝜈 ) ≤ cos(𝜃𝑢) cos(𝜃𝜈 ),

yielding the desired inequality.

Now that we have established the connection between dot product graphs and cap graphs,
we only need a translation from ball graphs to cap graphs. One could use stereographic
projection, however this would make the subsequent probabilistic arguments very difficult
as the radii and centers of the balls and the caps will differ. Before we do this different kind
of translation we first use stereographic projection as a translation to argue why we need a
probabilistic approach in the first place.

As already said before, stereographic projection2 turns ball embeddings into cap embeddings
as it sends 𝑑-balls to caps in 𝑆𝑑 . If we start with a ball embedding where balls intersect only in
one point3, use stereographic projection to get a cap embedding and look at the corresponding
dot product subgraph, this subgraph has no edges. This follows from the proof of Theorem 4.1
as for every edge𝑢𝜈 in the ball and cap graph it holds that arccos(⟨𝑝𝑢, 𝑝𝜈⟩) = 𝜃𝑢+𝜃𝜈 . Applying
cosine yields ⟨𝑝𝑢, 𝑝𝜈⟩ = cos(𝜃𝑢 + 𝜃𝜈 ) = cos(𝜃𝑢) cos(𝜃𝜈 ) − sin(𝜃𝑢) sin(𝜃𝜈 ), which is strictly
smaller than cos(𝜃𝑢) cos(𝜃𝜈 ) if 𝜃𝑢, 𝜃𝜈 ∈ (0, 𝜋2 ). This means that 𝑢 and 𝜈 are not connected in
the corresponding dot product subgraph. This means that the average degree of the subgraph
is 0, whereas the average degree of the supergraph is at least as large as the one from the
original ball graph, which can be arbitrarily high. Thus, the average degrees differ not by a
constant factor.

This is where random graph theory will help us, as these edge cases seldom show up when
drawing positions uniformly at random and independently of the radii.
2Or rather its inverse.
3For 𝑑 = 2 this gives the coin graphs from above.
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4 Comparing Dot Product and Ball Graphs

4.1 Turning Ball Graphs into Cap Graphs

As already said above, stereographic projection is not a good choice for our translation from
ball to cap graphs. In this section, we will develop and prove a different kind of translation,
that works better with random graph theory.
Like in the case of cap and dot product embeddings we will translate a ball embedding

into cap embeddings of a sub- and a supergraph. To achieve this, we use the positions
of the balls 𝑝𝜈 as polar coordinates for the positions of the caps. As a reminder, the map
for (𝑑 + 1)-dimensional polar coordinates Φ𝑑+1 takes a coordinate vector 𝑝 ∈ [−𝜋2 ,

𝜋
2 ]
𝑑 to

Φ𝑑+1(𝑝) =
(
cos(𝑝𝑑 ) · Φ𝑑 (𝑝 [𝑑−1]) sin(𝑝𝑑 )

)
where Φ1 = 1.

The following theorem states the translations from ball graphs to cap graphs. These
translations use the positions in the ball embedding as angles for polar coordinates and scale
the radii such that we get cap embeddings of a sub- and a supergraph. For this to work, it
uses that the angular distance dist𝑆 on the sphere 𝑆𝑑 is similar to the distance in the Euclidean
space ℝ𝑑 , especially when looking only at small subspaces. Thus, we restrict the positions of
our ball embedding to small hypercubes 𝐾 ⊆ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 . The smaller 𝐾 is, the more similar

the cap embeddings of the sub- and supergraph are. In the theorem, the effect of the size
of 𝐾 is measured by a factor 𝛼𝐾 > 0. This factor approaches 1, when restricting to smaller
hypercubes.

However, we note that the respective cap embeddings do not converge to each other, in the
sense that the radii of the caps of the subgraph do not converge to the radii of the caps of the
supergraph4. This is due to the fact that we multiply the radii of the supergraph with 𝛼𝐾√

𝑑
to

get the radii of the subgraph and not only with 𝛼𝐾 . We suspect that it is possible to leave out
the factor

√
𝑑5, such that the cap embeddings converge to each other. However, we were not

able to prove this.

Theorem 4.2: Let (𝑝•, 𝑟•) be a 𝑑-dimensional ball embedding of a graph 𝐺 in a hypercube 𝐾 ⊆
[− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 . Then the graphs𝐻1 with cap embedding

(
Φ(𝑝•), 𝛼𝐾√

𝑑
𝑟•

)
and𝐻2 with cap embedding(

Φ(𝑝•), 𝑟•
)
are a sub- and a supergraph of 𝐺 where 𝛼𝐾 = min𝑝,𝑝̃∈𝐾

∏𝑑
𝑖=2 cos(𝑝𝑖) cos(𝑝𝑖) > 0.

To prove this theorem we need the following lemma that compares the Euclidean distance
∥𝑝 − 𝑝∥2 of two points 𝑝, 𝑝 ∈ ℝ𝑑 and the angular distance of the respective polar coordinates
dist𝑆 (Φ(𝑝),Φ(𝑝)) on 𝑆𝑑 . More precisely, it shows that the angular distance dist𝑆 (Φ(𝑝),Φ(𝑝))
is bounded by the Euclidean distance from above and bounded below by the maximum norm
multiplied by a constant. This constant 𝛼𝑝,𝑝̃ < 1 depends on the vectors 𝑝, 𝑝 and approaches 1
when moving the vectors closer together. As the maximum norm differs from the Euclidean
norm only by a factor

√
𝑑 , we thus get a lower bound of dist𝑆 (Φ(𝑝),Φ(𝑝)) by the Euclidean

distance of the respective vectors multiplied by a constant. This constant approaches 1√
𝑑
,

when moving the vectors closer together.
If we look at pictures of the case 𝑑 = 2, it seems that this constant approaches even 1, i.e.,

for vectors lying close together, the Euclidean lower bound of dist𝑆 converges to the upper
bound. However, we were not able to prove this. This is the reason, why the cap embeddings
do not converge to each other, as the factor 𝛼𝐾 used in Theorem 4.2 is precisely the minimum
𝛼𝑝,𝑝̃ for vectors 𝑝, 𝑝 in a hypercube 𝐾 ⊆ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 .

4The positions however, are the same in the sub- and supergraph.
5Potentially with a different definition of 𝛼𝐾 .
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4.1 Turning Ball Graphs into Cap Graphs

Lemma 4.3: Let 𝑝, 𝑝 ∈ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 . Then

𝛼𝑝,𝑝̃ ∥𝑝 − 𝑝 ∥∞ ≤ dist𝑆 (Φ𝑑+1(𝑝),Φ𝑑+1(𝑝)) ≤ ∥𝑝 − 𝑝∥2

where 𝛼𝑝,𝑝̃ =
∏𝑑
𝑖=2 cos(𝑝𝑖) cos(𝑝𝑖).

For the proof of the upper bound we need the following auxiliary lemma, which is a relation
of arccos to the Euclidean norm.

Lemma 4.4: Let 𝑑 ∈ ℕ+. For 𝑥 ∈ ℝ𝑑 it holds that arccos(∏𝑑
𝑖=1 cos(𝑥𝑖)) ≤ ∥𝑥 ∥2.

We first prove Lemma 4.3 using this result.

Proof of Lemma 4.3. We show both inequalities separately by induction.
We start with showing the upper bound i.e.,

dist𝑆 (Φ𝑑+1(𝑝),Φ𝑑+1(𝑝)) ≤ ∥𝑝 − 𝑝∥2 for 𝑝, 𝑝 ∈
[
− 𝜋

4
√
𝑑
,
𝜋

4
√
𝑑

]𝑑
.

First we prove this claim for 𝑝 and 𝑝 , where 𝑝𝑖 and 𝑝𝑖 have the same sign for each 𝑖 ∈ {1, . . . , 𝑑}
(zero matches both signs). We do this by showing inductively, that

⟨Φ(𝑝)𝑑+1,Φ𝑑+1(𝑝)⟩ ≥
𝑑∏
𝑖=1

cos(𝑝𝑖 − 𝑝𝑖) ≕ 𝑃𝑑 . (4.1)

Using that arccos is monotonically decreasing, applying arccos and then Lemma 4.4 this
implies the claimed upper bound. Then we generalize the claim of the upper bound to general
𝑝, 𝑝 ∈ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 .

Now onto the inductive proof of Equation (4.1). For 𝑑 = 1 let 𝑝, 𝑝 ∈ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
] such

that they have the same sign6. By the angle addition formula for cosine it holds that
⟨Φ2(𝑝),Φ2(𝑝)⟩ = cos(𝑝) cos(𝑝) + sin(𝑝) sin(𝑝) = cos(𝑝 − 𝑝) = 𝑃1.
For higher 𝑑 , let 𝑝, 𝑝 ∈ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 such that 𝑝𝑖 and 𝑝𝑖 have the same sign for each

𝑖 ∈ {1, . . . , 𝑑}. Using the induction hypothesis (IH) we get

⟨Φ𝑑+1(𝑝),Φ𝑑+1(𝑝)⟩ =
〈(

cos(𝑝𝑑 ) · Φ𝑑 (𝑝 [𝑑−1])
sin(𝑝𝑑 )

)
,

(
cos(𝑝𝑑 ) · Φ𝑑 (𝑝 [𝑑−1])

sin(𝑝𝑑 )

)〉
= cos(𝑝𝑑 ) cos(𝑝𝑑 ) ·

〈
Φ𝑑 (𝑝 [𝑑−1]),Φ𝑑 (𝑝 [𝑑−1])

〉
+ sin(𝑝𝑑 ) sin(𝑝𝑑 )

IH
≥ cos(𝑝𝑑 ) cos(𝑝𝑑 )𝑃𝑑−1 + sin(𝑝𝑑 ) sin(𝑝𝑑 )
=

(
cos(𝑝𝑑 ) cos(𝑝𝑑 ) + sin(𝑝𝑑 ) sin(𝑝𝑑 )

)
𝑃𝑑−1 + sin(𝑝𝑑 ) sin(𝑝𝑑 ) (1 − 𝑃𝑑−1)

≥ (cos(𝑝𝑑 − 𝑝𝑑 )𝑃𝑑−1 = 𝑃𝑑 ,

where the last inequality holds by the angle addition formula for cosine and that the second
summand is positive by our assumptions. To be precise 1−𝑃𝑑−1 is always positive as 𝑃𝑑−1 ≤ 1
and sin(𝑝𝑑 ) sin(𝑝𝑑 ) is positive because of the sign assumption. This concludes the inductive
part of the proof.

6The sign assumption is not needed in dimension 1.
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4 Comparing Dot Product and Ball Graphs

For general 𝑝, 𝑝 ∈ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 without the sign assumption, we split the straight line

from 𝑝 to 𝑝 into (at most 𝑑 + 1) segments where the sign assumption holds. The splitting
points 𝑞 (1) , . . . , 𝑞 (𝑟 ) ∈ ℝ𝑑 with 𝑟 ≤ 𝑑 are the intersection points of the straight line with the
coordinate hyperplanes. Set 𝑞 (0) ≔ 𝑝 , 𝑞 (𝑟+1) ≔ 𝑝 . Applying the triangle inequality of dist𝑆 to
dist𝑆 (Φ(𝑝),Φ(𝑝)) yields

dist𝑆 (Φ(𝑝),Φ(𝑝)) = dist𝑆 (Φ(𝑞 (0) ),Φ(𝑞 (𝑟+1) )) ≤
𝑟∑︁
𝑖=0

dist𝑆 (Φ(𝑞 (𝑖 ) ),Φ(𝑞 (𝑖+1) )).

As the sign assumption holds for endpoints of segments 𝑞 (𝑖 ) , 𝑞 (𝑖+1) , the upper bound on dist𝑆
holds by the proof above, and we get dist𝑆 (Φ(𝑞 (𝑖 ) ),Φ(𝑞 (𝑖+1) )) ≤ ∥𝑞 (𝑖 ) − 𝑞 (𝑖+1) ∥2. Applying
this to each summand in the upper equation we get

𝑟∑︁
𝑖=0

dist𝑆 (Φ(𝑞 (𝑖 ) ),Φ(𝑞 (𝑖+1) )) ≤
𝑟∑︁
𝑖=0

∥𝑞 (𝑖 ) , 𝑞 (𝑖+1) ∥2 = ∥𝑞 (0) − 𝑞 (𝑟+1) ∥,

where the last equation holds because all 𝑞 (𝑖 ) lie on a straight line. Thus, we get the inductive
claim dist𝑆 (Φ𝑑+1(𝑝),Φ𝑑+1(𝑝)) ≤ ∥𝑝 − 𝑝 ∥2 for all 𝑝, 𝑝 ∈ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 .

Now, we prove the lower bound

𝛼𝑝,𝑝̃ ∥𝑝 − 𝑝 ∥∞ ≤ dist(Φ𝑑+1(𝑝),Φ𝑑+1(𝑝)) for 𝑝, 𝑝 ∈
[
− 𝜋

4
√
𝑑
,
𝜋

4
√
𝑑

]𝑑
by induction on the dimension 𝑑 .

For 𝑑 = 1 and 𝑝, 𝑝 ∈ [−𝜋4 ,
𝜋
4 ] we have

dist𝑆 (Φ2(𝑝),Φ2(𝑝)) = arccos(⟨Φ2(𝑝),Φ2(𝑝)⟩) = arccos(cos(𝑝) cos(𝑝) + sin(𝑝) sin(𝑝))
(★)
= arccos(cos( |𝑝 − 𝑝 |)) = |𝑝 − 𝑝 | = ∥𝑝 − 𝑝∥∞,

where (★) holds as cosine is an even function.
For higher 𝑑 , let 𝑝, 𝑝 ∈ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 .

We first show that dist𝑆 (Φ𝑑+1(𝑝),Φ𝑑+1(𝑝)) ≥ 𝛼𝑝,𝑝̃ |𝑝𝑑 − 𝑝𝑑 |. This statement follows from
applying arccos to the following inequality

⟨Φ𝑑+1(𝑝),Φ𝑑+1(𝑝)⟩ = cos(𝑝𝑑 ) cos(𝑝𝑑 ) · ⟨Φ𝑑 (𝑝 [𝑑−1]),Φ𝑑 (𝑝 [𝑑−1])⟩ + sin(𝑝𝑑 ) sin(𝑝𝑑 )
≤ cos(𝑝𝑑 ) cos(𝑝𝑑 ) + sin(𝑝𝑑 ) sin(𝑝𝑑 ) = cos( |𝑝𝑑 − 𝑝𝑑 |),

and then using that 𝛼𝑝,𝑝̃ ≤ 1. For the inequality, one uses that cosine is nonnegative in [−𝜋2 ,
𝜋
2 ].

The last equality holds because cosine is an even function.
Second we show that

dist(Φ𝑑+1(𝑝),Φ𝑑+1(𝑝)) ≥ 𝛼𝑝,𝑝̃ max
𝑖∈1...𝑑−1

|𝑝𝑖 − 𝑝𝑖 |. (4.2)

This will conclude the proof of the induction step. For this we first note that

⟨Φ𝑘+1(𝑝 [𝑘 ]),Φ𝑘+1(𝑝 [𝑘 ])⟩ ≥ 0 for 𝑖 ∈ {1, . . . , 𝑑}. (4.3)

This follows from the fact that

arccos(⟨Φ𝑘+1(𝑝 [𝑘 ]),Φ𝑘+1(𝑝 [𝑘 ])⟩) ≤ ∥𝑝 [𝑘 ] − 𝑝 [𝑘 ] ∥2 ≤
√
𝑘 ∥𝑝 [𝑘 ] − 𝑝 [𝑘 ] ∥∞ ≤

√
𝑘
𝜋

2
√
𝑑
≤ 𝜋

2
,
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4.1 Turning Ball Graphs into Cap Graphs

where the first inequality is just the upper bound for dist𝑆 proven above, and the second is
the comparison between the Euclidean norm ∥·∥2 and the maximum norm ∥·∥∞. The third
inequality holds, because 𝑝, 𝑝 ∈ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 by assumption. This step is where the range

assumption in this lemma comes from.
Now onto showing Equation (4.2). For this we make a case distinction on the signs of 𝑝𝑑

and 𝑝𝑑 .
If 𝑝𝑑 and 𝑝𝑑 have a different sign then sin(𝑝𝑑 ) sin(𝑝𝑑 ) ≤ 0 and thus, the following chain of

inequalities holds:

⟨Φ𝑑+1(𝑝),Φ𝑑+1(𝑝)⟩ = cos(𝑝𝑑 ) cos(𝑝𝑑 ) · ⟨Φ𝑑 (𝑝 [𝑑−1]),Φ𝑑 (𝑝 [𝑑−1])⟩ + sin(𝑝𝑑 ) sin(𝑝𝑑 )
≤ ⟨Φ𝑑 (𝑝 [𝑑−1]),Φ𝑑 (𝑝 [𝑑−1])⟩.

The last inequality holds because of Equation (4.3). Applying arccos and using the induction
hypothesis (IH) yields

dist𝑆 (Φ𝑑+1(𝑝),Φ𝑑+1(𝑝)) ≥ dist𝑆 (Φ𝑑 (𝑝 [𝑑−1]),Φ𝑑 (𝑝 [𝑑−1]))
𝐼𝐻
≥ 𝛼𝑝 [𝑑−1] ,𝑝̃ [𝑑−1] max

𝑖∈1...𝑑−1
|𝑝𝑖 − 𝑝𝑖 | ≥ 𝛼𝑝,𝑝̃ max

𝑖∈1...𝑑−1
|𝑝𝑖 − 𝑝𝑖 |.

The last inequality follows from the fact that 𝛼𝑝,𝑝̃ ≤ 𝛼𝑝 [𝑑−1] ,𝑝̃ [𝑑−1] , this directly follows from
the definition of 𝛼 .

Now let 𝑝𝑑 and 𝑝𝑑 have the same sign. We first note that arccos is concave in [0, 1], i.e., for
𝑥,𝑦, 𝑡 ∈ [0, 1] it holds that arccos(𝑡𝑥 + (1 − 𝑡)𝑦) ≥ 𝑡 arccos(𝑥) + (1 − 𝑡) arccos(𝑦). We want
to apply this to

dist𝑆 (Φ𝑑+1(𝑝),Φ𝑑+1(𝑝)) = arccos(Φ𝑑+1(𝑝),Φ𝑑+1(𝑝))
= arccos(cos(𝑝𝑑 ) cos(𝑝𝑑 )Φ𝑑 (𝑝 [𝑑−1],Φ𝑑 (𝑝 [𝑑−1])) + sin(𝑝𝑑 ) sin(𝑝𝑑 )).

For this, we start with setting 𝑥 = Φ𝑑 (𝑝 [𝑑−1],Φ𝑑 (𝑝 [𝑑−1])) and 𝑡 = cos(𝑝𝑑 ) cos(𝑝𝑑 ). Both
lie in the correct range, as 𝑥 ≥ 0 by Equation (4.3) and 𝑡 because cosine is nonnegative in
[−𝜋2 ,

𝜋
2 ] ⊃ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]. Looking at the condition for concavitywe have to set𝑦 =

sin(𝑝𝑑 ) sin(𝑝̃𝑑 )
1−𝑡 .

This lies in the correct range as sin(𝑝𝑑 ) sin(𝑝𝑑 ) is positive by the assumption that 𝑝𝑑 and
𝑝𝑑 have the same sign and sin(𝑝𝑑 ) sin(𝑝𝑑 ) + 𝑡 = cos(𝑝𝑑 − 𝑝𝑑 ) ≤ 1. Thus, we can apply the
concavity inequality and get

arccos(𝑡𝑥 + (1 − 𝑡)𝑦) ≥ 𝑡 arccos(𝑥) + (1 − 𝑡) arccos(𝑦) ≥ 𝑡 arccos(𝑥) + 0
= cos(𝑝𝑑 ) cos(𝑝𝑑 ) dist𝑆 (Φ𝑑 (𝑝 [𝑑−1]),Φ𝑑 (𝑝 [𝑑−1]))
𝐼𝐻
≥ cos(𝑝𝑑 ) cos(𝑝𝑑 )𝛼𝑝 [𝑑−1] ,𝑝̃ [𝑑−1] max

𝑖∈1...𝑑−1
|𝑝𝑖 − 𝑝𝑖 | = 𝛼𝑝,𝑝̃ max

𝑖∈1...𝑑−1
|𝑝𝑖 − 𝑝𝑖 |,

by the induction hypothesis, which is what we wanted to show.

Then we proceed with proving the somewhat technical auxiliary lemma used in the proof
above.
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4 Comparing Dot Product and Ball Graphs

Proof of Lemma 4.4. Let 𝑥 ∈ [−𝜋2 ,
𝜋
2 ]
𝑑 .

Define a function 𝑓 : [0, 1] → ℝ as 𝑓 (𝑡) = arccos(∏𝑑
𝑖=1 cos(𝑥𝑖𝑡)). Note that 𝑓 is differen-

tiable on (0, 1). In particular, as 𝑓 (0) = 0, we can write 𝑓 (1) =
∫ 1

0 𝑓 ′(𝑡)d𝑡 . In the rest of the
proof we will show that 𝑓 ′(𝑡) ≤ ∥𝑥 ∥2 for all 𝑡 ∈ (0, 1]. Using monotony of the integral this
yields

arccos

(
𝑑∏
𝑖=1

cos(𝑥𝑖)
)
= 𝑓 (1) =

∫ 1

0
𝑓 ′(𝑡)d𝑡 ≤

∫ 1

0
∥𝑥 ∥2d𝑡 = ∥𝑥 ∥2,

which is the claim we want to show.
Now for proving the desired inequality 𝑓 ′(𝑡) ≤ ∥𝑥 ∥2 we first calculate 𝑓 ′. Using that

arccos′(𝑥) = − 1√
1−𝑥2 , then by the product and chain rule we get

𝑓 ′(𝑡) = 1√︃
1 − ∏𝑑

𝑖=1 cos2(𝑥𝑖𝑡)
·
𝑑∑︁
𝑖=1

𝑥𝑖 sin(𝑥𝑖𝑡) ·
∏
𝑖≠𝑗

cos(𝑥 𝑗𝑡).

If 𝑥 = 0, then 𝑓 ′(𝑡) = 0 because 𝑓 is constant, showing that in this case the inequality holds.
Now assume 𝑥 ≠ 0. Applying the Cauchy-Schwarz inequality to the upper formula, this yields

|𝑓 ′(𝑡) |2 ≤ ∥𝑥 ∥2 · 1
1 − ∏𝑑

𝑖=1 cos2(𝑥𝑖𝑡)

𝑑∑︁
𝑖=1

sin2(𝑥𝑖𝑡)
∏
𝑖≠𝑗

cos2(𝑥 𝑗𝑡).

The only thing that is left to show is that the second factor is at most 1. We will prove
this by induction on d. If 𝑑 = 1 the factor reads sin2 (𝑥1𝑡 )

1−cos2 (𝑥1𝑡 ) , which is 1 by the Pythagorean
trigonometric identity. Now, let the claim hold for 𝑑 ∈ ℕ+. As 𝑥 ≠ 0, we get the following
chain of equivalent statements:

1
1 − ∏𝑑+1

𝑖=1 cos2(𝑥𝑖𝑡)

𝑑+1∑︁
𝑖=1

sin2(𝑥𝑖𝑡)
∏
𝑖≠𝑗

cos2(𝑥 𝑗𝑡) ≤ 1

⇔
𝑑+1∏
𝑖=1

cos2(𝑥𝑖𝑡) +
𝑑+1∑︁
𝑖=1

sin2(𝑥𝑖𝑡)
∏
𝑖≠𝑗

cos2(𝑥 𝑗𝑡) ≤ 1

⇔ (cos2(𝑥𝑑+1𝑡) + sin2(𝑥𝑑+1𝑡))︸                              ︷︷                              ︸
=1

𝑑∏
𝑖=1

cos2(𝑥𝑖𝑡) + cos2(𝑥𝑑+1𝑡)
𝑑∑︁
𝑖=1

sin2(𝑥𝑖𝑡)
∏
𝑖≠𝑗

cos2(𝑥 𝑗𝑡) ≤ 1

⇔
𝑑∏
𝑖=1

cos2(𝑥𝑖𝑡) + cos2(𝑥𝑑+1𝑡)
𝑑∑︁
𝑖=1

sin2(𝑥𝑖𝑡)
∏
𝑖≠𝑗

cos2(𝑥 𝑗𝑡) ≤ 1

The last statement is true because of the induction hypothesis, using that cos2(𝑥𝑑+1𝑡) ≤ 1:

𝑑∏
𝑖=1

cos2(𝑥𝑖𝑡) + cos2(𝑥𝑑+1𝑡)
𝑑∑︁
𝑖=1

sin2(𝑥𝑖𝑡)
∏
𝑖≠𝑗

cos2(𝑥 𝑗𝑡)

≤
𝑑∏
𝑖=1

cos2(𝑥𝑖𝑡) +
𝑑∑︁
𝑖=1

sin2(𝑥𝑖𝑡)
∏
𝑖≠𝑗

cos2(𝑥 𝑗𝑡)
IH
≤ 1

Thus the claim holds for 𝑑 + 1 completing the induction.
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4.2 Comparison of the Random Graph Models

Having done the hard work in comparing the Euclidean distance and the angular distance
we can come back to the theorem that we want to prove.

Theorem 4.2: Let (𝑝•, 𝑟•) be a 𝑑-dimensional ball embedding of a graph 𝐺 in a hypercube 𝐾 ⊆
[− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 . Then the graphs𝐻1 with cap embedding

(
Φ(𝑝•), 𝛼𝐾√

𝑑
𝑟•

)
and𝐻2 with cap embedding(

Φ(𝑝•), 𝑟•
)
are a sub- and a supergraph of 𝐺 where 𝛼𝐾 = min𝑝,𝑝̃∈𝐾

∏𝑑
𝑖=2 cos(𝑝𝑖) cos(𝑝𝑖) > 0.

Proof. The proof is mainly an application of Lemma 4.3, which states that the distance
functions in the ball model and the cap model differ only by a constant factor. We first
note that for 𝑥 ∈ ℝ𝑑 it holds that ∥𝑥 ∥2 ≤

√
𝑑 ∥𝑥 ∥∞. Using this fact and Lemma 4.3, for

𝑝, 𝑝 ∈ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 we get the following chain of inequalities

𝛼𝑝,𝑝̃√
𝑑
∥𝑝 − 𝑝 ∥2 ≤ 𝛼𝑝,𝑝̃ ∥𝑝 − 𝑝∥∞ ≤ dist𝑆 (Φ(𝑝),Φ(𝑝)) ≤ ∥𝑝 − 𝑝 ∥2.

We first show the claim for the supergraph. Let𝑢𝜈 ∈ 𝐸 be an edge in𝐺 , i.e., ∥𝑝𝑢−𝑝𝜈 ∥2 ≤ 𝑟𝑢+𝑟𝜈 .
As dist𝑆 (Φ(𝑝𝑢),Φ(𝑝𝜈 )) ≤ ∥𝑝𝑢 − 𝑝𝜈 ∥2 by the inequality above, 𝑢𝜈 is also an edge in 𝐻2, i.e.,
𝐺 ⊆ 𝐻2.

For the claim about the subgraph, let 𝑢 and 𝜈 be disconnected in𝐺 , i.e., ∥𝑝𝑢 −𝑝𝜈 ∥2 > 𝑟𝑢 +𝑟𝜈 .
By the inequality above we get

dist𝑆 (Φ(𝑝𝑢),Φ(𝑝𝜈 )) ≥
𝛼𝑝𝑢 ,𝑝𝜈√
𝑑

∥𝑝𝑢 − 𝑝𝜈 ∥2 >
𝛼𝑝𝑢 ,𝑝𝜈√
𝑑

(𝑟𝑢 + 𝑟𝜈 ) ≥
𝛼𝐾√
𝑑
(𝑟𝑢 + 𝑟𝜈 ),

as 𝛼𝐾 = min𝑝𝑢 ,𝑝𝜈 ∈𝐾 𝛼𝑝𝑢 ,𝑝𝜈 by definition. This shows that 𝑢, 𝜈 are disconnected in 𝐻1 as well,
in particular 𝐻1 ⊆ 𝐺 .

4.2 Comparison of the Random Graph Models

Together Theorems 4.1 and 4.2 yield the following translations from a 𝑑-dimensional ball
graph to (𝑑 + 1)-dimensional dot product graphs, that form a sub- and a supergraph of the
ball graph.

Corollary 4.5: Let (𝑝•, 𝑟•) be a 𝑑-dimensional ball embedding of a graph 𝐺 in a hypercube
𝐾 ⊆ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 with 𝑟𝜈 ∈ [0, 𝜋2 ] for all 𝜈 ∈ 𝑉 . Then the graphs𝐻1 with dot product embedding(

Φ𝑑+1(𝑝•), cos−1 (𝛼𝐾√
𝑑
𝑟•

) )
and 𝐻2 with dot product embedding

(
Φ𝑑+1(𝑝•), cos−1(2𝑟•)

)
are a sub-

and a supergraph of 𝐺 where 𝛼𝐾 = min𝑝,𝑝̃∈𝐾
∏𝑑
𝑖=2 cos(𝑝𝑖) cos(𝑝𝑖).

Proof. Let𝐺 and its ball embedding (𝑝•, 𝑟•) be like in the claim. Thenwe can apply Theorem 4.2
as all prerequisites are fulfilled to get graphs 𝐻̃1 with cap embedding

(
Φ𝑑+1(𝑝•), 𝛼𝐾√

𝑑
𝑟•

)
and 𝐻2

with cap embedding (Φ𝑑+1(𝑝•), 𝑟•) who are a sub- and a supergraph of 𝐺 .
For 𝐻̃1 and 𝐻̃2 the prerequisites of Theorem 4.1 are fulfilled. Applying this theorem to both

graphs we get a subgraph 𝐻1 of 𝐻1 with dot product embedding
(
Φ𝑑+1(𝑝•), cos−1 (𝛼𝐾√

𝑑
𝑟•

) )
and

a supergraph 𝐻2 of 𝐻̃2 with dot product embedding
(
Φ𝑑+1(𝑝•), cos−1(2𝑟•)

)
.

Thus, 𝐻1 and 𝐻2 are the desired sub- and supergraph of 𝐺 .

As there is an inverse for polar coordinates, and we change the radii by an invertible
function, these translations also work in the other direction. Other direction means that for a
dot product graph with lengths at least 1 and positions in a small subset of the sphere, we
find ball graphs in one dimension lower that are a sub- and a supergraph of the dot product
graph.
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4 Comparing Dot Product and Ball Graphs

Corollary 4.6: Let (𝑝•, ℓ•) be a (𝑑 + 1)-dimensional dot product embedding of a graph 𝐺 in
the image of hypercube 𝐾 ⊆ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 under stereographic projection Φ(𝐾) with ℓ𝜈 ≥ 1

for all ℓ𝜈 ∈ 𝑉 . Then the graphs 𝐻1 with ball embedding
(
Φ−1
𝑑+1(𝑝•),

1
2 arccos

( 1
ℓ•

) )
and 𝐻2

with ball embedding
(
Φ−1
𝑑+1(𝑝•),

√
𝑑

𝛼𝐾
arccos

( 1
ℓ•

) )
are a sub- and a supergraph of 𝐺 where 𝛼𝐾 =

min𝑞,𝑞̃∈𝐾
∏𝑑
𝑖=2 cos(𝑞𝑖) cos(𝑞𝑖) > 0.

Proof. This corollary follows from Corollary 4.5.
Let 𝐺 and its dot product embedding (𝑝•, ℓ•) be like in the claim. First consider 𝐻1 as the

ball graph with embedding (𝑞•, 𝑟•) ≔
(
Φ−1
𝑑+1(𝑝•),

1
2 arccos

( 1
ℓ•

) )
, thus we have 𝑝𝜈 = Φ𝑑+1(𝑞𝜈 )

and ℓ𝜈 = cos−1(2𝑟𝜈 )). Thus,𝐺 is a supergraph of 𝐻1, by Corollary 4.5. The proof for the claim
about 𝐻2 works analogous.

Now that we have established the connection for individual graphs we can study the
corresponding random models. We will show that the (𝑑 + 1)-dimensional random dot
product graph model generalizes the 𝑑-dimenional random ball graph model, but also the
other way around. The previous corollary provide us with translations between graphs, which
are a good way to construct the necessary couplings. The only other thing, that we need
to do, is proving that the expected average degrees differ only by a constant factor, when
changing lengths or radii as in the corollaries above. As we will see in the proof, we need this
calculation only for one model. This will follow from the fact, that the generalizations work
in both directions. This comes in very handy, as the average degree calculation in random
dot product graphs is very annoying. In the following lemma we show, that if we scale the
radii of a random ball graph by a constant factor 𝛽 ≥ 1 then the average degree of this new
random ball graph will differ by a constant factor 𝑐𝛽 that does not depend on the number of
vertices 𝑛, but only on 𝛽 and the dimension of the random ball graph model.

Lemma 4.7: Let 𝛽 ∈ ℝ≥1. For 𝐺 ∼ RBG𝑑 (𝑛,R, 𝐾) and 𝐺𝛽 ∼ RBG𝑑 (𝑛, 𝛽 ·R, 𝐾) it holds that
𝔼(𝑑 (𝐺𝛽 )) ≤ 𝛽𝑑 · 𝔼(𝑑 (𝐺)), where 𝑐𝛽 is a constant independent of 𝑛, R and 𝐾 .

Proof. For 𝛽 ∈ ℝ≥1, let (𝑃•, 𝛽 · 𝑅•) be the dot product embedding of a random graph 𝐺𝛽 ∼
RBG𝑑 (𝑛, 𝛽 ·R, 𝐾). This means that for each 𝜈 ∈ 𝑉 we have random variables 𝑃𝜈 ∼ U (𝐾) and
𝑅𝜈 ∼ R.
We calculate

𝔼[𝑑 (𝐺𝛽 )] = 𝔼[ 1
𝑛

∑︁
𝑢∈𝑉 (𝐺𝛽 )

deg(𝑢)] = 1
𝑛

∑︁
𝑢∈𝑉 (𝐺𝛽 )

𝔼[deg(𝑢)],

where for fixed 𝑢 ∈ 𝑉 :

𝔼[deg(𝑢)] = 𝔼[
∑︁
𝜈∈𝑉

𝟙{ ∥𝑃𝑢−𝑃𝜈 ∥2≤𝛽 (𝑅𝑢+𝑅𝜈 ) }]

=
∑︁
𝜈∈𝑉

𝔼[𝟙{ ∥𝑃𝑢−𝑃𝜈 ∥2≤𝛽 (𝑅𝑢+𝑅𝜈 ) }] =
∑︁
𝜈∈𝑉

ℙ({∥𝑃𝑢 − 𝑃𝜈 ∥2 ≤ 𝛽 (𝑅𝑢 + 𝑅𝜈 )}).

This means that it suffices to show that

ℙ({∥𝑃𝑢 − 𝑃𝜈 ∥2 ≤ 𝛽 (𝑅𝑢 + 𝑅𝜈 )}) ≤ 𝑐𝛽 · ℙ({∥𝑃𝑢 − 𝑃𝜈 ∥2 ≤ (𝑅𝑢 + 𝑅𝜈 )})

for our desired constant 𝑐𝛽 . 7

7To make sense of these probabilities we need a coupling (i.e., a joint distribution) between 𝑃𝑢 , 𝑃𝜈 , 𝑅𝑢 and 𝑅𝜈 .
This joint distribution is given by the fact, that these random variables are assumed to be independent.
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4.2 Comparison of the Random Graph Models

Fix 𝑝𝑢 ∈ 𝐾 and 𝑟𝑢, 𝑟𝜈 ∈ [0, 𝜋2 ]. We show that

ℙ({∥𝑝𝑢 − 𝑃𝜈 ∥2 ≤ 𝛽 (𝑟𝜈 + 𝑟𝑤)}) ≤ 𝑐𝛽 · ℙ({∥𝑝𝑢 − 𝑃𝜈 ∥2 ≤ (𝑟𝑢 + 𝑟𝜈 )}). (4.4)

Then the upper claim follows as an application of the law of total probability, using that
𝑃𝑢, 𝑃𝜈 , 𝑅𝑢 and 𝑅𝜈 are independent.8

For 𝑝𝜈 ∈ 𝐾 , it holds that ∥𝑝𝑢 − 𝑝𝜈 ∥2 ≤ 𝛽 (𝑟𝜈 + 𝑟𝑤) if and only if 𝑝𝜈 is contained in the 𝑑-ball
𝐵𝛽 with center 𝑝𝑢 and radius 𝛽 (𝑟𝜈 + 𝑟𝑤). As 𝑝𝜈 is drawn uniformly from 𝐾 this yields

ℙ({∥𝑝𝑢 − 𝑃𝜈 ∥2 ≤ 𝛽 (𝑟𝜈 + 𝑟𝑤)}) =
Vol(𝐵𝛽 ∩ 𝐾)

Vol(𝐾) . (4.5)

Then Equation (4.4) follows from showing Vol(𝐵𝛽 ∩ 𝐾) ≤ 𝑐𝛽 Vol(𝐵1 ∩ 𝐾). To do this, we note
that for a measurable, bounded subspace 𝐴 ⊆ ℝ𝑑 it holds that Vol(𝛽𝐴) = 𝛽𝑑 Vol(𝐴) where
𝛽𝐴 ≔ {𝛽 · 𝑎 | 𝑎 ∈ 𝐴}. As Vol is invariant under translations, we can translate 𝐾, 𝐵𝛽 and 𝐵1
such that the center 𝑝𝑢 of 𝐵𝛽 and 𝐵1 is 0. In the following arguments we use the same letters
for the translated subsets.
Then it holds that 𝐵𝛽 ∩ 𝐾 ⊆ 𝛽 (𝐵1 ∩ 𝐾). This follows from the fact that for 𝑥 ∈ 𝐵𝛽 ∩ 𝐾 the

straight line from 𝑥 to the center 𝑝𝑢 ∈ 𝐾 is contained in 𝐾 by convexity of the hypercube
𝐾 . As 𝑥

𝛽
∈ 𝐵1 is contained in the straight line from 𝑥 to 0 = 𝑝𝑢 and thus in 𝐾 it holds that

𝑥 ∈ 𝛽 (𝐵1 ∩ 𝐾).
This implies Vol(𝐵𝛽 ∩𝐾) ≤ Vol(𝛽 (𝐵1 ∩𝐾)) ≤ 𝛽𝑑 Vol(𝐵1 ∩𝐾), which was the last thing we

needed to show. In particular 𝑐𝛽 = 𝛽𝑑 , which is independent of 𝑛, R and 𝐾 .

Having done this average degree calculation, we can now prove the promised theorems,
that(𝑑 + 1)-dimensional random dot product graphs generalize 𝑑-dimensional random ball
graphs up to constant factors and vice versa. We start with proving that the random dot
product graph model generalizes the random ball graph model up to constant factors.

Theorem 4.8: Let 𝑑 ∈ ℕ+. The random dot product graph modelRDPG𝑑+1(𝑛,L, 𝐾) generalizes
the random ball graph model RBG𝑑 (𝑛,R, 𝐾) up to constant factors.

Proof. Let R be a distribution of radii, 𝐾 ⊆ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 be a hypercube. We now have to

find parameters L1, 𝐾1 and L2, 𝐾2 for the random dot product graph model and a coupling
(𝐺,𝐻1, 𝐻2) of RBG𝑑 (𝑛,R, 𝐾), RDPG𝑑+1(𝑛,L1, 𝐾1) and RDPG𝑑+1(𝑛,L2, 𝐾2) such that the
coupling fulfills the properties specified in the definition of generalization up to constant
factors. Namely, it has to hold that 𝐻1 ⊆ 𝐺 ⊆ 𝐻2 and the expected average degrees of 𝐻1 and
𝐻2 differ only by a constant factor independent of 𝑛,R and 𝐾 . Looking at Corollary 4.5 we
choose L1 = cos−1 (𝛼𝐾√

𝑑
R

)
, L2 = cos−1(2R) and 𝐾1 = 𝐾2 = 𝐾 .

Let 𝐺 ∼ RBG𝑑 (𝑛,R, 𝐾) with ball embedding (𝑃𝜈 , 𝑅𝜈 ), i.e., for each 𝜈 ∈ 𝑉 we have indepen-
dent random variables 𝑃𝜈 ∼ U (𝐾) and 𝑅𝜈 ∼ R.
We define 𝐻1 as the random graph with embedding

(
Φ𝑑+1(𝑃•), cos−1 (𝛼𝐾√

𝑑
𝑅•

) )
and 𝐻2

as the random graph with embedding
(
Φ𝑑+1(𝑃•), cos−1(2𝑅•)

)
. By Corollary 4.5 it follows

that 𝐻1 ⊆ 𝐺 ⊆ 𝐻2 and by construction we have 𝐻1 ∼ RDPG𝑑+1(𝑛,L1, 𝐾1) and 𝐻2 ∼
RDPG𝑑+1(𝑛,L2, 𝐾2). Moreover, 𝐺 , 𝐻1 and 𝐻2 are defined on the same probability space,
namely the one from 𝐺 . This means that we have the desired coupling (𝐺,𝐻1, 𝐻2) for the
three random graph models in question.
8To apply the law of total probability we need that all included random variables have probability density
functions. This was assumed in the preliminaries.
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4 Comparing Dot Product and Ball Graphs

The only thing left to show is the statement about the expected average degrees of 𝐻1 and
𝐻2. As it is hard to calculate the expected average degree of random dot product graphs, we
use the translation in the other direction and find random ball graphs 𝐻 ′

1 ⊆ 𝐻1 and 𝐻 ′
2 ⊇ 𝐻2

and then compare the expected average degrees of 𝐻 ′
1 and 𝐻

′
2. More precisely we define 𝐻 ′

1 as
the random graph with embedding

(
𝑃•,

1
2
𝛼𝐾√
𝑑
𝑅•

)
and 𝐻 ′

2 as the random graph with embedding(
𝑃•,

√
𝑑

𝛼𝐾
2𝑅•

)
.

By Corollary 4.6 it follows that 𝐻 ′
1 ⊆ 𝐻1 and 𝐻2 ⊆ 𝐻 ′

2 and by construction we have 𝐻 ′
1 ∼

RBG𝑑 (𝑛, 1
2
𝛼𝐾√
𝑑
R, 𝐾1) and 𝐻 ′

2 ∼ RBG𝑑 (𝑛,
√
𝑑

𝛼𝐾
2R, 𝐾2). If we set R1 ≔ 1

2
𝛼𝐾√
𝑑
R and R2 ≔

√
𝑑

𝛼𝐾
2R,

thenR2 = 4
(√
𝑑

𝛼𝐾

)2
R1. Thus, we can apply Lemma 4.7 to𝐻 ′

1 and𝐻
′
2 with 𝛽𝐾 = 4

(√
𝑑

𝛼𝐾

)2
≥ 4𝑑 to

get that𝔼(𝑑 (𝐻2)) ≤ 𝔼(𝑑 (𝐻 ′
2)) ≤ 𝑐𝛽𝐾 ·𝔼(𝑑 (𝐻 ′

1)) ≤ 𝑐𝛽𝐾 ·𝔼(𝑑 (𝐻1)), where the outer inequalities
follow from the fact that 𝐻 ′

1 ⊆ 𝐻1 and 𝐻 ′
2 ⊇ 𝐻2.

This is almost what we want to show as 𝑐𝛽𝐾 is independent of 𝑛 andR but not independent
of 𝐾 . However, as 𝐾 ⊆ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 , we observe that 𝛼𝐾 ≥ 𝛼 [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 > 0. Thus, it follows

that 𝑐𝛽𝐾 ≤ 𝑐𝛽 [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑

≕ 𝑐 , which implies that the statement about expected degrees also

holds with 𝑐 instead of 𝑐𝛽𝐾 . This concludes the proof, as 𝑐 is the desired constant factor,
independent of all parameters of the random ball graph model.

As we have not compared the average degrees of the random dot product graphs but
constructed another sub- and supergraph, we remark that in reality the constant factor
between the average degrees will be smaller than proven in the theorem. Also note that
we have proven something even stronger than promised. If we restrict to smaller subsets
𝐾 ⊆ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 , the constant factor gets smaller, yielding better approximations of the

original random ball graph model.
Now we prove the other direction, i.e., that random ball graphs generalize random dot

product graphs up to constant factors. Note that we have implicitly used this statement when
doing the degree calculation in the other proof. Thus, the arguments in the following proof
should be familiar.

Theorem 4.9: Let𝑑 ∈ ℕ+. The random ball graphmodelRBG𝑑 (𝑛,R, 𝐾) generalizes the random
dot product graph model RDPG𝑑+1(𝑛,L, 𝐾) up to constant factors.

Proof. LetL be a distribution of lengths inℝ≥1 and𝐾 ⊆ [− 𝜋

4
√
𝑑
, 𝜋

4
√
𝑑
]𝑑 be a hypercube. We now

proceed exactly as above and choose parametersR1, 𝐾1 andR2, 𝐾2 and a coupling (𝐺,𝐻1, 𝐻2)
of RDPG𝑑+1(𝑛,R1, 𝐾), RBG𝑑 (𝑛,R1, 𝐾1) and RBG𝑑 (𝑛,R2, 𝐾2) such that the coupling fulfills
the properties specified in the definition of generalization up to constant factors.
Looking at Corollary 4.6, we choose R1 = 1

2 arccos
(
1/L

)
, R2 =

√
𝑑

𝛼𝐾
arccos

(
1/L

)
and

𝐾1 = 𝐾2 = 𝐾 .
Let 𝐺 ∼ RDPG𝑑+1(𝑛,L, 𝐾) with dot product embedding (𝑃𝜈 , 𝐿𝜈 ), i.e., for each 𝜈 ∈ 𝑉 we

have independent random variables 𝑃𝜈 ∼ Φ
(
U (𝐾)

)
and 𝐿𝜈 ∼ L.

We define𝐻1 as the random graphwith embedding
(
Φ−1
𝑑+1(𝑃•),

1
2 arccos

(
1/𝐿•

) )
and𝐻2 as the

random graph with embedding
(
Φ−1
𝑑+1(𝑃•),

√
𝑑

𝛼𝐾
arccos

(
1/𝐿•

) )
. By Corollary 4.6 it follows that

𝐻1 ⊆ 𝐺 ⊆ 𝐻2 and by construction we have 𝐻1 ∼ RBG𝑑 (𝑛,R1, 𝐾1) and 𝐻2 ∼ RBG𝑑 (𝑛,R2, 𝐾2).
Moreover, 𝐺 , 𝐻1 and 𝐻2 are defined on the same probability space, namely the one from 𝐺 .
This means that we have the desired coupling (𝐺,𝐻1, 𝐻2) for the three random graph models
in question.
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4.2 Comparison of the Random Graph Models

The only thing left to show is the statement about the expected average degrees of 𝐻1 and
𝐻2. AsR2 =

2
√
𝑑

𝛼𝐾
R1 we can apply the degree calculation of Lemma 4.7 with 𝛽𝐾 = 2

√
𝑑

𝛼𝐾
≥ 2 and

get that 𝔼(𝑑 (𝐻2)) ≤ 𝑐𝛽𝐾 ·𝔼(𝑑 (𝐻1)). With the same arguments as in the proof of Theorem 4.8
we find a constant 𝑐 independent of 𝐾 . This concludes the proof.
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5 Conclusion

In Chapter 3, we compared 𝑑-dimensional dot product and weighted embeddings. We first
argued that these embeddings admit different artifacts in certain edge cases. We then showed
that, even if we restrict ourselves to embeddings which do not have these artifacts, there is
no universal translation from 𝑑-dimensional dot product graphs to 𝑑-dimensional weighted
embeddings that turns lengths to weights but leaves the positions unchanged. This suggests
that these models work differently and are hard to compare. We also constructed a translation
from 1-dimensional dot product graphs to 1-dimensional weighted embeddings. However,
this translation heavily depended on the fact that the 1-dimensional dot product is just a
multiplication, like the multiplication of weights. We do not think that this proof generalizes
into higher dimensions.
We thus moved onto models, where we suspected that they are more similar and easier

to compare. In Chapter 4, we compared (𝑑 + 1)-dimensional dot product graphs and 𝑑-
dimensional ball graphs and showed the similarity of the corresponding random graph models.
More precisely, we proved that our (𝑑 + 1)-dimensional random dot product graph model
generalizes the 𝑑-dimensional random ball graph model up to constant factors and the other
way around. To be able to do this we looked at cap graphs which are very similar to ball
graphs as proved in Section 4.1. We also found a natural way to turn caps into the positions
and lengths of a dot product embedding by looking at the subset of positions that would
get connected to a certain vector. Altogether, we established new connections between dot
product, weighted and ball embeddings.

5.1 Future Work

The only relation of the three big models that we have not studied in this thesis, is the one
between weighted and ball embeddings. Here, we strongly suspect that there is no universal
translation from 𝑑-dimensional ball embeddings to 𝑑-dimensional weighted embeddings,
that turns radii into weights, but leaves the positions unchanged, i.e. a similar theorem as
Theorem 3.1. We think this statement is true, since in ball embeddings the radii are added but
in weighted embeddings the weights are multiplied. Changing a summand has a different
effect on the sum as changing a factor in a product.
Both in this case and in the setting of Theorem 3.1 one could try to find translations that

also change the positions. For this it might be helpful to determine the embedding dimensions
and corresponding embeddings for different graphs.

In the introduction, we also spoke about a fourth model, namely hyperbolic unit disk graphs.
We already know that one can translate hyperbolic unit disk graphs into Euclidean disk graphs
by using the Poincaré disk model. We suspect that it is possible to translate this connection
to random graphs and then use our translations to dot product graphs to show that random
dot product graphs are a generalization up to constant factors of hyperbolic random graphs.
As GIRGs generalize hyperbolic random graphs up to constant factors, this would provide a
new starting point for comparing dot product and weighted embeddings.
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5 Conclusion

However, for this to work correctly, one needs different random graph models for dot
product and ball graphs than ours. Most notably, positions would not be drawn uniformly at
random, as we would start with a uniform distribution in bounded subset of hyperbolic space
and then adjust them, because the center of a hyperbolic disk is not the same as the center of
the corresponding Euclidean disk. Moreover, the radius of the disks will depend upon the
position. As we scale the disks for the translation from disk graphs to dot product graphs,
one also has to decide if one scales the radii of the hyperbolic or the corresponding Euclidean
disk as these two notions differ. This could all be adapted to work out, the only critical thing
one needs to show, is that the expected average degrees of the dot product graphs will differ
only by a constant factor. Here one cannot use our degree calculation as it heavily used that
positions were drawn uniformly at random and independent of the corresponding radii.
A last open question would be to relate the random dot product graph model studied in

literature to either the models introduced in this thesis or to other existing models like GIRGs.
The second one might be more fruitful as for both models it has been shown that they produce
graphs with properties of real-world social network graphs [YS07 | BKL19].
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