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Abstract

Geometric representations of discrete structures, such as graphs, can be useful for many
information processing tasks. In particular, hyperbolic and weighted graph embeddings have
gained significant attention in recent years, as they allow particularly good representations
of scale-free networks. A weighted embedding of a graph assigns each vertex a position in
RR? and a weight in R,. We require that for any two vertices, they are adjacent iff. they are
assigned similar positions, where the required similarity of positions decreases as the weights
of the vertices increase.

While weights are usually assigned based on degree, this approach fails to embed complete
trees of sufficient height. Thus, we examine weight assignments based on more nuanced
centrality measures. For that reason, we consider sufficient and necessary conditions of
weights for high-quality weighted embeddings, in particular for trees and grids. Based on
those conditions, we propose choosing weights according to the k-hop centrality of a vertex.
We show that such weight assignments yield high-quality embeddings of complete trees.
Furthermore, we show that k-hop based weights perform comparably to degree-based weights
on grids. However, we also observe shortcomings of k-hop based weights on caterpillars,
some induced subgraphs of grids and random geometric graphs.

Zusammenfassung

Geometrische Représentationen diskreter Strukturen, wie beispielsweise von Graphen, kénnen
zur Informationsverarbeitung niitzlich sein. Insbesondere hyperbolische und gewichtete
Einbettungen von Graphen haben in letzter Zeit erhebliche Aufmerksamkeit erhalten, da diese
gute Reprisentationen, insbesondere fiir skalenfreie Netzwerke, ermoglichen. Eine gewichtete
Einbettung ordnet jedem Knoten eine Position in R? sowie ein Gewicht in R, zu. Dabei
fordern wir, dass zwei Knoten genau dann adjazent sind, wenn sie dhnliche Positionen haben,
wobei die erforderliche Ahnlichkeit der Positionen umso geringer sein darf, je grofier die
Gewichte der Knoten sind.

Waihrend Gewichte iiblicherweise basierend auf dem Knotengrad zugewiesen werden,
scheitert dieser Ansatz daran, vollstdndige Baume mit hinreichend grof3er Tiefe einzubetten.
Daher untersuchen wir Gewichtszuweisungen, die auf differenzierteren Zentralitatsmafien
basieren. Zu diesem Zweck betrachten wir hinreichende und notwendige Kriterien von ge-
wichteten Einbettungen von Biumen und Gittern. Ausgehend von diesen Kriterien schlagen
wir vor, Gewichte gemaf} der k-Hop-Zentralitit eines Knotens zu wihlen. Wir zeigen, dass
diese Gewichtszuweisung hochwertige Einbettungen von vollstindigen Baumen erméglicht.
Zudem zeigen wir, dass Gewichte auf Basis der k-Hop-Zentralitit und des Knotengrads Einbet-
tungen in vergleichbarer Qualitat ermdglichen. Allerdings beobachten wir auch Schwiachen
der vorgeschlagenen Gewichtszuweisung bei allgemeinen Baumen, induzierten Teilgraphen
von Gittern und zufilligen geometrischen Graphen.
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1. Introduction

Graphs are a fundamental tool for modeling discrete relationships in real-world systems,
providing a natural representation for networks, social interactions, and various structured
data. Meanwhile, many information processing tasks, as for instance many machine learning
tasks, can only process continues information. This highlights the need for a geometric
representation of graphs, which can close the gap between discrete and continues data.

A popular way of solving this problem is using embeddings of graphs. A d-dimensional Eu-
clidean embedding of a graph assigns each vertex v of a graph, a position p, € R in Euclidean
space such that two vertices have similar positions if and only if they are adjacent [GF18].
In Euclidean space two points x, y € R? can be considered similar, if they have a Euclidean
distance ||x, y|| < 1. By that definition, a suitable (Euclidean) embedding of a graph G requires
that

lpu = pull <1 & {u,v} € E(G) (1.1)

for as many vertices u, v € V(G) as possible.

The existence of such embeddings that satisfy this condition for all pairs of vertices
u, v € V(G) has already been studied under the term sphericity [Mae84] [Fis83] and graph
dimension [RRS89]. Those concept concern the smallest dimension sufficient to represent
the graph perfectly. Graphs with sphericity 2 are also referred to as unit disk graphs and are
well-studied class in literature [CCJ90] [HHZ24] [An+24].

Maehara showed that it is always possible to find suitable embeddings of arbitrary graphs
in n dimensions [Mae84]. However, as n can become very big for a lot of real-world networks,
an embedding in such a high-dimensional space becomes unpractical. Furthermore, high-
dimensional embeddings have a high risk of overfitting. Hence, finding low-dimensional
embeddings of graphs is an important task.

Another important motivation for finding low-dimensional embeddings of a graph is
their potential to accelerate algorithms for classical graph problems. For instance, given
a 2-dimensional embedding that satisfies Condition 1.1 for all vertices u, v, the maximum
clique can be found in polynomial time, whereas this problem remains NP-hard on general
graphs [CCJ90].

However, not all graphs are best represented by Euclidean geometry. Findings from the
network science community indicate that scale-free graphs, i.e., graphs with a degree distribu-
tion that follows a power law, are better represented by hyperbolic geometry [PKBV10]. This
is particularly relevant, as most real-world graphs, for example the internet graph [BPK10],
tend to be scale-free.

Hyperbolic embeddings are an alternative to Euclidean embeddings. Hyperbolic embedders
tend to yield low-dimensional embeddings of scale-free graphs [NK17] [BFKL18]. However,
the task of finding hyperbolic embeddings that outperform Euclidean embeddings poses some
computational challenges [BHKM24] [Pen+22].
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These problems partly arise, because shortest path between points in the hyperbolic space
curve toward the origin and central vertices being generally embedded near the origin.
Moreover, the mathematical complexity of hyperbolic space makes hyperbolic embeddings
not very accessible.

Similar problems arise in the related topic of graph generation, where the efficient generation
of hyperbolic random graphs (HRGs) is challenging. Here, these challenges were overcome
by considering the alternative graph model of geometric inhomogeneous random graphs
(GIRGs) [BKL19] [Bl4a+22]. In GIRGs the centrality of a vertex is explicitly given by a weight
parameter w,. It was shown that the generation of GIRGs is much easier and that HRGs and
GIRGs are roughly equivalent.

The weighted geometry of GIRGs can also be used for embeddings: Similar to the Euclidean
case, a d-dimensional weighted embedding of a graph G is an assignment of each vertex v to a
position p, € R? in Euclidean space and a positive weight w, € R,. We require

Hpu _pv”

(o) 1 <1 < {u,v} € EG),

for as many u, v € V(G) as possible.

As in the GIRG model, the weight w, can be interpreted as the centrality of the vertex
v. A natural way of choosing weights, based on the GIRG model, is to set the weight of a
vertex based on it’s degree. Indeed, existing embedders, such as WEMBED [BHKM24], choose
weights in exactly that way. WEMBED computes w, and p,, in two separate steps:

Set the weight of every vertex v to w, = (deg v)?/®.
Calculate suitable positions p, using gradient descent.

WEMBED reliably generates suitable embeddings on GIRGs and many real-world graphs.

However, even without knowing the details of the second step of the algorithm, it can be
seen that WEMBED has at least one major flaw: In a complete binary tree, all vertices except
the root and the leaves have a constant degree of 3. Thus, WEMBED assigns them the same
weight. However, a weighted embedding with constant weights is equivalent to a Euclidean
embedding and a complete binary tree can not be embedded into Euclidean space. This is due
to the number of leafs of a tree growing exponentially, while the Euclidean space only grows
polynomial. We state this argument in more depth in Section 3.1. This shows that WEMBED
is not suitable for finding low-dimensional weighted embeddings of complete trees, which
form a fundamental class of graphs. This is particularly interesting, as trees can be embedded
trivially into hyperbolic space.

1.1. Contribution

In this thesis, we will fix this problem, by considering weight assignments based on more
nuanced centrality measures as degree centrality. We will approach the problem from a
theoretical perspective, i.e., we will not consider the technical details of computationally
finding suitable positions p, of a weighted embedding. Instead, we only consider the question
of whether there exist such positions, given some assignment of weights.

Our contribution primarily consists of two parts.



1.2. Outline

First, we will introduce necessary and sufficient conditions for the weights of low-dimensional
weighted embedding of high quality. In particular, we examine such conditions for 1-
dimensional weighted embeddings of trees and 2-dimensional embeddings of grids. As
a consequence, we show that there exist low-dimensional weighted embeddings of arbitrary
trees, even though no such embeddings exist with weights based on degree centrality. These
results are interesting on it’s one, but are also useful for finding weaknesses of arbitrary
weighted embedding algorithms

Second, we introduce concrete modifications to the weight assignment in the first step
of WEMBED. Concretely, we consider assigning the weight of a vertex v based on it’s k-hop
centrality [NFWS14], i.e., the number of vertices with graph distance at most k to v, for some
carefully chosen k. This alternative weight assignment outperforms degree based weights on
trees and is on par with it on grids. We critically assess the quality of embeddings with k-hop
based weights on more complex classes of graphs, namely arbitrary trees, induced subgraphs
of grids and unit disk graphs.

1.2. QOutline

The remainder of this work is structured as follows: In Chapter 2, we define the mathematical
notions and concepts required. In Chapter 3, we analyze the existence of high-quality 1-
dimensional weighted embeddings of trees with given weights. In Chapter 4, we introduce
sufficient conditions of weights that yield weighted embeddings of high quality. In Chapter
5, we introduce and evaluate multiple alternative ways of assigning weights to vertices of
complete trees and grids. We show that the k-hop centrality is suitable for that purpose.
In Chapter 6, we assess the quality of this weight assignment on arbitrary trees, induced
subgraphs of grids and unit disk graphs. Finally, Chapter 7 is a summary of our work and an
outlook on possible future work.






2. Preliminary

In this chapter, we will discuss some fundamental prerequisites for working with weighted
embeddings.

2.1. General Mathematical Notions

Sets and Numbers Let R denote the set of all real numbers, R, the set of all positive real
numbers and R := R, U {0}. Furthermore, Z denotes the set of all integers, N, the set of
all positive integers and Ny = IN, U {0}. For a finite set A, |A| denotes the cardinality of A.
Let e, 7 be the usual mathematical constants and ¢ the golden ratio.

Geometry For each d € N,, we consider the d-dimensional (euclidean) space R? equipped
with the standard norm ||-||. We represent the elements of R? as row vectors x = (x1, X3, . . ., Xq).
We define ||x|| by

For x,y € R?, we call ||x — y|| the (euclidean) distance between x and y. For all x,y,z € R?,
the triangle inequality

Il +yll < [lx[I + llyll
and it’s consequence
llx =zl < llx = yll + [ly - =l

hold. For d = 1, ||x|| is equal to the absolute value |x| of x.

For x € R? and r € Ry, we define the (euclidean) (d-dimensional) ball B with radius r,
centered at x by B= {y € R? | ||x — y|| < r}. If d = 2, we call B a disk. We denote the volume
of a set A by Vol(A) and consider the lemma about volumes of balls:

Lemma 2.1: For any d € N, there exists a constant Cq such that for all x € R? andr € R,
the volume of the d-dimensional ball B of radius r, centered at x has volume

Vol(B) = Cyr?.

Furthermore, C; = 2,Cy = m and C3 = ‘glﬂ-_

Words Let A be as set of symbols. If xg, x1, X2, ..., x,—1 € A are symbols, we call the finite
sequence v = XoX1Xp---X,—1 a word over the alphabet A and call |v| = ¢ the length of
the word v. The word of length 0 is called the empty word and is denoted by ¢. For two
words u = Xoxy...Xp—1 and v = Yoy ... y,—1, we define the concatenation uv of u and v as
UV = XX1...Xp—1YolY1 - - - Yr—1. For any k € Ny, we define A=K to be the set of all words v
over the alphabet A with |v| < k.
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Big O Notation Let f,g: Ny — Ry such that the following limit exists:

q = lim @
k—oo g(k)
If g = 0, we write f € 0(g). If g € (0, ), we write f € ©(g). If ¢ = o0, we write f € w(g). We
define O(g) = 0(g) U ©(g) and Q(g) = w(g) U B(g). We use this definitions not only for
functions f, g, but also sequences of numbers and variables that depend on each other. In
some situations, we will write f = o(g) instead of f € 0(g) for convenience.

Probability Theory For any events A, B and random variables X, Y, we use the notions
P (A), ~A, E[X], Var (X), Cov (X,Y), T4}, P(A|B) and E [X]|Y] as usual. We note that
E [1] {A}] =P (A) and Var (1(4}) =P (4) - P (A)?. Furthermore, for any A > 0, Var (1X) =
A%Var (X). If A, is an event for each n € N, then we say that A, occurs with high probability
(w.h.p.), if P (=Ay) € o(1).

2.2. Graph Theory

All graphs in this work are finite, simple, undirected and unweighted. For a graph G, we denote
the vertex set of G by V(G) and the edge set of G by E(G). The number of vertices of a graph
is always denoted by n and the number of edges by m.

An edge is an unordered pair {u, v} of vertices u,v € V(G). If {u,v} € E(G), we say
that u and v are adjacent or that u is a neighbor of v. The number of neighbors of a fixed
vertex v is called the degree of v and denoted by degv or deg, v. A path of length ¢ from
v to V' is a sequence of vertices (v = ug, uy,...,ur), where u; is adjacent to u;; for all
i € {0,...,¢ — 1}. The path of smallest length from u to v is called the distance between
u and v and is denoted by distg (u, v). If no path from u to v exists, we set distg(u,v) =
oo, If vertices u,v € V(G) exist with distg(u,v) = oo, we call G disconnected and oth-
erwise connected. Connected graphs Hy, H,, ..., Hy are called the connected components
of G, if V(G) = UK, V(H;) and E(G) = UX, E(H;) and k is minimal. The diameter of
G is defined as diam G = max, ,ev(G) distg(u, v). The radius of G is defined as r(G) =
min, ey (G) Maxyey () distg(u, v). A set I of vertices is called an independent set of G, if for all
w,vel {uv}é¢EG).

A graph H is called a subgraph of a graph G, if V(H) C V(G) and E(H) C E(G). A graph
H is called an induced subgraph of G, if H is a subgraph of G and E(H) = {{u, v} € E(G) |
u,veV(H)}.

Two graphs H, G are called isomorphic, if there exists a mapping f : V(G) — V(H) such
that for all u, v € V(G),

{w,v} € E(G) & {f(w),f(v)} € E(H).
If this is the case, we write G = H.
Paths and Cycles For k € N, we define the path graph Py as the graph with V(Py) =

{0,1,...,k — 1} and E(Px) = {{0,1},{1,2},...,{k — 2,k — 1}}. The graph Cy defined by
V(Cx) := V(Px) and E(Cy) := E(Px) U {{k — 1,0}} is called a cycle graph.s
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(0,0) (5,0)

(0,3) (5,3)

Figure 2.1.: [llustration of the grid I 4.

Grids Fora, b € Ny, we call the graph I, ;, defined by V(I,,) = {0,1,...,a—1}x{0,1,...,b—
1} and

E(Tap) = H{(xy), (LD} (xy), (i j) € VITap), li— x| +|j -yl =1}

a grid. See Figure 2.1 for an illustration. An induced subgraph G of I, ;, is called grid graph.

Trees For b € N, and h € N, the complete b-ary tree of height h T: is defined by V(T}i’) =
{0,1,....,b—1}*" and

E(TY) = {{vvx} |ve{01,....b- 1} xe{0,1,....,b - 1}}.

We note that for any v € V(T}f’), |v| = distg(e, v). We call |v| the layer of v. For each
v E V(T}f), there exists a unique path p of length |v| from ¢ to v. A vertex u is called an
ancestor of v, if u is contained in p. An ancestor u of v with distg (u, v) = 1 is called the parent
of v. If u is an ancestor of v, then we call v a descendant of u. If u is a parent of v, then we call
v a child of u.

All vertices of T}i’ have degree at most b + 1. A vertex v with degree 1 (ie. |v| = h) is
called a leaf of Té’ . The set of all leaves of T}i’ is an independent set of size b". The vertex ¢
has degree b and is called the root of Té’ . For a vertex v and h’ € Ny, the subtree of height
K’ rooted in vertex v is defined as the subgraph T of T,f’ induced by V(T) = {u € V(T}i’) |
u is a descendant of v, distg(u, v) < h'}.

If b =2, we call T]f a complete binary tree. If h = 1, we call Sp, = le the b-star. A connected
induced subgraph of T}f for any h and b is called a tree.

Note that some authors use the term ‘complete tree’ differently, referring to a tree in which
all levels except possibly the last are fully populated and the last level is filled from left to
right.

2.3. Weighted Embeddings

A d-dimensional weighted embedding of a graph G is an assignment of each vertex v €
V(G) to a position p, € R? and a weight w, € R,. More formally, for d € Ny, we call
¥ = (pv, Wy)vev(G) a d-dimensional weighted embedding of G if p, € R? and w, € R, for all
v € V(G). For any v € V(G), we write ¢, := (p,, w,). We say that the embedding i is perfect
if, for all u, v € V(G),

“pu B Pv” <

(w14 = 1 < {u,v} € E(G).
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For ease of notation, we define

dist - (R X Ry) X (RY X R,), (pr, wa), (o, wp)) - 2L P2
(wiwy)
With that notion, a weighted embedding ¢ is perfect, if and only if, for all u, v € V(G),
dist(¢y, ) <1 & {u, v} € E(G). (2.1)

We note that intuitively speaking, dist(yy, ¢/,) can be interpreted as a weighted distance
between ¥, and /,: However, dist is not a metric in the mathematical sense, as it does
not satisfy the triangle-inequality (and is not positive definite): For instance consider x; =
(p1,w1) = (=L 1), x2 = (p2, w2) = (0,2) and x3 = (p3, w3) = (1, 1), then

(=D =0l + 0= 1] =1<2= ey -1 = dist(xy, x3).
1-2 2-1 1-1
We also note that dist must not be confused with the graph distance distg.
Like already mentioned in the introduction, we consider it desirable for an embedding
Y to be perfect. However, sometimes it is only possible to construct an embedding that is
"almost perfect’, meaning that Condition 2.1 is only true for most, but not all, u, v € V(G). To

formalize this idea, we define

E(W) = {{u. v} | u,v € V(G),dist(Yy, ¥y) < 1}

and call ¢ an embedding with error (s, sgp) of G, if sg = [E(G) \ E(¥)| and sg, = |E(¢) \ E(G).
Thus, s, counts the number of false negative edges and sg, the number of false positive edges.
If we don’t want to distinguish between those two types of error, we just say that i has a
(total) error of sg, + sgp. Note that ¢ is perfect, if and only if, ¢ is an embedding with total error
0.

In most parts of this thesis, we are not just interested in an arbitrary perfect embedding or
arbitrary embedding with low total error, but an embedding that uses some given weights:
For an assignment of vertices to weights (w:,) vev(G): We say that = (p,, wy)vev () is an

dist(xy, x) + dist(x, x3) =

embedding with weights (w/) if w, = w/, for all v € V(G). In that case, we also

veV(G)?
say that (W{,)VGV(G) yields the enibiedding Y. If w, = 1for all v € V(G) then we say that
¥ = (pv, Wy)vev(G) is an embedding with unit weights.

For multiple results in this thesis, the minimal and maximal weight in an embedding will
be relevant. Thus, we define the abbreviations

Wmax(lp) = Vg%f?é) Wy and Wmin(w) = vgl/l(ré;) Wy

for an embedding ¢ = (p,, wy)vev(G)-
One way to make the geometry of dist intuitively more approachable is to consider the

weighted ball
By (x1) = {x2 = (p2, w2) € RY x R, | dist(x1, x) < 7}

for all x; = (p1,w1) € RYxR, andr € R (. This becomes especially illustrative if d = 1, as
we can replace ||-|| with |-| and observe that

dist(x1, %) <r & M <
Wi1WwW2

— |p1 —p2| < rwiwy
— p1—pP2 < rwiwy /\pl — P2 > —rwiws

— p1—rwiwy < po A pa < p1+rwiwy.



2.3. Weighted Embeddings

BT R B B

l /) \I/ \II/ A | |

-2 -1 0 1 2 3 4 5 6

Figure 2.2.: [llustration of the embedding ¥ = (p,, w,)vev(c,) define by py = -1, wy = 2.5,
p1=1,w; =1,p; =2, wy =1and p; = 3.5, w3 = 2 and the balls B;(¢/,) for all v € {0, 1,2, 3}.
We observe that the balls B (i/,) are cone-shaped. The lower w,, the steeper is the slope
of the boundary of By (¢/,). We note that ¢ is perfect, as we can verify that for all different
vertices u, v € {0, 1, 2, 3}, the equivalence ,, € B;(¢,) < {u,v} € E(C,) holds.

Thus:
Lemma 2.2: Forallr € Rsq and x; = (p1, wy) € RY x R,,

Br(x1) = {x2 = (p2, w2) € RX R, | p1 —rwiwy < pa A pa < p1+rwiws}
holds.

Figure 2.2 illustrates some weighted balls B, (x;) for d = 1 in the half plane R X R,. By that
illustration or Lemma 2.2, we observe that B, (x;) is a cone with apex (p;,0) and a boundary
with slope rwyws.

We will now discuss some general claims about weighted embeddings. First, we note that
if = (pv, Wy)vev(c) is a perfect (d-dimensional) weighted embedding of a graph G, then
for every A > 0, the embedding ' = (p}, w}),ev(c) With w}, = Aw, and p/, = A%dp, for all
v € V(G) is perfect too. This can be confirmed by verifying

sty gy < VEL= 2l = p
wrny (Awuiwv)d AZd(WuWV)d

= diSt(le ﬂbv),

for all u, v € V(G). Thus, if (w,),cv () yields a perfect embedding, so does (Aw,),cv (G)-

Similarly, we observe that if x € R? and ¥/ = (p,, Wy )vev(c) is a perfect d-dimensional
weighted embedding of G, then so is ¢’ = (p’,, wy)vev () With p;, = p, + x for all v € V(G).
Thus, the positions in an embedding can be translated arbitrarily without loosing it’s perfect
property.

Second, let G be a disconnected graph, with connected components Hy, Hy, ..., Hg_1. If
there exist embeddings of those connected components with some error, then there exists an
embedding ¢ of G such that the sum of the errors of the embeddings of Hy, . . ., Hx_1 is equal
to the error of . For that reason, we will only focus connected graphs in this work.
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A consequence of this remark is that if there exists an embedding with error (sg, sg,) of
any induced subgraph H of G, then there exists an embedding of G with error

Stn + Z degs v, sgp |-
veV(G)\V(H)

(Note that each vertex in V(G) \ V(H) can be considered as a subgraph of G with one vertex.)
Third, if H is an induced subgraph of a graph G and there exists an embedding of G with
error (S, Sp), then there exists an embedding of H with error (sgn, sgp) such that s}n < s and
sgp < Sfp.
Last, for all d,d’ € N, with d’ > d, if (w,),ev(G) yields a d-dimensional weighted em-

&
bedding ¢ of G with error (sg, sg), then (wv" ) yields a d’-dimensional weighted
veV(G)

embedding " with error (sg, sgp)-

10



3. Embeddings of Trees

Trees are a fundamental class of graphs. However, the embedder WEMBED is not able to find
embeddings (with low error) of them. In this chapter, we will find sufficient conditions and
necessary conditions on the weights (w,),cv (1) of any perfect embedding of a complete b-ary
tree. In particular, we will show that perfect 1-dimensional weighted embeddings of arbitrary
trees exist.

3.1. Necessary Condition

We claimed multiple times already that it is impossible to find a perfect d-dimensional weighted
embedding with unit weights of a complete binary tree T}f for all d € N, and sufficiently large
height. This claim can be easily verified in 2 dimensions. Consider the binary tree T}f. Assume
there exists a perfect 2-dimensional weighted embedding of this graph. For each leaf v of T?,
consider a disk of radius % around the position p,. By the definition of perfect embeddings,
those disks do not intersect and the centers of the disks have distance at most & to the position
pe of the root . As there are 2" leafs, the union of the disks has area 27 (%)2 € ©(2"), but the
disks all fit into a bigger disk centered at p, with radius h+ 3 which has area 7(h+3)? € ©(h?),
a contradiction for sufficiently large h.

This argument can be generalized to a criterion about the quotient of the maximum and
minimum weight in an arbitrary perfect d-dimensional weighted embedding of an arbitrary
graph:

Theorem 3.1: Let G be a graph, r € Ny the radius of G, I C V(G) an independent set of G and
Y = (pv. Wy)vev(G) aperfect d-dimensional weighted embedding of G. Then x":‘:((%) > 4 (2r|-iI-|1)d

Proof. For two adjacent vertices u, v € V(G),

. lpu = poll _ llpu = poll
P2 At d) = T (I

holds, yielding ||p, — pull < Wmax(/)¥¢. Since r is the radius of G, there exists a vertex
¢ € V(G) such that distg(c,v) < r for all v € V(G). It follows that

Ipe = pull < 7+ Winax ()2 (3.1)

for all v € V(G), as there exists a path of length at most r from ¢ to v.
Now, let u, v € I be different vertices. u and v are not adjacent and thus

. _ “pu_PvH “Pu_Pv”
1 < dist(Yy, ¥y) = (wowy) 1/ < o (D)7

It follows that
P = poll > Winin ()4 (3.2)

11



3. Embeddings of Trees

. "2/.d
> min
-

i

2/d 2/d
b wild + wm/i“/2

Figure 3.1.: lllustration of the construction of balls By, B’ and B for d = 2 in the proof of
Theorem 3.1 using G = T? with r = 3 and I being the set of leaves.

For every vertex v € I we construct the d-dimensional euclidean ball B, centered at
p, with radius wyin(1)%¢/2. Note that B, N B, = 0 for different u,v € I, follows from
Inequality 3.2. Furthermore, let B’ be the d-dimensional euclidean ball centered at p, with
radius r - wmax(gb)z/ 4 and let B be the d-dimensional euclidean ball centered at pc with radius
r- wmax(gb)z/ dy %Wmin(lﬁ) 2/d, Figure 3.1 provides an illustration of this construction.

Using Inequality 3.1, we observe that p, € B’ for all v € I and thus B, C B. Thus,
UyevBy € B. This subset relation is even strict, since a (d-dimensional) ball cannot be
partitioned into multiple smaller (d-dimensional) balls. We compare the volumes of the sets
to obtain

Ca(rWinax ()29 + winin ()21 /2)7 = Vol(B) > 3" Vol(By) = I1] - Ca(wmin($)*//2)7. (3.3)
vel

Here, C, is the constant introduced in Lemma 2.1 (e.g. C; = 2,C, = 7 and C3 = %77.’). Applying
" Winax ()% + Winin (1) 49/2 < (r + 1) Winax ()% to Inequality 3.3 and simplifying yields

Cd(r + %)dwmax(lﬁ)z > Cdgwmin(gb)z'

‘:Zj‘;‘(%) results in

Solving for

Wmax(w) > |1]
Wmin(lp) (21" + 1)d .

12



3.2. Perfect Embeddings of Binary Trees

Reiterman et al. used a somewhat similar idea to show a lower bound of the sphericity of
a graph dependent on it’s radius and size of an independent set [RRS89, Theorem 5.4]. To
return to the topic of trees, we can apply this theorem directly on complete b-ary trees:

Corollary 3.2: I/ is a d-dimensional weighted embedding of the complete b-ary tree T?, then
:’;‘;‘%; € Q(bM2h=12) More precisely, ”‘”_”‘(l//)) € Q( ,(logLn)d) holds.

Proof. Note that the radius of T}f is h. Let I be the set of leaves of Tf . Iis an independent set
with |I| = b". Thus by Theorem 3.1,

max bh bh
Xmmgﬁ g m € Q(\/:d) Q(bh2n=4/%)

holds. Expressing this in terms of n, we observe that h € ©(logn), |I| = b* € ©(n) and thus
Wmax('#) n n
PP e o J———) =9,/ ——
Winin (1) ( (2logn + 1)d) ( (log ")d)

We note that for any constant a < b, it holds that b"/2h=%/2 € Q (a h/2) . This shows that

for any perfect embedding of T?, if one exists at all, the fraction ma"%)) must grow at least

exponential with & if we fix b to be constant. In particular, there exists no embedding of T?,

where the weights are constant or —= éj)) only grows polynomial with h. Note however that

this requirement for exponent1al1ty only applies for growing h and not necessarily for the
number of vertices n: As far as Corollary 3.2 is concerned, ma"ég; might grow in ©(+/n), as n
increases.

3.2. Perfect Embeddings of Binary Trees

In the previous section we have found necessary conditions a perfect weighted embedding of
T}i’ must satisfy. However, note that we have not proven the existence of such an embedding
yet. We will make up for that now: We begin this section by finding perfect embeddings of
binary trees and will follow up in the next section with perfect embeddings for arbitrary trees.

Corollary 3.2 shows that the maximal weight divided by the minimal weight of a perfect
embedding of T}f must grow exponentially with h. A natural assignment of weights that
satisfies the criterion is

wy = a1,

for each vertex v, where @ > V2 is a constant and |v| denotes the layer of v (i.e. the distance
to the root ¢). Note that Corollary 3.2 is satisfied, as

max w -0
veV(T]f) v _ We (04 ah S (\/E)h _ 2h/2
minveV(T,f) Wy Wany leaf ah

13



3. Embeddings of Trees

/0\ 0.5 T /.i
® 11 ® 10 0.25 + ® (01 ® 00
NN N
LN LN J 0.125 + LN (N J
111 110 101 100 011 010 001 000

Figure 3.2.: [llustration of the embedding (@) of the binary tree T? of height 3 with o = 2.

As we will show below, this construction of weights yields a perfect 1-dimensional weighted
embedding (*) = (p,, Wv)veV(T,f) of Th2 (for some «). The positions in that embedding are set
recursively as as follows: We set the position of the root ¢ to p, = 0. For any non-leaf vertex v
we set the positions of its childs v0 and v1 to

-2|v|-1 -2|v|-1

Pvi=pv—WyWy1 =py— & and Pvo=pv+wWyWy=pyt+a

Figure 3.2 illustrates the embedding (@ constructed.
One benefit of this construction is that

dist(gﬂ&“), 1}1(/‘1")) = dist(g%“), ]/;Eg)) _ lpv — (pv + wywy)| -1

WyWyo

for all non-leaves v € V(Tf). It would remain to show that dist(l%a), l/;l(,a)) > 1 for all non-

adjacent vertices u, v. Instead of doing this for (@) explicitly, we will show a more general
claim:

Theorem 3.3: Let ¢ = (py, wy) vev(1?) be any 1-dimensional weighted embedding ofT,f with
W

we > ¢ for all adjacent u,v with |u| < |v|. Additionally, let p,, = py — wy,wy, and py, =
Dv + Wy, Wy, for all vertex v with children uy and uy. Then, / is perfect.

145

Here, we recall that ¢ = 5= ~ 1.618 is defined as the positive solution of the equation

X —x-1=0.

Thus,
P -1=¢. (3.4)

Proof of Theorem 3.3. We show this by induction over h. For h = 0 and h = 1, the claim
obviously holds. Let h > 2. We assume the claim holds for h — 1 and show that it then holds
for h. For that we will verify the defining property of perfect embeddings

{u,v} € E(T}) < dist(¢u,¥) < 1, (3.5)

14



3.2. Perfect Embeddings of Binary Trees

RAWAWAY)

Figure 3.3.: lllustration of the vertex sets V;, V; and V; from the proof of Theorem 3.3.

for all pairs of vertices u, v € V(T,f). Consider the following 3 subsets of V(Tf): Ve={ve
V(T;) | |v]| # h}, Vo ={v € V(Th2) | v(0) =0}and V; = {v € V(Thz) | v(0) = 1}. Figure 3.3
illustrates these sets. W.lo.g. let p; < p. < po.

Note that the subgraphs of T}f induced by V,, Vj and V] respectively are isomorphic to T;_l
and thus Property 3.5 holds by the induction hypothesis for all u, v with either both u, v € V,
or both u, v € V; or both 4, v € V;. Thus, we only have to verify Property 3.5 in the case where
u = ¢ is the root and v is a leaf, as well in the case where v € V; and u € V; are both leafs.

We start with the first case. So let u = € be the root and v any leaf. W.lo.g. v € V. As |u| =0
and |v| = h > 2, ¢ and v are not adjacent. Thus, we have to verify that dist(¢/,, ¥,) > w.w,.

Let (e =% v 2, .., vh = v) be the shortest path from ¢ to v. We observe that
w w w 1\ w
Wyi = Wyt - LA L v < Wy |— =W, o wvo—v(p i+l < W@ l,
W1 W2 Wi-1 @ 0
~—— —— ~——
1 1 1
<(/7 <¢ <(P

(3.6)
for all i, where the inequality is strict if i # 0. Now, applying a telescope sum and the geometric
sum formula yields,

h h
Pv—=Pe=Pyh =P = vai —Pyit 2 Py1 — Py — Z|pvi _Pvi’ll
i=1 i=2

h 3.6 h
_ 69 I
=W, W, — WyiW,i-1 > Wi W0 — W1 W00

i=2 i=2

h

_ o=t — p2h2
= WW0 — Ww, 0 Z P = wawyp — wio(pzl_—(p_z
i=2
-2 _ ~2h
= Wi W0 (1 - %) (3.7)
1—¢~
We will now show that for all ¢t > 2 the inequality
-2 _ -2t
A 4 —t+1
1-— — >0 3.8
prenil (8)

15



3. Embeddings of Trees

holds. For t = 2 this is true, because

—2 22 —2
Y " —9 21l-9 - - _ _
- :1—(p2 _2:1_(p2:(p2((p2_1):(p1:(p2+1. (39)
1—(p 1—(p
(354)90

—2_ 2
We now defineg: Ry > Rs— 1-— <q_(p_s2

g(¢~") > 0. In addition to g(¢~2) > 0 (by Equation 3.9), it follows from the chain rule that

— ¢s and note that Inequality 3.8 is equivalent to

d ~t -t 297"
- =— . - >0
9™ = -7 (= = )

< 12_"’([;_22 ~p~—0.381<0

forall t > 2 and thus g(¢~*) > O or all t > 2. So we have finally shown that Inequality 3.8
holds. Inequalities 3.8 and 3.7 together imply that

pep 36)
Py —Pe > Wawyoe ST w w0 = wow,. (3.10)

Thus, dist(,, ¥,) = [pe=pvl 5 1 \which finishes this case.

Wy, Wy
Now, consider the second case: Let v € V; and u € V; be leafs of Thz. Recall that w.l.o.g.
p1 < pe < po and thus p, < p, < p,. Hence,

=— > 1.
WuWy WuWy WyuWy Wy

)= Pv—Pu > Pv—pe (3;0) WyWe W

dist(Yn, ¥y
We have also verified Property 3.5 for the second case, which concludes the prove. a

As a direct consequence, 1,5(“) from above is a perfect embedding of Th2 for all h, if & > ¢.
However, we note that for « = ¢ and h > 2,

_ _ _ (3.4 _ _
pe—pol =0 =03 =032 = 1) ) 730 = 72 = wpyw,,

and thus, dist(lﬁg(q’), l}é{p)) =1 < 1, despite {¢,01} ¢ E(Thz). Hence, l}(‘/’) is not perfect. This
shows the importance of the strictness of the inequality x—l“, > ¢ in Theorem 3.3.

Additionally, we consider the following corollary of Theorem 3.3:

Corollary 3.4: For arbitrary given weights (w, € R) vev(1?) with x—': > ¢ for all adjacent u, v
with |u| < |v|, there exist positions (p, € ]R)veV(T,f) such that § = (p,, WV)VEV(T}f) is a perfect
1-dimensional weighted embedding ofThz.

Proof. We set p, = 0 and for each vertex v € V(T}f) with |v| < h, we set recursively

Pvo = Pv+WyWy and Pvi = Pv — WyWy1.

We then apply Theorem 3.3 on ¢ = (p,, wy) VeV (T2)- a

16



3.3. Perfect Embeddings of b-ary Trees

3.3. Perfect Embeddings of b-ary Trees

In the previous section, we have shown among other things that perfect 1-dimensional
weighted embeddings of complete binary trees exist. For that purpose it was convenient
that each vertex of a binary tree has two or none children. This allowed us for each vertex
v to position one child of v to the left and the other child to the right of v. This idea can be
generalized to find higher-dimensional perfect embeddings of general complete k-ary trees.

However, instead of generalizing the idea from the previous section, we will try a completely
different approach. On the contrary to the previous approach, all children of a vertex v will
be positioned to the right of v. Before we describe this embedding in detail however, we show
a preliminary lemma about embeddings of disconnected graphs:

For a 1-dimensional weighted embedding ¢ = (p,, w,),ev () of an arbitrary graph G we
define pies(¥), prignt (¥) and A(¢) in a similar fashion as wiax () and wiin (¥):

Pleft(ll/) = Vgl/i(%)f'w pright(’;b) = Vg/%)é)Pv, A(¢) = Pright(¢) _pleft(])b)

Observe that A(1/) can be alternatively characterized by

A) = = Du.
¥) u’vrggﬁ((G)p P

With that notation, we observe:

Lemma3.5: Let§ > 0 be arbitrary and G be a graph with k connected components Hy, Hy, . . . Hy._1,
such that for each i € {0,...,k — 1}, a perfect 1-dimensional weighted embedding " =

(pf,i), wl(,i))vev(Hi) of H; exists. Then, there exists a perfect 1-dimensional weighted embedding

¥ = (Pv Wo)vev(c) of G such that w, = w'” forallv € V(H;),i € {0,...,k -1} and

k-1
AW) = 8+ (k= Dwaar()? + D AGD). (3.11)
i=0

Proof. W.lo.g. assume that pleft(lp(i)) = 0 foralli. We define ¢ = (p,, wy)vev(g) by wy = wii)

and p, = p&i) +s;forallv e V(H;),i € {0,...,k — 1}, where

. i—1
1

i 1= 1 15+; (AW D) + wimax (1)?). (3.12)

Figure 3.4 illustrates this construction.
We claim that i is perfect: Letu € V(H;),v € V(H;),i € {0,...,k—1}and j € {0,...,k—1}

be arbitrary. If i = j, then

Ipu = pll _ llpi” +5i = (p3” + 1)l

Wy Wy ngi)w‘(/i)

dist(Yu, ) = = dist(y”, yi)

and thus
dist(, ) > 0 = dist(p), ¥y > 0 = {u,v} € E(H,).

17



3. Embeddings of Trees

A
v, H
U(U), Hy
/\Sv—\ U(Q)YSHZ
Pe
o T
A@O) L TAE™) T AE®)
Winax(¥)? Winax(V)?
6/2 8/2

| Il Il |
! IS] ISQ A(lb

Figure 3.4.: llustration of the construction of ¢ and choice of s; in the proof of Lemma 3.5,
with k = 3. The connected components are positioned in such a way that the positions of two
vertices u, v in different components have distance more than wpay ()%, This guarantees that
dist(¢,, ¥) > 1 for all such u, v. The weights and relative positions of vertices in the same

connected components remain unchanged.

Otherwise, if i # j (w.lo.g. i > j,py, > py), then {u,v} ¢ E(G) and
pu=pv=pi +si= p =
—— ——
>0 <A(yW)

A+ ]5+Z (AG) + wanax(1)?)

t=j

Ay + kja + (AW + winax (1)?)

> Lt e (1) > Wi ()

Thus,
2
2 o=l

WyuWy Wmax (Eb)

dist (Yu, v

So, we have shown that ¢ is perfect. We also confirm that Property 3.11 holds: Let u =
arg max, ey (g,_,) Wu and v = argmin g,y wy. Then,

AY) = pu—pv =& + 5120 = p

x~
N

1

= pright @5 ) = prea () + %5 + (A(W)) + Winax ()?)

gk

4

I

= APED) 20+ 8+ (k= 1) winax () + Z Ay D)

=5+ (k = D Wimax ()% + Z Ay,

18



3.3. Perfect Embeddings of b-ary Trees

With this in mind, we can tackle the construction of perfect 1-dimensional weighted
embeddings of the complete b-ary tree T: : As in the case with b = 2, we proof sufficient
conditions for weights that yields a perfect 1-dimensional weighted embedding. For b = 2, the
ratio for weights of connected vertices 2# has to be larger than ¢. For general b, this bound
on the ratio is dependent on the branchmg factor b. We denote this bound by &, and define it

by:
Definition 3.6: For all b € N, we define &, as the positive solution x to the equation

bx ' +b=x. (3.13)
With the quadratic equation, we can express &, explicitly as
= (p+ Vo ap),
which allows us to find the bounds,

=\(b+1)?
—_—
b+ Vb2 Vb2 +2b+1+b+1

=b+1. 3.14
5 <& < 5 + (3.14)

b=

As an additional change to the case b = 2, we require that all vertices in the same layer of
T,f (i.e. with the same distance to the root) have the same given weight w,,. Thus, for each i
there exists a number w; such that for all vertices v in layer i (i.e. |v| = i) have weight w, = w;.
As a consequence, we can rephrase the condition +* > &, for all vertices v with parent u, as

T;>§bf0raul€{0"“’ -1}

Theorem 3.7: For allh € Ny, b € N, \ {1} and (W))ie{o,...h}, With = il > & foralli e
{0,...,h — 1}, there exists a perfect 1-dimensional weighted embedding gb (pvs WV)Vev(Tb of

T}i’ such that w, =w),| forallv € V(Tf) and

A(Y) < Epwo(wo — wh), (3.15)
ifh > 1.

Proof. We will prove by induction over h that such an embedding ¢ exists. The claim is
obviously true for h = 0. For h = 1, we define ¢ = (p,, WV)Vev(TZb) by p. = 0, w, = W and
pue = (£ + bL;l) W, wye = wy for the ¢-th child uf of ¢ (£ € {0,1,...,b — 1}). See Figure 3.5 for
an illustration. Then,

(¢ + b%l)Wf (b-1+ b 1)w1 W (3.14) _ w

dist(wg’ wug) = —— < = b__ < é‘:b__ < gbgb_l =1
WoWw1 Wow1 Wo wo
and
t k ~2 .
. (f—k+b—_1—b—_1)wl (1+ 55w
dist(Yye, Y ) = — z 2
wy Wi

forall £,k € {0,1...,b—1},¢ > k. Thus, ¢ is perfect.
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3. Embeddings of Trees

T |
T T
-1 0 1 2 3 4 5 6 7

Figure 3.5.: llustration of the induction base case in the proof of Theorem 3.7 for b = 4, wy =
5 > & and w; = 1. The dashed, green area is the weighted ball B; (). We can see that all
vertices are contained in this ball and we can verify that the distance between two child of ¢
is sufficiently large.

Additionally, Condition 3.15 is satisfied, as

b-1 3.14
A= bt =pe = (b‘“m)Wf =t "< g,
- o WO o .
< &wowy < Epwow, (W_ - 1) = &wo(wo — wh).
1
—————

>&p—1>b-12>1

Now let h > 2 be arbitrary and assume that the claim holds for all trees T}i’, of height h’ < h.
Consider the graph G’ that is obtained by removing the root ¢ from T,i’ . Notet that G” has
exactly b connected components Hy, ..., Hy_1. All connected components H; are isomorphic
to T:_l. Thus, by the induction hypothesis, there exists a perfect 1-dimensional weighted
embedding y" of Té’_ | £ H; (for all i), that satisfies the claims. By Lemma 3.5, for all §; > 0,
there exists a perfect 1-dimensional weighted embedding /" = (p’, w;),ev(c’) of G’ such that
w), = w|,| and

b—

1
AW) =81+ (b= 1) Wanax () + Y A"
A/_/ l:0

_—=2
=wj

=81+ (b — 1)W: + bA(Y"”). (3.16)

We will now show that the perfect embedding ¢’ of G’ can be extended to a perfect
embedding ¥ = (p,, Wv)veV(T,f) of T}f with the required properties. In particular, we set
¥y =y, for all v € G" and w, := Wy. It only remains to determine a suitable position p, of
the root ¢ of T}f’.

To show that ¢ (with a suitable p,) is perfect, we only need to confirm that dist(y,, ¢»,) <1
foralli € {0,...,b — 1}, where r; is the root of H;, and that dist(¢,, ¢,) > 1 for all v € M;,
where M; := V(H;) \ {r;}. We observe that this is equivalent to . € B;(1,,) and ¥ € B1({,)

20



3.3. Perfect Embeddings of b-ary Trees

Wy oS Bl\("pm)
Py o ~_

Figure 3.6.: This figure illustrates a part of the proof of Theorem 3.7. More precisely, it
shows that it is possible for k = 3 to find a ¢/, such that ., € B;(¢,) (green, dashed) and
Ve ¢ Bi(M;) = Uyepm, B1(y) (red, dotted) for all i € {0,1,2}. This is the case, due to the
boundary of the green, dashed cones B, (¢, having a less steep slope as the boundary of the
red, dotted areas B(M;).

foralli € {0,...,b - 1},v € M;, where we recall that B;(¢,,) denotes the set of all points
z € R x R, with dist(,,, z) < 1 (compare Section 2.3). Figure 3.6 illustrates these conditions.
By Lemma 2.2 it suffices to show that

pé‘ 2 Pri - Wé‘wri’ (317)
Pe < Pry + WeWp,, (3.18)
Pe < Pv—WeWy (3.19)

foralli € {0,...,h — 1},v € M;. Note that instead of proving Inequality 3.19, it would be
similarly sufficient to show that p, > p, + w.w,. However we will stick with Inequality
3.19. Now, applying w, = wo, w,;, = Wi, w, < Wy and pies(¥') < pu < pright(y’) for all
ie€A{0,...,b—1},u € V(G’) and v € M;, shows that the Inequalities 3.17, 3.18 and 3.19 follow,
if

Pe = Pright(Y) — Wowy, (3.20)
Pe < prese (YY) + Wowy, (3.21)
pe < prere(Y') — Wowy (3.22)

We observe that Inequality 3.21 is a direct consequence of Inequality 3.22. Thus, it remains
to find p, such that Inequalities 3.22 and 3.20 hold. We note that

3pe : (3.22) A (3.22) &= Fpe : Pright (V') = Wow1 < pe < ple () — Wowy
= Pright (') = Wow1 < prest(¥') — wowy
&= AY') < wowi — Wowy = Wo(W1 — Wa)
= AY') < &wi(wi —w)

The last statement holds by the induction hypothesis (Inequality 3.15) for trees of height
h — 1. Thus, we have proven that we can find a p, such that ¢ is perfect. In particular, we can
set p. = pler(Y') — wows — , for a sufficiently small &, > 0.
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3. Embeddings of Trees

To complete the induction step, we need to prove that Inequality 3.15 also holds for .
We observe that A(Y’) < &wi(w; — ws) by the induction hypothesis (IH). Also note that

Pe = Plese(¥), as pe < ple(Y') — Wowz < pres(¥'). Hence, pright(¥) = pright(¢¥'). We apply
those observations and obtain

A(Y) = pright (V) — prese(¥) = Pright(ﬂb,) —Pe= Pright(lp,) - (Pright(‘V) — Wowz — &2)
= 5, + AW) +Wows V2V 8,4 8y + (b — VWP + BAW") + Wows

(IH) _ o
< O1+6+(b- 1)Wf + b&Ewy (W — W) +wow,
—_———
<W1<§I;1WO

< 51 + 52 + (b - 1)§b_1W1W0 + bfbwlfl;IWo + §;1W0W1

= 81+ 8 + Wow (b, +b) = 51 + 8 + Wow:1 & (2 - 1)
S——— w1

=&p, by (3.13)

>&p—-1>b-121

= &wo (Wo —w1),
for some 3, §2 > 0. As we can choose §; + §, arbitrarily small, this implies

A(Y) < Ewo(wo — wy).
]

This theorem is a useful criterion: If given weights satisfy the condition, then there exists a
perfect 1-dimensional embedding that uses those weights. Note, however, that the criterion is
not necessary: It is easy to verify that there exists an assignment of weights to the vertices of
Tf that yields a perfect embedding, but does not assign all vertices in the same layer the same
weight. Additionally, we note that ¢ ~ 1.618 < 2.732 = &,, thus Corollary 3.4 can be applied
in much more situations than Theorem 3.7, if b = 2. It seems probable that the requirements
of Theorem 3.7 can also be relaxed for other values of b, however this is not done in this work.

As another note, consider the following corollary:

Corollary 3.8: For any tree T there exists a perfect 1-dimensional weighted embedding of T.

Proof. We select b € N, such that T has maximal degree b + 1 and h := r(T) to the radius of
T. Then, T is an isomorphic to an induced subgraph of T}f . It remains to show that Tf can be
embedded in 1-dimension.

We set w, = (b + 1) 1"l for each vertex v € V(T:). Then the claim follows directly by
observing that b + 1 > &, and applying Theorem 3.7. a
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4. Embeddings of Grids

In this chapter, we will discuss weighted embeddings of grids. Even though grids, like complete
b-ary trees, have a homogeneous degree distribution, we will show embeddings of grids behave
very differently to those of trees.

We start by considering 1-dimensional weighted embeddings of the grid I';;. It seems
unlikely that there exists a perfect 1-dimensional weighted embedding I}, if a and b are
sufficiently large, since such an embedding must satisfy various seemingly contradicting
properties. We even conjecture that no such embedding exists for the case a = b = 3. However,
we were not able to formulate a rigorous proof of this. Surprisingly, a perfect 1-dimensional
weighted embedding of T, » exists for all a € IN,:

Lemma 4.1: For all a € IN,, there exists a perfect 1-dimensional weighted embedding of the grid
Lo

Proof Sketch. Consider the embedding ¢ = (p,, w,)vev(r,,) defined by
W(x,y) = 27

and
Pxy) = (_1)y2—2x—1’
for all (x,y) € V(I,2). Verify that ¢ is perfect. Q

For a complete proof of this lemma, see Section A.1. See Figure 4.1 for an illustration of
the ¢ constructed in the proof sketch. A consequence of Lemma 4.1 is thatifa < 2 or b < 2,
then there exists a perfect 1-dimensional embedding of I, ;. However, as mentioned above, it
seems like 1-dimensional embeddings are not suitable for arbitrary grids. Hence, we consider
2-dimensional embeddings instead:

We observe that for all a,b € IN,, the trivial 2-dimensional weighted embedding ¥ =
((5,9), D (x.y)ev(r,,) Of Tap is perfect. This is, because the positions of two adjacent vertices
differ by exactly 1, while the difference between the positions of two non-adjacent vertices is
at least V2. We note that the distance between the positions of any two vertices is never in
the open interval (1, V2). This observation allows us to make a more general claim, which is
stated in the next lemma. First, however, for an ease in notation, we define

Whax ‘= max w, and Whin ‘= min w,
veV(G) veV(G)

for all graphs G and weight assignments w = (w,)ev(G)-

Lemma4.2: Foralla,b € N, an induced subgraph H of T, ,, and given weightsw = (w,) ev (i),
with ﬁ < V2, there exists a perfect 2-dimensional embedding = (py, wy)vev () of H.

Proof. Weset p(x,y) = (X*Wmin, Y"Wmin) for all (x,y) € V(H) and claim that yy = (p, wy)vev(m)
is perfect. For all adjacent vertices u, v € V(H), it holds that ||p, — py|| = Wmin and thus

‘Wmin Wmin
dist (¢, = < B
(Ebu l//V) (Wqu)l/z (1/\/min\/\/min)1/2
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Figure 4.1.: Plot of the perfect 1-dimensional weighted embedding ¢ = (p,, wy)vev (1,,) of
Ly with py ) = (=1)¥2=%~1 and W(xy) =2 forall (x,y) € V(Iy2),

For all non-adjacent vertices (i, j) € V(H) and (x,y) € V(H), we observe that |i—x|+|j—y| > 2.
It follows

16 = Pl = =)W+ (= )W,
= Wmin\/(i - x)Z + (] - y)z > Wmin\/i

and thus

in'V2 i 1
diSt(w(i,j),lﬁ(x,y)) > Wmm\/_ _ \/5 Wmin > \/5 -1
2

(WmaxWmax) ! 12 Wmax \/_
a

This is a useful criterion for weight assignments that yield perfect embeddings of the
grid I}, ;. However, we note that the requirement ‘:V"“T’:‘;‘ < V2 is very strict: For instance,
if we consider the weights w = (w,)er,, defined by w, = degv for all v € V(I,4), then
% = 2 > V2. Thus, we cannot apply Lemma 4.2 directly.

However, instead of only focusing on perfect embeddings, we can more generally search for
embeddings with low total error. What exactly we consider as low total error, highly depends
on the use case. Yet, we note that if an embedding of T, , has error (0(a?), 0(a?)) = (o(n), o(n)),
then

LB \EG) VE@) \EW) _
a—e |E(ra,a)| a—eo O(n)

o(n) +o(n) o

We will show a very general claim about embeddings of grids with sublinear total error.
However, we first introduce the following definition:

Definition 4.3 ((cx, cy)-Monotonicity): Let (cx,cy) € R* be a point and w = (W) vev (T,p)
be a mapping with w, € R forallv € V(I,;). We say that w is (cx, cy)-monotone, if for all
(x1,41), (x2,y2) € V(Iup) with |x; — cx| < |x2 — ¢| and |y; — ¢yl < |y2 — cyl, the inequality
wy = w, holds.
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Intuitively speaking, a weight assignment is called (cy, ¢y)-monotone, if the weight of
vertices decreases, as they get further away from the center point (cy, ¢,). We note that this
monotonicity seems natural in the case where the weight assignment is a centrality measure.

We claim:

Theorem 4.4: For arbitrary a € Ny, (cx,cy) € R? and a (cy, cy)-monotone mapping w =
(Wy)vev(T,.), there exist p, € R? for all v € V(T,,), such thaty = (Pvs W) veV (o) 1S @
2-dimensional weighted embedding of T, with error (ss,0), where

Sp < 4{2 log, (W’"‘_‘x”a € O(log (M)\/z).

Wmin min

Before we prove this theorem, we consider the following two corollaries:

Corollary 4.5: For arbitrary a € Ny, (cx,cy) € R? and a (cx, cy)-monotone mapping w =
(Wy)vev(r,,) With % € O(1), there exist p, € R? for allv € V(I,,), such that y =
(Pvs Wy)vev(r,,) is a 2-dimensional weighted embedding of T, o with error (O (vn),0).

Corollary 4.6: For arbitrary a € N, (cx,cy) € R* and a (cx, cy)-monotone mapping w =
(W) vev(r,,) With % € 2°Vn)  there exist pv € R? for all v € V(T,,), such that =
(Pvs W) vev(T,,) 1S a 2-dimensional weighted embedding of T, q with error (o (n),0).

Especially the latter is surprising, as it shows that even for some weights that differ super-
polynomial, there exists a corresponding embedding of the grid with sublinear total error,
as long as the condition of monotonicity is satisfied. We remark that another criterion for
the existence of embeddings with sublinear error with given weights, that does not rely on
any monotonicity, will be discussed as a consequence of a more general theorem in Chapter 6
(Corollary 6.5).

The fundamental idea of the proof of Theorem 4.4 relies on the idea of partitioning the
vertices of the grid I, ;, into multiple subgraphs such that each of those subgraphs satisfies
the requirements of Lemma 4.2. Thus, we can find perfect embeddings of those subgraphs
and, thus, a perfect embedding ¢ of the (disjoint) union H of all the subgraphs. If we show,
that E(T,,) \ E(H) only contains few edges, then ¢ is an embedding of T, , with low error.
We note that E(I,, ;) \ E(H) is the set of all edges {u, v} of E(I;,) such that u and v are not
contained in the same subgraph. In this last step of the proof, the following definition and
lemma will be useful:

Definition 4.7: We call a set of vertices V' C V(I,p) a w-upset, if w, > w,, forallu € V' and
ve V() \ V.

Figure 4.2 shows an example of a w-upset and a set that is not a w-upset.

Lemma 4.8: For a point (cx,cy) € R?, a (cy, ¢y)-monotone mapping w = (wy)yev(r,,) and a
w-upset V' C V(I,p), it holds that

1{{wv} € E(Cup) |u € V',v e V(Iup) \ V'} < 2a+ 2b.

=E

Proof. Every edge {(x1,y1), (x2,y2)} € E(I,p) is either a horizontal edge (i.e. y; = y, and
|1 — x2] = 1) or a vertical edge (i.e. x; = x2 and |y; — y2| = 1). We show that there are at most
2a vertical edges and at most 2b horizontal edges in E. We will only prove that there are at
most 2a vertical edges in E. The other case follows analogously.
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Figure 4.2.: Example of a (cy, ¢;)-monotone mapping w = (w,)yer,,, a w-upset and a set
that is not a w-upset. The direction of the edges shows in which direction w, gets smaller:
An edge {u, v} € E(I,}) is drawn as directed from u to v, if w, > w,. The mapping w for
which this is shown, is (cy, c,)-monotone, where (¢, ¢y) = (1, 2). Additionally, we note that
the set of vertices V; (highlighted in green and dashed) is a w-upset. The set V; (highlighted
in blue) is not a w-upset, as there are vertices u; ¢ V; and uy € V; such that wy,, > wy,.

For the sake of contradiction, we assume that there exist (at least) 3 vertical edges

{(x1,9), (2 ), {3, ), Gea ) { (x5, y), (36, y)} € F

in the same column with x; < x; < x3 < x4 < x5 < x4. Note that either x4 < ¢, or ¢, < x3
(x3 < cx < x4 is not possible, because |x3 — x4| = 1). W.lLo.g. we assume ¢, < x3. Now,

(xi,y) € V(Iup) \ V' for some i € {3,4} and (x;,y) € V' for some j € {5, 6}, by the definition
of E. Since V' is a w-upset, it follows that ws, ;) > Wy, y). However, we observe that

|xi_cx|=xi_cxij_cx:|xj_cx|

and, since w is c-monotone, it follows that w(y, y) > W(x,,4)- This is a contradiction. Hence
there exist at most 2 vertical edges in the same column. There are exactly b columns in I,
which implies the claim. a

We can now prove Theorem 4.4:

Proof of Theorem 4.4. Letr = [2 logz(%)-‘. For every k € {0,1,...,r — 1} we define

Vi ={ve V(ra,a) | Win - (\/E)k < Wy < Wpip * (\/E)lﬁl}'

Now, Vo, V4, ..., V,_1 is a partition of all vertices, since each vertex v € V(I ,) is contained in
one of the sets, as
Wmax Tmax

lo ( : )
Wmin(\/i)o = Wmax(w) S Wy < Whax < Wmin —— = Winin2 &2\ Vimin
'min

< Wmin(\/i) (r=1)+1
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Figure 4.3.: [llustration of the proof of Theorem 4.4. Each vertex v in the grid I'g 10 has a given
weight w,, which is displayed next to it. We note that this weight assignment is c-monotone,
where c is a point in the center of the grid. The partition of vertices into sets V; (orange), V;
(green), V; (blue) and V3 (pink) is according to the proof. To verify that this sets are illustrated
correctly, we note that 10(v2)? = 10, 10(V2)! ~ 14.1, 10(V2)? = 20, 10(V2)? ~ 28.3 and
10(V2)* = 4o0.

Figure 4.3 illustrates this partition.

By Lemma 4.2, for each k € {0, 1,...,r — 1} there exists a perfect 2-dimensional weighted
embedding lﬁ(k) = (pg,k), Wy )vev(G,) of the subgraph Gy of Ty, induced by Vi. Thus, there
exists a perfect 2-dimensional weighted embedding i/ = (p,, wy),ev(n) of the graph H defined
by V(H) = V(I,4) and

E(H) := E(Gyp) U -+ -UE(Gy-1).

Now, it holds that E(y) = E(H) € E(I,,) and thus E(¢) \ E(I,4) = 0. Additionally,
E(Taa) \E(Y) = {{u, v} € E(Taq) | u € Vi, v € Vir, k # K’}

= JH{u v} €E(Tga) lu€e VU - UV,v€ViqU--- UV, 1} (41)
0

—_

bl
Il

=Ex

Observe that Vo U - - - UV is, by construction, a w-upset. By Lemma 4.8 follows, that |Ex| < 4a.
With Equation 4.1 follows that

r—1

[E(Taa) \EW)| < ) Bl < 7+ 4a € O(log (222 ).

Wini
k=0 min
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5. Specific Weight Assignments

In the previous two chapters, we discussed criteria for weights that yield embeddings with
small error for complete trees and grids, respectively. The main goal of this work is to find a
general procedure that assigns each vertex v of an arbitrary graph G a weight, such that a
good embedding (i.e. an embedding with low error), using those weights, exists for as many
G as possible.

Given a procedure, it seems impossible (or at least very hard), to assess whether it generally
yields good embeddings for all graphs. Instead, we will focus on a few basic graph classes and
show the suitability of the procedure on them. We then hope that the procedure also yields
good embeddings for other graphs.

The two classes of graphs we will focus on in this chapter are complete trees and grids.
We require that a suitable procedure yields perfect 1-dimensional embeddings of complete
trees T}f and 2-dimensional embeddings with error at most O(+/n) for all grids I,,,. The
second requirement may seem a bit arbitrary, however it is motivated by the fact that using
(deg v)? (where f is a constant) as weights in a grid results in embeddings with a total error
of O(+/n) (see further below). The degree centrality functions as our baseline procedure as it
was introduced in the original paper [BHKM24], thus we require an alternative procedure to
yield an embedding with asymptotically at most the same error.

We state the goal from above more formally: A weight-setter (or (weight-)procedure) is a
function f that maps each pair (v, G) to a positive real number f(v,G) € R, where G is any
graph and v € V(G). We desire a weight-setter f that satisfies the requirements

@ for all A, b € N, there exist position (p, € R) vet? such that ¢ = (p,, f(v, T:))VGV(T}f)
is perfect and

W for all a € N, there exist position (p, € R?), .. such that ¢ = (p., f(v,Taa))vev(r,,)
has total error O(+/n).

Even though not formally stated, we wish for f to not just be a case distinction (distin-
guishing between grids and complete graphs) as this would probably not yield any desirable
embeddings of graphs outside those two classes of graphs.

Before we start discussing some concrete weight-setters, we note that a suitable weight-

max, i 72, f(v,Tlf)
setter f must satisfy Corollary 3.1 and thus g = - € Q((\/E)h) on binary

minng(T,f) fOT)
trees. However, some weight-setter will not satisfy this, but only g7 € Q(y") for another basis
y > 1. Even though that disqualifies f, we can instead consider the modified weight-setter
f’ with f'(v,G) = f(v,G)? for some constant > 1. In that case qr € Q((yﬁ)h), which
satisfies the condition of Corollary 3.1 for sufficiently large . However, note that if g is
sub-exponential, then so is g and this trick fails.

We will now discuss some possible weight-setters and whether they satisfy the 2 require-
ments stated above. Promising candidates as weight-setters are measures that measure the
centrality of a vertex in a graph. Intuitively speaking, this is because the weight of a ver-
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5. Specific Weight Assignments

tex in an embedding with low error often correlates with the centrality of that vertex (e.g.
compare to trees or GIRGs). We note that the centrality measures mentioned are already
well-studied [New16].

Degree Centrality A possible such centrality measure is the degree centrality f(v,G) =
deg(v)? = degG(V)ﬁ . This measure was used as a weight-setter in [BHKM24], where it was
experimentally shown to yield embeddings of GIRGs with low error. Furthermore, deg;(v)?
satisfies all requirements of Corollary 4.5 and thus yields embeddings with error O(y/n)
for grids I, , for all a € IN,. However, like also discussed in [BHKM24], this weight-setter
does not yield embeddings with low error on complete binary trees. We can proof formally
that no perfect weighted embeddings of Th2 exists (for sufficiently high h), by observing that

m; )degv

axveV(Tl_zl

= % € ©(1) for growing h and applying Corollary 3.2. Thus, f(v,G) = deg;(v)

minvEV(T,f) deg v

does not satisfy our goals.

Closeness Centrality The closeness centrality [Bav50] is defined as

Ca(v,G) = Z distg (u, v).
ueV(G)
distg (u,v)<co

Closeness centrality has a similar problem as degree centrality: Consider G = T}f and any
vertex v € V(G). Note that at least half the leafs have distance at least h from v. Thus,

oh
Ca(v,G) = Z distg(u, v) > Z distg(u, v) > Z h= ?h
ueV(G) ueV(G) ueV(G)
distg (u,v)>h distg (u,v)>h

On the other hand,
Ca(v,G)= > disto(u,v) < ) diamT{ = ndiamT7 = (2"*' - 1)(2h) < 4-2"h.
ueV(G) ueV(G)

mavaV(Tﬁ) Ccl(v,T,f)

This implies ) Ca(vT])

- . < 8 € ©(1), which yields the same problem as for degree
mlnvEV(Th

centrality.

Inbetweenness Centrality When considering inbetweenness centrality [Fre77], a vertex is
called central, if it lies on many shortest paths between two other vertices. There are multiple
variants of this measure. We define it as follows:

Cin(v, G) = |{(u1, u3) € V(G)? | uy # v # uy, p is a shortest path between u; and us, v lies on p}|.

Note that 0 < Cyp(v,G) < (n—1)(n - 2) < n?, where n := |V(G)|. We will first analyze
Cin(v, G) on the grid I}, , for some odd a € N,. Let v; = (v}, vf’ ) be the vertex in the center of
the I, ;. Observe that for any u; = (uf,uf),uz = (u3, uzy) € V(Tuq) with uf < v <uj and
uly < vly < ug , there exists a shortest path from u; to u, that contains v;. For an illustration

see Figure 5.1a. Thus,

2 2
ot = (5] (5] <0t -0
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(a) The set By (highlighted in blue) contains
all vertices that are to the upper-left of the
center v;. By (highlighted in green) contains

all vertices that are to the lower-right of v;.

For any u; € By and u; € B, there exists a
shortest path from u; to u, that passes through
the center v;. Such a shortest path between
two vertices u; and us is illustrated in fat red
in the figure.

V2@ A

U1

@ —o

U2 @—

(b) If any of two vertices uy, u, is not contained
in the highlighted set A, then no path from
uy to u, pass through the corner vy: In this
example, u; is contained in A, but u; is not. A
shortest path between u; and u; is highlighted
in bold red. Any shortest path between u
and u; is fully contained by the rectangle R
highlighted in light red. Note, that v; is never
contained in that rectangle.

Figure 5.1.: Illustrates the difference between the inbetweenness centrality of the central
vertex and a corner vertex in the grid Iy 1;.

On the other hand, consider the vertex v, in the upper left corner of T, ;. Let A be the set
of all vertices that have no vertex above them or no vertex to the left of them. For any two
vertices uy, up with u; ¢ A or u, ¢ A, there exists no shortest path from u; to u, that contains
vy (see Figure 5.1b). Thus,

Cib(v2, Tua) < A = a® =n.
Hence,

maxyev(r,,) Cip (v, Fa,a) S @(le)

min,cy(r,,) Cib(v:Taa) —

=0(n).

In turn, Corollary 4.5 cannot be used to show the existence of an embedding with total error
O(+/n) with weights Cip (-, G). The lowest with Theorem 4.4 achievable upper bound for the
total error is O(+/nlog n), assuming we could show that Cy, (-, G) is v;-monotone. This does
not mean, that no embedding with smaller error exists, just that we currently have no way of
showing the opposite. Since we are interested in a weight-setter that provably satisfies our
goals, we dismiss Cj, for now.

k-Hop Centrality For a graph G, k € Ny and v € V(G) we define the k-hop neighborhood
of v as

Hop,. (v) := Hopy (v, G) = {u € V(G) | distg(u, v) < k}.
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and call hop,. (v) := hop, (v, G) := [Hop (v, G)| the k-hop centrality [NFWS14] of v. For any
k = k(G), hop,(-) is a weight-setter. We will show that a variant of hop, (-) satisfies all the
requirements we stated above, if we choose k carefully: In the next section, we will analyze
the k-hop centrality on trees and find a variation that yields perfect embeddings on them.
After that, we will show that this variation, also yields satisfying results on grids.

5.1. k-Hop Centrality on Complete Trees

5.1.1. Choice of k

We start by analyzing hop, (v) as a weight-setter on the complete b-ary tree G = Té’ for
different choices of k = k(G). We will see that most choices of k immediately lead to
undesirable results, namely the nonexistence of a perfect embedding with the given weights.
We consider b € N, \ {1} as fixed. Throughout this subsection, all bounds in big O notation
are given for increasing h while keeping b constant.

For instance, consider any constant k € ©(1). Since the maximal degree of T}i’ isb+1 € ©(1)
(as h increases, recall that b is considered fixed), for all v € V(Tf),

1 < hop,(v) < (b+1)F e ©(1)°W = ©(1).

Hence, by Theorem 3.2, no perfect weighted embedding of T}f with weights hop, (-) exists
(for sufficiently high h).

Thus, we must consider non constant k(G). However, we will observe in the following
Lemma that only few choices of k make hop, (-) a suitable weight-setter. For the sake of
generality, we claim this not just for hop, (+), but for hop, (-)? for all constant § > 0. We will
discuss later, why (-)# is a useful modification to the k-hop centrality.

Lemma 5.1: For all constant b € N, \ {1}, f = 0 and d € N, there exist constants c1, ¢,
such that for all k = k(T,f) ¢ [h — c1, h + c2] and sufficiently high h, there exists no perfect
d-dimensional weighted embedding ofo with weights hop, (-)”.

Proof. First, consider any k with k(T}f’) > hand k — h € w(1) (as h increases). Then, let V’ be
the set of all vertices of T,f with distance at most k — h to the root €. Now, for all v € V' and
ueV(I),

distg(u, v) < distg(u, ) +distg(e,v) <k —-h+h=k.
<k-h <h

Thus, hop,(v) = n for all v € V’. If we assume the existence of a perfect embedding with
weights w, = hop, (v, T: )8 of T,f for all h € N4, then there also exists a perfect embedding
with the same weights w,, of the subtree of T,f that is induced by V’. However, as all vertices
in V' have the same weight w,, = n, this contradicts Theorem 3.2. Hence, if k(T}f7 ) > h either
k —h € O(1) < ¢, for a constant c; or hop (v, T}i’ )# yields no perfect embeddings of T,f for
sufficiently large h. So, k > h + c; implies the latter.

Second, consider any k with k(T}f) < handh’ := h—k € w(1). Similarly as above, let V"’
be the set of all vertices with distance at most i’ to the root ¢. Furthermore, let ny := |V(T]f )|
be the number of vertices in a complete b-ary tree of height k. First note, that hop, (v) > ng,
since Hop,(v) contains at least all vertices in the subtree of height k rooted in v. For any
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v € V" and u € Hop, (v), there exists a unique vertex v’ such that v’ is an ancestor of v and
of u and lies on the shortest path from v to u (This is a general property of trees). We note,
that a fixed v € V" has at most b’ ancestors and any fixed ancestor v’ of v has at most ny
descendants u with distg(u,v") < k. Thus, hop, (v) < h’ng. It follows

ma'lxvev// hop, (v)# < (h’nk )ﬁ (P

min, ey~ hopy (v)# ng

As (W)# ¢ Q(b"/?), Theorem 3.2 implies the non-existence of a perfect embedding of the
subgraph of T: induced by V" with weights hop, (-, T,{’ ) (for sufficiently high h’). Thus, T]f
has no such embedding too (for sufficiently high k). Hence, there exists a constant ¢; such
that k(Té7 ) < h — ¢; implies the non-existence of a perfect weighted embedding of T}i’ with

weights hop, (+)? (for sufficiently high h). a

This lemma severely restricts the choice of k(T}{7 ), as only k(T]i7 ) = h + ¢ is feasible where
¢ € [—c1,c2] NZ. We could explicitly calculate ¢; and c; and check the suitability of the finite
remaining options. Instead, however, we will directly take a closer look at the arguably most
natural choice of k(Téj ), namely k(T}i’ )=nh.

5.1.2. Calculation of the k-Hop Centrality

So far, we have shown that there are only few choices of k(T}i’ ) that make hopk(-)ﬁ a suitable
weight-setter for our purposes. One of those choices is k(T: ) = h, on which we will focus from
now on. We will try to show that in this case hop (-) yields perfect weighted embeddings on
complete b-ary trees. For that reason, we will explicitly calculate the h-hop centrality for all
vertices in T,f .

We fix h and b and consider the complete b-ary tree G = T: . Let v be any fixed leaf
of T;i’ and (vp, Vh—1, ..., V2, V1, Vg = €) be the shortest path from vy, to the root v,. Note that
distg(vi, ) = iforalli € {0,...,h}. Furthermore, for any vertex u with distg(u, €) = i, by
reasons of symmetry, hop,, (u) = hop,(v;). Hence, it suffices to evaluate hop,,(v;) for all i. For
ease in notation, let ny = |V(T: )| denote the number of vertices in a complete b-ary tree of

height A'.

Lemma 5.2: Forallb > 2and0 <i < h,

A s ) it e WY PO
hop, (v;) = —————— fiiseven
(Vi) = h(i-1)/2 _ ph—i _ s
be—_lbl if i is odd.

Proof. Leti € {0,..., h} be arbitrary, but fixed. We will now partition Hop,,(v;) into 3 parts,
as can be seen in Figure 5.2. First, note that all vertices in the subtree rooted in v; are in
the h-hop neighborhood of v;. This subtree has exactly nj_; vertices. Furthermore, for each
0 < j < i, the vertex v; is also contained in Hop,,(v;). Additionally, for each 0 < j < i, let
u # vjy be any child of v; (there are (b — 1) such childs) and let 4" be any descendant of u.
Then

dist(v',v;) < h & distg(u’,u) +distg(u, v;) +distg(vj,v;) < h

=1 =i—j
— distg(v',u) <h—-i+j-1
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5. Specific Weight Assignments

N I

Figure 5.2.: This shows a complete 3-ary tree T of height 7. For visibility, not all vertices
have been drawn individually. Each triangle in the figure represents a subtree of T.’. We set
i = 3 and consider the set Hop,,(v;). All vertices in the subtree below v; (highlighted in violet)
are in Hopy, (v;). All vertices v; with j < i (highlighted in red) are in Hop, (v;). The remaining
vertices in Hop,, (v;) are descendants of the vertices v; and are highlighted in green.

Since distg(u, €) = j + 1 (and thus has ny_(j+1) = np—j_1 descendants, including u itself), it
has exactly nmin(n—i+j-1,n—j-1)} descendants with distg(u’,u) < h—i+ j — 1. In total we get

i—1

hop,, (vi) = np_; + Z 14 (b = Dnminfh-i+j-1,h-j-1}

Jj=0
[i/2]-1 i—1
=np_; + Z 1+ (b - 1)nh—i+j—1 + Z 1+ (b - 1)nh_j_1, (51)
Jj=0 j=li/2]

where we used thath—i+j—-1<h-j—-1 & j <i/2. We recall that

g h+1

. 1-b
nh/ = b-] e
ijo 1-b

and thus
1— bh/+1
1+(b—1)7’lh/ =1_(1_b)ﬁ

We now find simpler expressions for the three terms in Equation 5.1 separately:

=1-(1-b""*1 =ph', (5.2)

1 _ bh—i+1 bh—i+1 _ 1

T
[i/21-1 ij2]-1 ij21-1 [i/2]
_ )] h—i+j _ ph-i joppmit T 1
Z 1+ (b= Dnpisjq = Z b = p Z b= bt —
Jj=0 Jj=0 j=0
i—1 i—1 i—1 —li/2] _ p—i
_ 62 h—j _ ph ~1yj _ hb b
Z 1+(b-Dnp_j_q = Z b= b Z (b7 = by
j=lif2] J=li/2] J=li/2]
_ bh+1b_[l/2] —b
b-1
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5.1. k-Hop Centrality on Complete Trees

Putting them together, we have

bh—i+1 —1+ bh—i(b[i/z] _ 1) + bh+1(b—[i/2] _ b—i)

hop,,(v;) = P—
bh—i+1 —1+ bh—i+[i/2] _ bh—i + bh+1—[i/2] _ bh—i+1
- b-1
~ bh—i+[i/2] + bh+1—|’i/21 _ bh—i -1
- b-1
-1 _ph-i_
B % if i is even
—th_(l_lli/_zl_bh_l_l if i is odd.
a
With this explicit formula, we can calculate (assuming k is even),
h-0/2 _ph-0_
maxVGV(Tf)hoph(v) _ hopy, (vo) _ b (b;i)l b1 _ br(b+1) —bh -1
min,,cy 7ty hop,(v)  hopy,(vh) b””’/z(b;rl)l—b’l”’—l bh/2(b+1) -2
bh+1 -1 bh+1 L
PG+ 1) 2 €®(bh/2+1) o(b"*). (5.3)

We get the same result, if we assume h is odd. This is great news, as it satisfies the necessary
asymptotic condition of Theorem 3.2. This shows, that hop,,(-) respects the need of exponential
decay of weights in complete b-ary trees.

However, as Theorem 3.2 is only a necessary condition, this does not prove the existence of
a perfect embedding of T,f with those weights. For that, we must show that hop,, (v)# satisfies
the sufficient conditions of Corollary 3.4 (for b = 2) and Theorem 3.7 (for b > 2). The latter
requires us, to show that % > &, for all i, where &, < b+ 1 is a real number that only

depends on b (compare to Definition 3.6).

Oph("t)

= Bop, (Vie1) is identical for all i, we could follow

If we now (wrongfully) assume, that x =
from Equation 5.3 that

ﬁ hop,,(vi) _ hopy(vo)

€ O(b/?
hopy (virs) — Bopy () < )

and thus,
Yo(bh?) = © (b%) - o(Vh),

as b increases. For sufficiently high f > 2, this would allow us to apply Theorem 3.7 on

hop, (v)?. The B in that case would allow us to increase the exponential growth factor of

hop;, (v;) from O(Vb) to &p. However, the assumption that the fraction %

all i, is wrong. In reality, the fraction changes drastically, depending on whether i is even or
odd. Figure 5.3 illustrates this behavior.

is equal for
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5. Specific Weight Assignments

Normalized h-Hop Centrality of Full b-ary Trees of Height h =10

Relative Change of h-Hop Centrality of Full b-ary Trees of Height h =10
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(a) The diagram illustrates for multiple values of

. Tb
»y (D) This diagram illustrates g; = M for

b and fixed h = 10, how the value hop;, (v, T;)) hopy, (vis1, 1)
changes for growing i. For reasons of readability, different values of b and fixed h = 10, as i increases.
the y-axis is logarithmic and the h-hop centrality

We notice that for fixed b, q; takes vastly different
was normalized by the total number of vertices in values, depending on whether i 1s even or Odfi‘ We
T: . Note, that if hop,,(v;) was purely exponential, alSIO Ob;er\:f&hat forb a fixed odd i, g; takes similar
the logarithmic plot would be a straight line with ~Va'1€s tor diter ent b.

a constant slope. Here, however, the slope of a line

segment alternates between two values. Figure
5.3b shows the slope in more detail.

Figure 5.3.: lllustration of the h-hop centrality on the tree Tllz) for different values of b.

The problem of this already becomes apparent, when focusing on the fraction for i = 1
Apply Lemma 5.2:

hop, (v)  2ph=(-D/2 _ph=1_7

_2bh-pht o
hop,(v2)  bh=2/2(b+1) —bh—2—-1  bh-1(b+1)—bh2—-1
>0
—
br2-b1-bh) (o) 2-b71 2— bt
= —>
bh(1+b1 —b=2 = b=h)

15 p2 < T —— <2. (5.4)
——
>b—2

Thus, for any constant § > 0 and sufficiently high h, we consider b = |—2[’) -| and note that

h B
hopy, (v2)#

Thus, we can not apply Theorem 3.7 to prove the existence of a perfect weighted embedding

of T}f’ with weights hoph(-)ﬁ . However, as we will show in the next subsection, a small
modification of hop,,(+)? fixes this problem.

5.1.3. Smooth k-Hop Centrality

The problem of hop, (-) as a weight-setter is that the fraction hopy (v1)

—1—"— js much smaller for
hOPh (Vir1)
odd i, than for even i, as can be seen in Figure 5.3b. For that reason, hoph(')ﬁ does not satisfy

the requirements of Theorem 3.7 for odd i and we can not apply this theorem.
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5.1. k-Hop Centrality on Complete Trees

This problem can be solved: Note that hop,,,, (vy) = hop,(vo) and for all i > 0, hop,,(v;) =
hop, (vi—1). This implies, that the fraction

hopy,,, (vi) _ hop;, (vi-1)
hopy,,;(vix1)  hopy,(vi)

for i > 0 has the exact opposite problem: For even i this fraction is significantly smaller than

for odd i.
The key idea of the smooth k-hop centrality is to consider the geometric mean

\/hoph(V) +hopy,,; (v)

between both centrality measures and hoping that the problematic effects cancel each other
out. Since, we will take this centrality measure to the power of some constant, the square
root has no relevance and we simply define the smooth k-hop centrality as

s-hop(v) = s-hop(v, Tf) := hop,, (v, Thb) -hop,,, (v, T,f).

We will show in this subsection, that s-hop(-) yields perfect weighted embeddings of T}f’
for all h and b. We first note that

s-hop(vi) hop,, (v;) hopy, (vi—1) _ hop,, (vi-1)
s-hop(viz1)  hopy,(vir1) hop,(vi)  hopy, (viy1)

fori > 1and
s-hop(vp) _ hop, (vo) hop, (vo) _ hopy, (vo)
s-hop(v1)  hop,(v1) hop,(vo)  hop,(v1)

s-hop(v;) |

for i = 0. This observation allows us to find a lower bound of ShopOre):

Lemma5.3: Forallh > i>0andb > 2,

s-hop(v;) S % ifb=2
s-hop(viy1) — %b ifb>3

holds.

The proof of this lemma is somewhat tedious and offers little additional insight, so we defer
it to the appendix (see Section A.2). This is partly because we need to distinguish between
several cases for the possible values of i and b. Moreover, we are concerned with exact values
rather than asymptotic results or limits. If one is only interested in correctness for sufficiently
large h, i and b, a similar approach as in Equation 5.4 can be used.

Equipped with this lemma, we can finally prove that s-hop(-) is suitable for all complete
b-ary trees:

Theorem 5.4: For any fixed > 4, there exists a perfect 1-dimensional weighted embedding
¥ = (py, Wv)vEV(T,b) ofT}'l’ with w, = (s—hop(v))ﬁ forallb € Ny, h € N,.
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5. Specific Weight Assignments

Proof. We first assume b > 3. We will apply Theorem 3.7, where we set w; = w,, =
(s—hop(v)l-)ﬁ . We observe that all vertices in the same layer of T}f have identical k-hop
centralities. Thus, w, = w|,| forall v € V(T}i’ ). Let 0 < i < h be arbitrary. Now, by Lemma

5.3,
— ~ N \B B 4
_\/\)l _ S hop(Vl) > lb > lb — i b3 b
Wit s-hop(vi41) 2 2 16 ——
>33
2 11
:Lb:b+ —b 2b+§>b+2>§b.
16 16 16
~——
=

Thus, all assumptions of Theorem 3.7 are satisfied, which yields the desired result.
Now, we focus on the case b = 2. Again, by Lemma 5.3,

-hop(vy) \P [23)\*
shop(vi) 170 (B5) 240 s g
s-hop(vi41) 30

for all 0 < i < h. The claim follows by Theorem 3.4.

Lastly, the claim holds obviously for b = 1, since T}i is a path, which has a trivial perfect
embedding for arbitrary given weights. a

Remark that The lower bound of 4 for f is not optimized. It can be decreased by considering
less generous estimates in Lemma 5.3, as well as Theorem 5.4. However, a lower bound of 1 is
not achievable.

Additionally, remark that if weights (Wv)veV(T,f) yield a perfect 1-dimensional embedding
of T: then (w‘vl)vev(Thb ) vields a perfect d-dimensional embedding of T,i’ (compare Section 2.3).
Thus, s-hop(-)? yields perfect d-dimensional embeddings of T?, if B > 4/d.

In the next section and chapter, we will try to assess the suitability of hop,,(+) and s-hop(-)?
on other classes of graphs. Before we can do so, however, we have one remaining problem:
The definition of s-hop(v, Té’ ) depends on the k-hop centrality hop, (v, T,f ) fork € {h,h +1}.
If we try to apply this definition to graphs G that are no complete trees, we notice that the
height h is not necessary defined for G. Thus, we have to find a general property p(G) of G,
that happens to equal h, if G = T}i’ . The only three somewhat natural such properties p(G)
we found are:

@ p(G) = r(G), the radius of G,
@ p(G) = I_dIaTmcj half the diameter of G, rounded down and

@ p(G) = |—d‘aTmG-| half the diameter of G, rounded up.

As all three properties behave very similar on the graphs we consider in this work (except
RGGs, see Section 6.3), we were not able to find qualitative differences of them. For no
particular reason, we commit to the latter of the three options for the rest of this work.
Most results, however, can be easily transferred to the other two options, except when noted
otherwise.

Definition 5.5: We define, for any G and v € V(G), the smooth k-hop centrality of v (in G) as
s-hop(v) := s-hop(v, G) := hop, (v) hop,,,(v),
where k = [—diamc].

2
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5.2. k-Hop Centrality on Grids

5.2. k-Hop Centrality on Grids

In the last section, we defined s-hop(v)? and showed that it yields perfect embeddings of
complete b-ary trees, if f > 4. To achieve the goal of the start of this chapter, it remains
to show that s-hop(v)? yields 2-dimensional weighted embeddings of I, , with total error
O(y/n). To make this section more readable, we will not show this result for the smooth
k-hop centrality s-hop(v)?, but instead for the *standard’ k-hop centrality hop, (-)?, where
k= |'me6'| However, we note that the same result can be shown for s-hop(v)# in a very
similar way:.

We start by noting that diamI,, = 2(a — 1) and thus k = a — 1. We will use Corol-

lary 4.5 to show the desired result. It has two requirements: First, we have to show that
MaXyev (Iy.q) hop,,_, (v)
MiNyev (1, ) hopa—_1 (V)
such that (hop,_;(v)) VeV, 1S (¢x, cy)-monotone (as defined in Definition 4.3).

We start with the second requirement.

is constant. Second, we have to show that there exists a point (cy, ¢y) € 72,

Lemma 5.6: For all a € Ny, let (cy,cy) = (“T_l, “T_l) Then, (hopa_l(v))vev(ra’a) is (Cx, Cy)-
monotone.

Proof. Let vi = (x1,y1) and v, = (X3, y2) be arbitrary vertices of T, , with |x; — cx| < [x2 — ¢y
and |y; — ¢y| < |y2 — ¢y|. We need to show that hop,_;(v1) > hop,_;(v;). Wlo.g. assume
that x1,y1, X2, 42 < ¢x = ¢y. Thus, x; < x; < ¢y and y, < y; < ¢y. Let u = (x1,y2). We will
show that hop,_;(u) < hop,_,(v1). Figure 5.4 illustrates the remainder of this proof.

We consider the set A := Hop,_;(u) \ Hop,_,(v;). Furthermore, we consider the point
p = (x1, %) directly between v; and u. Let g be the horizontal line that goes through p. Let
B be the set of all vertices above g.

We note that A C B, since all vertices below g are closer to v; than to u. Now, let A’
(respectively B’) be the set obtained by reflecting A (respectively B) across g. We note that
still A” € B’ € V(I,4). By symmetry, A” € Hop,_,(v1) \ Hop,_;(u). We conclude,

hop,_;(v1) —hop,_, (u) = [Hop,_;(v1) \ Hop,_, (v)| — [Hop,_, (u) \ Hop,_,(v1)|
> 1A' - |A] = 0.

Thus, hop,_, (v1) > hop,_, (u). Analogously follows hop,_, () > hop,_, (v), which finishes
the proof. a

We can now verify the first requirement:
Lemmab5.7: Forallae N, andk=a—1,

maxXyev(T,,) hop, (v)
min, ey (r,,) hop, (v) =

Proof. Let vy = ([“T_IJ, I_“T_lJ) be a vertex in the center of I, ; and v¢, = (0, 0) be the vertex
in the upper left corner of I, ,. By Lemma 5.6 follows that v maximizes hop,_,(-) and v,

minimizes hop,_;(-). Thus,

h =h <
Verg(aria) opy(v) = hopy (ver) < n
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s - o)
V2 U O
9 P
U1
B (C.’ C?/ A/

Figure 5.4.: llustration of the proof of Lemma 5.6.

and
a—1
min  hopy(veo) = hopy (veo) = ) | [Hopy (veo) N {(i, /) € V(Tua) | j € No}|
veV(Tga) =
a—1 a
o ala+1) _a® n
> — = = > — = —
> > (a-1) Z i 5 2 =5
i=0 i=1
The claim follows. a

We conclude:

Corollary 5.8: For all > 0 and a € Ny, there exist positions p, € R? for all v € V(I,,) such
that y = (py, hopk(v)ﬁ)vev(r“) is a weighted embedding of T, , with error (O(+/n),0), where
k= |'diamG'| '

= | R
Proof. Note that k = a — 1, apply Lemma 5.7, Lemma 5.6 and Corollary 4.5 to show the claim
for f = 1. Note, that (-)# is monotone and maps constants to constants, thus the claim also
holds for any other § > 0. a

Like noted in the beginning of this section, we can show that s-hop(-)? is suitable for
all grids T, in a very similar way. This has the consequence of s-hop(-)? yielding perfect
embeddings of complete b-ary trees T}I; and embeddings of error (O(+/n),0) on grids I,
when f > 4. Thus, we have found a weight-setter that satisfies the requirements from the
start of this chapter.
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In the previous chapter, we established the weight-setter s-hop(-)? (see Definition 5.5). We
showed that it yields good embeddings for complete trees Té’ and grids I, ;, which are the
classes of graphs we set our main focus on. In this chapter, however, we will focus on some
other, more generic classes of graphs and examine if s-hop(-)# also yields good embeddings on
those. We will see that this is not necessary the case. In particular, we will focus on arbitrary
trees (Section 6.1), subgraphs of grids (Section 6.2) and unit disk graphs (Section 6.3).

6.1. Arbitrary Trees

Corollary 3.8 shows that for any arbitrary tree T there exists a perfect 1-dimensional weighted
embedding. However, when we fix the weights to s-hop(-)#, the previous chapter only showed
the existence of perfect embeddings of complete trees T}f’ . Thus, the question remains, whether
such embeddings exist for all trees. As we will show in this section, the answer to that question
is no. We will introduce a counterexample.

For any h € Ny and b € N, \ {1}, we define the tree T,f as the subgraph of Tf induced by
the vertex set

V(ﬁf) ={eyU{0'x|ie{0,....,.h—1},x€{0,1,2,....,b—1}}.

Alternatively, a graph that is isomorphic to T: can be obtained as follow: Consider the path
graph Py, of length h and name one of the two endpoints v’ For each vertex v € V(Py) \ {v'}:
Add b — 1 new vertices that are only adjacent to v. Figure 6.1 illustrates the tree Té‘l.

We will show that w,, := (s—hop(v))ﬁ /4 does not yield embeddings of T,f with small error

for sufficiently large b and h. The key idea of the proof is based on the observation that :f}i’
contains multiple induced subgraphs that are isomorphic to the star graph S,_; with b — 1
edges. We will show in the next lemma, that the weights of any embedding of Sj,_; must satisfy
some necessary condition. However, we will observe that the weights given by s-hop(-)? do
not satisfy these conditions for sufficiently large b and h.

Lemma 6.1: Ford € N, and b € Ny, let y = (p,,w,)vev(s,) be an arbitrary perfect d-
dimensional weighted embedding of Sp. Then,

Wmax(¢) > [i
Wmin(lp) 3d
Proof. Let c be the distinct vertex of S with deg ¢ = b. Then dists, (c,v) < 1forall v € V (Sp).

Thus S, has radius 1. Additionally, V (Sp) \ {c} is an independent set of size b of S;,. The claim
follows directly by Lemma 3.1. a

Lemma 6.2: Foralli € {0,...,h—1} andx € {1,...,b — 1},

s-hop(0) - 8b
~ s-hop(0ix) ~ h
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0° 0°1 0°2 0°3

Figure 6.1.: lllustration of the tree 7'64. The 2-hop neighborhood of the vertex 0% is highlighted
in red. The vertices 0 and 0° (marked as squares) are the only two vertices in the 2-hop
neighborhood of 0° that have neighbors that are not in the 2-hop neighborhood of 03.

holds.
Proof. We first observe that for any kK’ > 2,
Hopk,(Oix) = {0'x} U Hopk,_l(Oi) = Hopk,_l(Oi).

Since, there exist at most 2 vertices uy, u; € Hopy., (0") that have a neighbor which is not an
element of Hop,. (0) (see Figure 6.1), we obtain

|Hopk,+1(0i)| = !Hopk,(Oi)| + Z fHopl(v) \Hopk,(Oi)|

ve{uruz}
<b
< |Hopy (0%)] + 2b. (6.1)
diam Thb h+l . . .
We set k = = [T] and apply Inequality 6.1 twice to obtain,

s-hop(0%) _ hop,.(0") hopy.,, (0%) _ hop,.(0") hopy.,, (0%) _ hop,.,, (0%)
s-hop(0ix)  hop; (0ix) hop,,;(0x)  hop,_;(0?) hop,(0?)  hop,_,(0%)

hop, ,(0)) +2b+2b _ N 4b
hop,._,(0%) hop,._,(0%)
4b B 4b 4b 8b
Sl+?_1+|—@-|S1+ES1+7'
2 2
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Also, obviously,

s-hop(0?) _ hopy.,;(0%) S
s-hop(0ix)  hop,_,(0)) —

Equipped with those two lemmas, we show:

Theorem 6.3: For all > 0 andd € N,, chooseb = 3% + 2 and a sufficiently large h. Let
V= (pu, Wy),ey (70 bean arbitrary d-dimensional weighted embedding ofT,iJ with error (g, Sfp),
h

where w,, = (s—hop(v))ﬁ/d forallveV (T"hb) Then, sf, + sg, > h € ©(n/b). In particular, i is
not perfect.

Proof. For an arbitrary i € {0,...,h — 1}, let H; be the subgraph of TZ’ induced by the vertices
Vi :={0%0'1,0'2,...,0"(b—1)}. We observe, that H; is isomorphic to the star graph S,_;. Let ¢*
be the weighted embedding of S;_1, that is obtained canonically from i/, by the isomorphism.
For the sake of contradiction, we assume 1/’ to be a perfect embedding of S,_;. Then, by
Lemma 6.2,

wiax(§) _ wor _ ( shop(o) \P ()P
Wmin(lpi) - Woix - (s-hop(Oix)) B ( * _)

h
for some x € {1,...,b — 1}. On the other hand, by Lemma 6.1,

Wmax(wi) ,b -1 ’Sd +1 [ 1
Wmin(¢i) ~ 3d - 3d =41t 3_d (6.3)

We now choose h sufficiently large, such that

[1 8b )P/
1+3—d>(1+7) . (6.4)

pld
This is possible, since /1 + 3%, > 1 is independent of h and limy,_, (1 + %) = 1. Now,

Inequalities 6.2, 6.3 and 6.4 lead to a direct contradiction. Thus, ¢/’ is not perfect and there exist
vertices u, v € V; such that {u, v} € (E(G) \ E(¥)) U (E(¥) \ E(G)) foralli € {0,...,h — 1}.
The claim follows by

st + s = [E(G) \ E(Y)| + |E(¥) \ E(G)| = [(E(G) \ E(¥)) U (E(¥) \ E(G))| = h.

(6.2)

So, there exist trees that not only have no perfect embedding with weights s-hop(-)?,
but they don’t even have embeddings with sublinear error. Furthermore, we notice that
alternatively the weights deg(-) yields perfect 1-dimensional embeddings of the graph TZ’ for
all h and b. This give as a first example for a graph, where setting the weights to the degree
instead of using s-hop(-)? gives (significantly) better results. This shows a big problem of
using the k-hop centrality for non-constant k as weights: Intuitively speaking, the k-hop
centrality only considers the global structure of the graph and loses sight over the local
structure. On the other hand, deg v only considers the local structure (the direct neighborhood
of v) and not the global structure of the graph. Thus, w, = degv is not suitable for trees
with exponential growth of vertices. We claim that a weight-setter that works on all trees
(if it exists) must depend not only on one of those elements, but both: the local and global
structure. This thesis does not delve deeper in this idea.
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6.2. Subgraphs of the Grid

In Section 5.2, we discussed why the k-hop centrality yields embeddings with total error O (+/n)
for all grids I; ;. One might be interested whether there also exist low-error embeddings of grid
graphs (i.e. induced subgraphs of T, ;). As this problem gets trivial if we allow disconnected
graphs, we will focus only on connected grid graphs. We will try to answer this question,
however we will examine the existence of sublinear total error (0(n)) instead of O(~+/n).

We introduce some notation: Let S be the set of all connected graphs G, for which a € N,
exists, such that G is an induced subgraph of I, ,. Furthermore, for G € S, let a(G) be the
smallest a such that G is an induced subgraph of [ ,.

We are not able to show the existence of embeddings with sublinear total error for all
graphs in S, but instead will try to show the existence of such embeddings for all graphs
in subsets F of S. We will first consider the following lemma, which is a general statement
about embeddings of grid graphs with given weights, not just hop,(-).

Theorem 6.4: Let F C S be an infinite family of graphs and (w,) ey () given weights for
each G € F such that for all adjacent u,v € V(G), x—‘; < 1+ 0(1) for increasing n = |V(G)|.
Furthermore, assume |V (G)| € © (a(G)?) for allG € F. Then, there exist positions (py) ey (G)»
such that ¢ = (p,, wy)vev(c) is a 2-dimensional weighted embedding of G with error (o(n),0).

Proof. Fix any G € F. By assumption, there exists g € 0(1) such that X—’; < 1+ g. Note, that

g li= é € w(1). For a fixed y > 0, let u,u’ € V(G) be vertices with k’ := distg(u,u’) < yg~ L.

Then, there exists a path (u, v, ..., vir—1,u’) of length k” from u to »’. Thus,

Wy Wy’ vau

EMATEATY

Wu va/ -1 va/_ le Wu
—— —— ~—_—— —
<l4g <l+4g <l4g <l4g

-1\ Y
’ -1 1 g
<(+g¥ <(1+9 = ((HF) )
<et,
where e := sup,_, (1+ )" ~ 2.718 is Euler’s number. If we set y := In(V2), then

Yo o\ (6.5)

Wy

follows.

We now partition the vertices of G into subgraphs with diameter at most yg~!. There will
exist perfect embeddings of the individual subgraphs and we will show that only few edges
between two different subgraphs exist. A suitable partition is the partition into squares with

side length s := /yg~%:
Let H; ; be the subgraph of G induced by the vertices
Vij ={(ey) € V(G) [x € [is, (i + 1)s),y € [Js, (j+1)s)}

foralli,j € {0,1,..., [@] — 1}. For fixed i, j, let H’ be an arbitrary connected component
of H; ;. Since
diamH' < [V(H)| < |[V(H;j)| < s* = yg~' (k)
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6.2. Subgraphs of the Grid

we have 2 < /2 for all vertices u, u’ € V(H’) by Inequality 6.5. Thus, by Lemma 4.2, there
exists a perfect embedding of H’ with the given weights. The existence of a perfect embedding
of H; ; with the given weights follows directly (as H; ; is a union of all connected components
H’ of H; ). Let G’ be the union of all graphs H; ;. As all connected components of G’ can be
embedded perfectly with the given weights, there exist p, € R? for all v € V(G), such that
¥ = (pv, Wv)vev(c) is a perfect embedding of G'.

As G’ is a subgraph of G, we have

|E(Y) \ E(G)| < |E(y) \ E(G")| =0.
Furthermore,
|E(G) \E(¥)| < I{{u v} € E(G) | u € V(Hi,j,), v € V(Hiy,jp,), (i, j1) # (i2, j2)
Z|{{u v} € E(G) |u € V(Hy, ), v & V(H; )}

11 J1

%%;43 = %{a(SG)T% €0 (a(f)z) =0 (g)

o(n).

Wy

Remark that this theorem requires e S 1+ 0(1) for all adjacent vertices u,v € V(G).
However, it is actually sufficient if this inequality holds for at most o(n) pairs of adjacent
vertices, as noted in Section 2.3.

As another side note, if we set F = {I,, | a € N,}, Theorem 6.4 yields the following
general criterion for the existence of embeddings of complete grids for given weights:

Corollary 6.5: For alla € N, let (w,),ev(r,,) be weights with x—t > 1+ 0(1) for all adjacent
vertices u,v € V(I q). Then there exist positions (py)vev(r,,) Such that = (py, Wy)vev(r,.) I8
a 2-dimensional weighted embedding of T, , with error (o(n),0).

Note, that this corollary is different from Corollary 4.6, as it does not require some form of
monotonicity of the weights.

We will now apply Theorem 6.4 particularly for the case that the given weights are the
k-hop centrality. Again, like in Section 5.2, we will only focus on the normal k-hop centrality
hopk(-)ﬁ (with k = [d‘amc]) instead of the smooth k-hop centrality s-hop(-)?. However, all
results in this section also apply to s-hop(-)# and can be proven in a very similar fashion. We
start by rephrasing the requirement x—’: < 1+0(1) in Theorem 6.4, which is a statement about
a pair of adjacent vertices, into a statement about single vertices:

Corollary 6.6: Let > 0 and F C S be an infinite family of graphs with [V (G)| € © (a(G)?)
for all G € F. Furthermore, assume

{u € V(G) | distg(u, v) = k}| € 0 (J[{u € V(G) | distg(w, v) < k}|) (6.6)

forallv € V(G), wherek = [‘meG] Then, for all G € F, there exists a 2-dimensional weighted
embedding = (p,, hopk(v)ﬁ)vev((;) of G with error (o(n), 0).

We note that Relation 6.6 is equivalent to

hop, (v) —hop,_,(v) € o(hop,(v)). (6.7)
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6. Challenges of k-Hop Centrality

Proof of Corollary 6.6. We will apply Theorem 6.4. First, let v, v, € V(G) be arbitrary adjacent
vertices. Then, by the fact that Hop,._,(v1) € Hop,(v2) and Relation 6.7, we obtain

hop, (v1) - hop, (vi)  hopy(v1) —hopy_;(v1) +hop;_; (v1)

hop,(v2) ~ hop,_;(v1) B hop_; (v1)
< o(hopy (v1)) +hopy_;(v1) < 1+_0(h0pk(VO)'
hOPk_l(Vl) hopk—1(V1)

We note, that the maximal degree of G is 4 and thus, hop, (v1) < (4+1) hop,_,(v1). It follows,
hopy (11)” ( o(hopy.(v1)) )ﬁ ( o(5hop;_; (1)) )"
— T iy — | <1 ——
hopk(vz)ﬂ hop;._;(v1) hop_;(v1)

Thus, we have shown all requirements of Theorem 6.4 and are done. a

=(1+0(1)! =1+0(1).

The proof above heavily relies on the assumption that Relation 6.6 holds. For ease in
notation, we will call this assumption .A,. We denote the assumption that [V(G)| € © (a(G)?)
with A;. Now, the usefulness of this Corollary heavily depends on the number of graphs
(or more precisely, family of graphs) that satisfy assumption .A;. For that reason, we will
investigate .4, below.

For a fixed a € N,, we consider the complete grid I, ,. We verify easily, that hop, (v) €
O(k?) forall v e I, (and k € {[diaTmG-| [d‘amG] + 1}), and that the number of vertices with
distance exactly k to v is at most 4k. This shows, that the family {I,, | a € N, } satisfies A,
(and obviously A; too). Using Theorem 6.6 yields an alternative proof for Corollary 5.8.

With this result in mind, one might guess that any family of graphs for which .4; holds,
does also satisfy Aj;. The existence of a family that doesn’t satisfy .4, might even sound absurd.
However, we will now show that not every family 7 C § satisfying .A; does also satisfy A;:

For s € N,, set a = 2°*! — 3 and define Hy as an induced subgraph of T, ,. The vertex set
V(Hy) consists of all vertices lying on paths that start at the center of I, , and proceed as
follows: first, take 257! steps either left or right; then 257! steps either up or down; followed
by 2572 steps left or right; then 2572 steps up or down; continuing in this pattern until ending
with 2 steps up or down. Figure 6.2 illustrates H. H is known as a H-tree ! . All leafs of H,
have distance exactly

s—1
2-20=2(2°-2) (6.8)
i=1

koo diam Hs

to the center vertex v, of I, ,. We observe that there are exactly 22572 leafs, since H; is a
balanced binary tree with 2s — 2 forks. Thus,

{u € V(G) | distg(u, ve) = k}| =272 =27* (2”1) 27*(a+3)? and (6.9)
H{u € V(G) | distg(u, ve) < k}| < a?.

We consider the family g = {H; | s € N;}. The first equation implies assumption
A;. Both equations together show that Relation 6.6 does not hold for the vertex v, which
contradict A;. Which is the counterexample we searched for. In particular, we cannot apply
Corollary 6.6 on Fy. From this alone, however, does not follow that no embeddings for the
graphs in F with sublinear error and weights hop, () exist. However, we will now modify
H; to a graph for which provably no such embeddings exist.

The idea of considering H-trees as subgraphs of a grid is inspired by an answer on math.stackexchange.com of
dtldarek [dt117].
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6.2. Subgraphs of the Grid

Figure 6.2.: The H-tree Hs is illustrated in black. The fractal nature of the H-tree allows it
leafs to cover a fixed proportion of the grid. This can visually be confirmed by observing that
in each 4 times 4 square of the grid, there is exactly one leaf of H5 contained. The blue crosses
show a path P. The union of Hs and P is the modified H-tree Hs.

We describe this modification in 3 steps. Figure 6.3 illustrates all 3 steps of the construction.
Firstly, let Hs(l) be the graph obtained by replacing each edge of Hs with a path P, of length 2.
For precisely,

V(HY) = V(H,) U{ue | e € E(Hy)} and  E(HY) = ({vue} | e = {v,V'} € E(H;)}

Secondly, let Hs(z) be the graph obtained in the following way: For each leaf v of Hs(l), let v#
be it’s unique neighbor in HS(1> and let v/, v* be new vertices such that {v, v*, v/, v*} induces a 4-
cycle C4 in Hs(z) (e {v, v} {vp, vV E AV, v h {ve, v} € E(Hs(z)) and {v,v'}, {vP,v*} ¢ E(Hs(z))).

Finally, let HS(B) be the union of Hs(z) and a path P of length 6k — 1 = 12 - 2° — 25 that starts

diam H

at the center of HS(Z) and is otherwise disjoint from HS(Z) (here k = ==

in Equation 6.8).

, which we analyzed

We note that Hy is an induced subgraph of T, ; by definition. Thus, Hs(l) is an induced
subgraphs of T3, 24. Hs(z) is still an induced subgraph of I, 24, as the vertices v’ and v in the

construction can be embedded into I, 5, as the vertex one to the left of v# and v respectively
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Figure 6.3.: Illustration of the construction of the graphs Hs(l), HS(Z) and HS(3) for s = 4 and
how they are induced subgraphs of a grid.

(compare Figure 6.3c). Now, HS(3> is an induced subgraph of I, 24+ (which is an induced
subgraph of I;446.24+6), as P can be constructed as follows: Start at the center of HS(Z), take
2*1 — 2 steps down, then 25*! — 4 steps left, then 2 steps down, then 2572 — 8 steps right, then
2 steps down, then 25*2 — 19 steps left. Now P is a path of length 12 - 25 — 25 = 6k — 1 that
does not contain any vertices of HS(Z) (except the central vertex). Thus, HS(B) is a grid graph.
Again, Figure 6.3d illustrates this construction. We now claim:

Theorem 6.7: Forallf > 90, s € N, and 2-dimensional weighted embeddingyy = (p,, hopk,(v)ﬁ) vev(HY)

diamHS(3) -‘

of the grid graph H$(3) with error (s, Sf), it holds that sg, + sg, € Q(n), where k' = [ 5
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The key idea behind the proof of this theorem is to realize that for each leaf v of H;, the
vertices v, V¥ and v’ (see construction of Hs(z)) induce a subgraph of Hs(3) that is isomorphic

to the 3-path Ps. Thus, before we prove Theorem 6.7, we make the following axillary claim
about the 3-path P;.

Lemma 6.8: If Y = (p,, wy)vev(p,) is a perfect d-dimensional weighted embedding of the path
P3 with E(P;) = {{0, 1}, {1,2}} and wo = wy, then 3} < 24,

Proof. By the definition of perfect embeddings,

(0.1} € E(P) = llpo = pull < (wown) ",
{12} € E(P3) = Ip1 — pall < (wiwz)¥ = (wowy)'/?  and

(2,0} ¢ E(P3) = [Ip2 — poll > (wawg) /¥ = wi/“.

As po, p1, p2 are points in R?, the triangle inequality ||p2 — pol| < ||po — p1ll + llp1 — p2|| must
hold, thus

wg/d < 2(w0w1)1/d,

which implies

Proof of Theorem 6.7. We recall that the distance of each leaf of H, to the center of H; is exactly
k := 2(2° — 2) (see Equation 6.8). Thus, the diameter of H is diam Hy; = 2k. We note, that the
diameter is doubled in the construction of Hs(l), and then is increased by 2 in the construction
of HS(Z). Thus diam Hs(z) = 4k + 2. We note, that the largest distance between any nodes in
H5(3) lies between the end vertex of the path P and v* for any leaf v in Hs(l). Thus,

diam H? 4k +2
diamH® = 2% L g(p)| = — 46k - 1=8k.
So,
K = dia‘mTHsm - 4k.

Now let v € V(Hs(3) be any vertex on the left side of the center v, (i.e. the first edge of
shortest path from the center to v goes left) with distH<3) (v, v¢) = 2k. Note, that v was a leaf

in the original tree Hy and we constructed vertices v*, v/, v* with {v, v*}, {v/,v*} € E(Hs(3))
and {v,v'} ¢ E(Hs(3)). Now consider any vertex u on the right side of the center v, with
dist,, (u, vc) = 2k. Again let u”,u’ and u* be as constructed. Now observe that

distHs(z) (v,u) = distHS(3> (v,u') =2(2k+1) =4k =K/,
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6. Challenges of k-Hop Centrality

which implies
dist, 5 (v, u) = dist,5 (Vi u') =k +1 > K.
Thus, u,u” € Hopy., (v, Hs(e')), but u, u” ¢ Hopy, (v2, Hs(3)). As Hg has exactly 22572 leafs, it has
22573 Jeafs on the left side of v, and 2%73 leafs on the right side of v.. So, there are 2273
possible choices of u and thus,
ho (3)y _ z 17(3) L 925=3 _ o25—2 _ o—4 2
pi (v, Hs™') —hop,, (V¥,Hg™') > 2 -2 =2 =2"%a+3)

(recall that a = 2*! — 3). Now,

hopy, (v, Hs(3)) _ hop, (v%, HS(S)) +hop. (v, HS(S)) —hopy, (v?, Hs(3))

hopk,(vZ,HS(3)) - hopk,(vZ,Hs(S))
e hopy (v, H®) - hop,. (V% HY) s 274(a+3)?
- |V(HS(3))| - 2a(2a + 6)

>1+27%=1.015625.

For any f > 90, we note that {v,v?,v"} induce a copy of the path P; with hop. (v, Hs(3))ﬁ =
hopy, (v, Hsm)ﬂ and

hopy (v, H)#

5 2 1.015625% > 1.015625% ~ 4.036 > 2°.
hop,, (v3, Hy )P

Thus, by Lemma 6.8, there exist no perfect 2-dimensional weighted embedding of P; with
weights hop,. (-, Hs(3))ﬁ. Since there are exactly 2°=3 € @(a?) = ©(n) possible choices of v,
resulting in ©(n) different induced copies of P; (which have no perfect embedding), the total
error sg, + sgp of i is at least @(n) (if f > 90). a

This theorem shows that the weight-setter hop, (-, G)P (with k = [meG]) is not suitable
for all grid graphs G, if f > 90. We claim (without proof) that the same is true for the weight-
setter s-hop(+, G)?. This is especially interesting, if we compare this result with Theorem 5.4,
which only shows the suitability of s-hop(-, G)? as weight-setter for all complete trees T?, if
B = 4. Thus, if we need a weight-setter that is suitable for both classes of graphs, we need to
select f carefully between 4 and 90 (if a suitable f exists at all).

Additionally, we note that we did not optimize the lower bound of § in Theorem 6.7. We
conjecture that it can be reduced significantly by adjusting the construction of Hs(3). The
question, whether f can be reduced down to 4 and we come in direct conflict with Theorem
5.4, remains unanswered.

Even though we have found a graph for which hop, (-)? is not necessary suitable, we
claim that this is no sign of superiority of the baseline weight-setter deg(v)? over the k-hop
centrality: Consider the graph Ga\, which is defined as the subgraph of I, induced by

V(Ga\) = {(x,y) € V(Ioa) | |x —y| < 1}. For an illustration see Figure 6.4. We make the
following claim:

Theorem 6.9: For § > 2, let )y = (p,, (deg v)P) be an arbitrary 2-dimensional weighted

VeV (GY)
embedding ofG}‘ with error (s, Spp). Then, spm +sp, > a—3 € Q(a) = Q(n).
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|

Figure 6.4.: [llustration of the graph G7\.

Proof. For any i € {1,...,a — 3} consider the vertices v; := (i,i), viz1 == (i+ 1,i+ 1) and
. . deg v;)#
u = (i + 1,i). Note that degv; = degv;;; = 4 and degu = 2. Thus, ((digg—;))ﬁ =2F > 22 =4

Additionally, note that {v;, u, v;11} induces a copy of P;. Thus, by Lemma 6.8, (deg(-, Ga\))ﬂ
yields no perfect 2-dimensional weighted embedding of P;. As we can choose a — 3 different
values of i and thus have a — 3 such induced copies of P3, we have shown sg +sg, > a—3. @

So, we have also found a counterexample for deg(-)?. The severity of this counterexample
differs from Theorem 6.7 in at least 2 ways: First, the construction of Ga\ is much simpler
then the one of Hs(3). As a consequence, it seems much easier to find variations of Ga\ that act
as counterexamples too, then to find such variations of HS(S). Second, Theorem 6.7 requires 8
to be at least 90, while Theorem 6.9 already gets relevant for § = 2.

In summary, if we also keep in mind the result of Corollary 6.6, it seems like using the
k-hop centrality as weights still is a better (or at least equally good) option for embedding
grid graphs, as using the degree centrality. However, we have to keep in mind that there exist
grid graphs that cannot be embedded with sublinear error with weights hop, (-)7.

6.3. Unit Disk Graphs

In this section, we will discuss embeddings of unit disk graphs, which are a generalization of
grid graphs:

A graph G is called a unit disk graph (UDG), if there exist positions (p, € R?),cy () such
that

lpu —pvll <1 &= {u,v} € E(G)

for all u, v € V(G). Alternatively, a graph G is an UDG iff. there exists a perfect 2-dimensional
weighted embedding of G with unit weights.

Notably, all grid graphs (i.e. induced subgraphs of the grid I; ;) are UDGs. Consequently,
we have already established in the previous section that neither hop, (-)# nor deg(-)? yield
embeddings with sublinear error for all UDGs when f is sufficiently large (see Theorems
6.7 and 6.9). This presents a methodological challenge in our comparison of hop, (-)# and
deg(-)?, not only for UDGs but also for any class of graphs that includes the counterexample
from the previous section.

One way to address this issue is to shift the focus from determining whether suitable
embeddings exist for all graphs in a class to asking whether they exist for most graphs in
the class. This reformulation is equivalent to determining whether a randomly chosen graph
from the class is likely to admit a suitable embedding. To explore this question, we introduce
random geometric graphs:
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For n € N, and r = r(n), we consider the random geometric graph (RGG) G = G(n,r), which
has vertex set {Xj, ..., X,}, where X; € D := [—/n/2,yn/2]? are uniform and independent
random variables [Pen03] [DMPP14]. Two vertices X; and X are adjacent in G iff. ||X,- -X ]” <
r. G is a random graph and all properties of G are random variables.

One useful fact is that for any fixed A € Dandi € {1,...,n}, P(X; € A) = % = %,
where |A| is the area of A. More generally, let C be an event that is independent of X, then
P(X; € AIC) = %. With that fact, we can calculate the probability that the vertices X; and X;
(i # j) are adjacent, given that X; has distance at least r from the boundary of D (we denote
this assumption with B;):

P ({X. X;} € E(G)|B:) =P (X; € B.(X)|B;) =

ki (6.10)

1B, (Xp)| _ v’
n n

Recall that B, (x) denotes the Euclidean disk of radius p € R, centered at x € R? and that
B, (x) has area mp®. As a consequence of Equation 6.10, we can calculate the expected degree
of a vertex X; under the assumption B;,

2

E [degXl|Bl] = E P ({Xl,XJ} € E(Q)|B,) = (n - 1)—”’: .
J=1
i

Similarly, we can show that under the assumption that X; is in the upper left corner (- Vo _3n

2> 2
of D, the expected degree is given by

E [deg x|, = (~v/2 Vi) | = (n - 1) 22

Thus, the degree of a vertex in the corner of D is expected to be smaller by a factor of 4 in
comparison to the expected degree of a more central vertex. These effects on the boundary of
D can make the analysis of properties of G tedious. Hence, we introduce a toroidal variant of
RGGs:

For z; = (x1, Y1), 22 = (x2,y2) € D, we define the toroidal distance between z; and z; by

dr(z1,22) = glé% [|(x1 = %2 + iV, g1 — yo + jV)||-

Figure 6.5 illustrates, how this toroidal distance can be visualized. For n € N, and r € Ry, we
define the toroidal random geometric graph Gr as the graph with the same vertices X, ..., X,
as G, but with an edge {X;, X;} iff. dr(X;, X;) < r [BGPS25].

We note that dr(X;, X;) < HXi - X ]” and thus, G is a subgraph of Gr. The main advantage
of Gr over G is that for any z; € D and p € Ry with p < V2n, the set

{z2 € D | d1(21,22) < p}

has area exactly 7p?. Thus,

2
4
P (dr(X, X;) < p) = %,

independent on whether X; and X; are near the boundary of D or not. Thus, E [deg X;] =
(n—1)Z,
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©

=) d

Figure 6.5.: The toroidal distance on D can be visualized as the top and bottom, aswell the
left and right boundary of D being identified. The figure shows three toroidal disks centered
at the vertices vy, vo and vs with a fixed radius. We observe that all those disks have the same
area.

We now consider embeddings of toroidal RGGs. For that reason, we need to consider
a toroidal variant of weighted embeddings: We define a 2-dimensional weighted toroidal
embedding ¢/ = (p,, wy)vev(G) analogously to standard weighted embeddings, with the
difference that p, € D for all v € V(G). However, ¢ is called perfect, if for all u, v € V(G),

dr(pu pv)

{u,v} € E(G) w2 ="

for some r € R;. We define E(¢) and the error of ¥ analogously to standard weighted
embeddings.

We are now interested, which weight assignments yield a toroidal weighted embedding
of Gr with sublinear error. If we assume that the weight of a vertex X; is based on some
centrality measure, as for instance deg X; or hop, (X;), then the weight W; assigned to X;
depends on Xj, . .., X;,. Thus, W; is a random variable. Furthermore, for any reasonable weight
assignment, the variables W; and W; should be distributed equally for all i, j. Hence, we
assume that W; ~ W; for all i.

We note that, if W; = 1 is constant for all i, then the toroidal weighted embedding ¢ =
(Xi, Wi)x,eg, is perfect by the definition of toroidal weighted embeddings and Gr. W; being
constant is equivalent to Var (W;) = 0. As we are interested in an embedding with sublinear
error, one might hope that i has sublinear error not only when Var (W;) = 0, but when
Var (W) is sufficiently small. This hope turns out to be true, if W; satisfies some additional
properties:

Theorem 6.10: Let Wy, ..., W,, be random variables, such that E [W;] = 1, Var (W;) € o(1) and
there exists a constant ¢ > 1 such that W; < c deterministically. Additionally, let W; and W;
be independent of dr(X;, X;) for all i, j. Then, wh.p. ¥ = (Xi, W;)x,eg, is a toroidal weighted
embedding of G with error (o(nr?), o(nr?)).
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Proof. We define F; := E(G) \ E(¢) and F, := E(y/) \ E(G). We need to show that |F;| € o(nr?)
and |F,| € o(nr?). We start with the first goal. We note that for any i # j and t € (0,1):

P (X, X)) € B[W, W, > 1= 1) = P (ryWil] < dr(X, X;) < r|w,-,wj >1-1)

:PQVQ—nu—o<dﬂxxp5r

2 2 2
r are(l1—t ret
= — - ( ) = (6.11)
n n n

Wi,Wj>1—t)

Furthermore,

P (X, X)) € F[W; < 1- ¢V Wy < 1-1) = P (ryWil) < (X, X)) <r|Wi < 1-tv W <1-1)

<P (dr(Xp X)) <rWi<1-tVW; <1-1¢)

r?

—. (6.12)
n

Since o? = Var (W;) € o(1), there exist s € 0(1) N (o). By Chebychev’s inequality, it

follows that ,

P(J1-W|>5s) < % €o(1).
This implies
P(W; <1-5s)€0(1) and P(W;>1+s)€o(1).
Now, for all i # j,

<nr’s/n=nro(1)/n (by Inequality 6.11) <1

P ({X,X;} € Fi) =P ({X;, X;} € Fi|W, W; > 1 —s) P (W, W; > 1 — )
+P({XpX;} eRW<1-sVW;<1-s)P(W;<1-sVW; <1-5)

<nr?/n (by Inequality 6.12) <P(W;<1-s)+P(W;<1-s)€0(1)

< nrfo(1) + nr®o(1) € o(r?/n).

We now find an upper bound for E [|F;|]:

E[IF]=) > P{X.X} €F)

i=1 j=i+1

= Zn: Zn: o(r*/n)
i=1 j=i+1

< n®o(r?/n) = o(nr?).

Hence, we can choose s’ € o(nr?) N o(E [|F;|]) and apply Markov’s inequality, to show that

P(|Fi| > 5") <

BIAD o

Thus, |F,| < s’ € o(nr?) w.h.p.

54



6.3. Unit Disk Graphs

We can proceed almost analogously to show |F,| € o(nr?). We will not go into detail here.
However, we note that in this case the proof of the equivalent to Inequality 6.12 uses that
W; < ¢ deterministically:

({X,,X}eF2|W>1+th > 1+t) (r W;W; >dT(Xl,X)>r’W>1+th >1+t)

<P r\/c_>dT(X,~,Xj)zr|Wl~21+thj21+t)

71'7”2C 77,'7‘2

= -— EO(JTFZ/H)

n

We have shown that if the requirements of Theorem 6.10 are met, then there exists an
toroidal weighted embedding of Gt with weights Wj, ..., W,, with error (o(r?n), o(r?n)). The
reason, we call this error sublinear is, because

1 nr? )
E[E(Gr)] = Z]E [deg X;] = En(n - 1)7 € O(r°n).

We note that Theorem 6.10 only can be applied, if W; and W; are independent of dr(X;, X)
for all i, j. This might seem like a strong requirement, and it is. However, we note that it
seems like W; W is, in some sense, almost independent of dr(Xj, X;) for many natural weight
assignments W, ..., W,. For instance, if we set W; := deg X;, then knowing what dr(Xj, X;)
is, seems to gives very little information about deg X; and deg X;: Knowing dt(X;, X;) gives
information about whether X; and X; are adjacent, but not whether any third vertex X, is
adjacent to X;. A similar behavior seems to be the case for W; := hop, (X;). We were not
able to formalize this intuition of almost independence yet and not able to formulate a more
general version of Theorem 6.10. In it’s current form, Theorem 6.10 is not applicable on any
reasonable weight assignment that is calculated based on properties of Gr. However, Theorem
6.10 shows that W; having a low variance is a property that is highly relevant for finding
embeddings of Gr.

For that reason, we will now compare the variance of deg X; and hop, (X;). We begin with
W; = deg X;. Since W; and W; are identically distributed for all , j, it suffices to only calculate
Var (deg X;). Fori # 1, we deﬁne the Bernoulli variable L; = 1((x, x,}eE(gr)}- Above, we have

remarked that P (L; = 1) = 2 and thus,
2
) r
Var(L,-) = ]P(Ll = 1) —]P(Li = 1) < ]P(Ll = 1) = —.
n
Since L; and L; are independent for i # j, we have shown that

ZLi) = ZVar (L) < (n— 1)’%2 € O(r?).
i=2

Var (deg X;) = Var
i=2

Comparing variances (in the context of Theorem 6.10) is only relevant, if E [W;] = 1,
however, as mentioned further above, IE [deg X;] € ©(r?). This can be easily fixed, as we can
rescale deg X; and instead consider
_ deg X,'

" E[degX;]’
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6. Challenges of k-Hop Centrality

We note that E [W;] = 1 and that if the weights W} yield an embedding with error (sg,, sgp),
then so does deg X;. We can now consider the variance of Wy,
deg X; ) _ Var(degX;)  O(r?)

[degX;]) ~ E[degX? ©(H)? o(1/r%), (6.13)

Var (W;) = Var (]E

which is in 0(1), if r € w(1).
We now consider the variance of the k-hop centrality hop, (X;) on Gr. In the previous
sections, we considered the case k = [meG] As the calculations get complicated if k is also

a random variable that depends on Gr, we will instead consider the case that k = /1‘/75 for
some constant 0 < A < % This choice of k is motivated by the fact that diam G € ©(+/n/r)
w.h.p. [DMPP14]. We also note, that we only consider values of r for which r € w(r.), where
re = 4/log n is the connectivity threshold of Gr, i.e., for all r € w(r.), the graph Gr is connected
w.h.p. and disconnected w.h.p. if r € o(r,).

For any X; € V(Gr(n,r)), we denote the k-hop centrality of X; as H;. The goal of the
remainder of this subsection is to show that Var (H;) € o(n?) for all i. Since H; and H; have
identical distributions for all i, j, it suffices to show Var (H;) € o(n?). To prove this, we define
the random variable N; = Tx;cHop, (x;)} = ﬂ{disth(XI’Xi)Sk} foreachi € {1,...,n}.

The following Lemma by Diaz et al. about the relation between graph and toroidal distance
will be very helpful:

Lemma 6.11 (Theorem 1.1(ii) and Remark 1.1(iv) in [DMPP14]): If r € w(r.), then w.h.p., for
alli, j,

. . dr(Xi, Xj)
distg,(X;, X;) < distg(X;, Xj) < |————(1+0(1))|.
r
We define the event
. .. . dT(XhX])
E :={Foralli,j € {1,...,n}, distg; (X;, X;) < f(l +0(1))];. (6.14)

and note that by Lemma 6.11, E holds with high probability. Thus, IP (=E) € o(1). Note that
for any event A with IP (A) € ©(1),

P(A,E) P(A)-P(A-E) ) IP (A, —E) .- P (-E)
P(A) P (A) - P(A) P (A)
Furthermore, observe that
Hi= Y N
i=1

P (EJA) = =1-0(1). (6.15)

and thus

n

Var(Hl)zzn:Var(N,-)+Zn: Z Cov (N;, Nj) .
i=1

i=1 j=1,j#i
Hence, we are interested in finding an upper bound for Cov (Ni, N j). We first state some,
more general, facts about the distribution of N;.

Lemma 6.12: Foralli € {1,...,n},
P (N; = 1,d7(X;, X1) > rk) =0

and

dr(X, Xy) < 1L E|=1.

]P(Nizl To(1)’
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6.3. Unit Disk Graphs

Figure 6.6.: lllustration of the radii p; and p;. The result of this section heavily relies on the
fact that w.h.p. all vertices in the inner disk (green) are contained in Hop, (X;), no vertex
outside the outer disk (white) is contained in Hop, (X;) and only very few vertices are in the
area between the two circles (blue).

Proof. If N; = 1, then there exist points X = yo, Y1, Y2, . - ., Yk = X; with dr(y;,yj-1) < r for
all j € {1,...,k}. Applying the triangle inequality yields

dr(X, X1) < ) dr(ypyj1) < kr.
J=1 ——
<r
Thus, the event {N; = 1} N {drX; — X1 > rk} = 0 does not occur, which implies the first part
of the lemma.

If E and dr(X;, X)) < hold, then

1+ (1)
rk

disth(Xl-,X1)<VT( XD (140 (U)} [Hor(l)( 0(1)4

deterministically and thus, N; = 1. This proves the second part of the lemma. a
This motivates us to define p; = 1+0(1) =rk(1-0(1)) and p, = rk. We note that
mp?  grfk?(1-o(1
P (%, X)) < py) = 700 = TRUZOW) ey oy e0)  (616)

np: — mwp? _ w(r’k? - r’k*(1 - 0(1)))

P (p; < dr(Xi, X1) < p2)

n n
= ”er:lO(l) = 77-'/120(1) = 0(”/12) = 0(1) (617)

2 2.2
mp,  wrek
P (dr(Xi, X1) < p2) = Tz =

=A* € ©(1). (6.18)
As a consequence

P (Nl' = 1) > ]P(Ni =1,E, dT(X,‘,Xl) < p1)
= ]P(Ni = 1|E, dT(Xi,Xl) < ,Dl)]P(E|dT(Xi,X1) < ,01) ]P(dT(Xi,Xl) < ,01)

=1, by Lemma 6.12 =1-0(1) by Inequality 6.15 =mA%(1-0(1)), by Equation 6.16

> 7A%(1-0(1))? = 7A%(1 - 0(1)) = wA? — 0(1) (6.19)
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6. Challenges of k-Hop Centrality

and

P(N;=1) =P (N; = 1,dr(X;, X1) < p2) + P(N; = 1,d7(X;, X1) > p2)

=0 by Lemma 6.12
< P (dr(Xi, X)) < pa) = 7A? (6.20)

foralli e {2,...,n}.
These observations allows us to calculate the covariance of N; and N; for i # j.

Lemma 6.13: Forall1 # i # j # 1, Cov(N;, N;) < o(1).
Proof. By the definition of covariance

Cov (N;,N;j) = E [NiN;| - E[N;] E [N;]
:]P(Ni:szl)—P(Nizl)z. (621)

By law of total probability and union bound (verify that all cases are considered), we observe
that

P(N;=N; =1) <P (N; =N = 1,-E)
+2P (N; = Nj = 1,p1 < dr(X;, X1) < p2, E)
+2P (N; = N; = 1,dr (X3, X1) > pa, E)
+IP (N; = Nj = 1,dr(X;, X1) < p1,dr(X;, X1) < p1, E)

We evaluate these four terms separately. For the first term,
P(N; =N; =1,-E) < P(=E) € 0(1)

holds. For the second term, we use Equation 6.17, to show that

P (N;=N;=1,p1 <dp(Xs, X1) < p2.E) <P (p1 < dr(Xi, X1) < p2) € 0(1).

The third term is equal to 0 by Lemma 6.12 and the fourth term can be bound from above by
P (dr(X;, X1) < p1,dr(Xi, X1) < p1),

which, by Equation 6.16 and the independence of dr(X;, X;) and dr(Xj, X;), is equal to

(TA2(1 - 0(1)))% = 722%(1 - 0(1)).
So
P (N; =N; =1) <0(1) +0(1) + 0+ 7°2*(1 - 0(1)) = 7°2* + 0(1).
Inserting this, together with Inequality 6.19, into Equation 6.21, yields

Cov (N3, Nj) < 1A +0(1) — (mA% — 0(1))?
=22 +0(1) — (£22* = 0(1)) = +0(1) < 0(1).
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6.3. Unit Disk Graphs

We are now able to estimate the variance and the expected value of H; (see next two
lemmata):

Lemma 6.14: Forall ¢ € {1,...,n}, Var (H,) € o(n?)

Proof. We note that for alli € {1,...,n},

Var (N;) = E [N?] -E [N;]* < 1
—_—
<1 20
holds and that N; = 1 deterministically (every vertex is always in it’s own k-hop neighborhood)
and thus,

Cov (N, N;) = E[ N; N;] -E[N]E[N;] =0.
-1 =1

By these observations and Lemma 6.13, it follows that

Var (Hp) = Var (Hy) = » Var (N))+ ». > Cov (N, N))
i=1 T~ =1 j=1,j#i ——————
<1 <o0(1) or =0

<n-1+n%(1) =n+o(n? =o(n?.

a
Lemma 6.15: Forallt € {1,...,n}, E [H,] € O(n)
Proof. By Equations 6.19 and 6.20, it follows that
©(1) 3 7A* —0(1) <P (N; =1) < 7A% € ©(1)
and thus P (N; = 1) € ©(1) forall j € {2,...,n}. Now
n
E[H] =E[Hi] = ) E[N;| =n0(1) = 0(n).
=1
a
As for the degree centrality, we note that E [H;] # 1. To allow comparison, we consider
the normalized k-hop centrality W; = ]Ef{_hlr,] Note that E [W;] = 1 and

Var (H;) o(n?) o1
EfH] ~em: "

Var (W) =

In summary, we have shown thatif 0 < 1 < % is constant, k = /1\/75 and r € w(r.), then the
variance of the normalized k-hop centrality of a vertex in Gr(n, r) is in 0o(1). Similarly, we
have shown that the normalized degree centrality of a vertex in Gr(n, r) has variance O(1/r?)
(see Equation 6.13). The last expression is equal to o(1/logn), if r € w(r.) = w(+/logn). We
can note that the latter bound o(1/log n) is smaller then the bound o(1) for the variance of
the normalized k-hop centrality. However, we remark that the upper bound o(1) might be
further decreased by a deeper analysis. We also remark that o(1/logn) and o(1) are very
similar bounds.
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6. Challenges of k-Hop Centrality

Additionally, we note that we only considered the toroidal RGG Gr. For the degree centrality,
the boundary effects on the normal RGG G make the analysis a little harder for vertices near
the boundary of D. For the k-hop centrality, the boundary effects not only make the analysis
much harder, but also affect much more vertices. It seems likely that no 2-dimensional
weighted embedding of G with weights hop, (-) and sublinear error exists.

In this section, we were unable to establish definitive evidence for the superiority of
degree centrality over k-hop centrality as a weight assignment. However, we discussed some
indicative observations supporting this notion. We also note that it remains possible that
neither of the two centrality measures is well-suited for the graphs Gr and G.
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7. Conclusion

In this thesis, we have established several theoretical results on weighted embeddings. In
Chapter 3, we presented multiple theorems that provide a clearer understanding of the
structure and properties of weighted embeddings of trees. Additionally, we have gained some
insights into the properties of weighted embeddings of grids.

Building on those insights, we proposed an alternative to assigning the weight of a vertex
in an embedding based on it’s degree - the (smooth) k-hop centrality: We assign the weight
w, of a vertex v € V(G) to

w, = (s-hop(v))?

|

for a constant f > 4/d (compare Definition 5.5).
We proceeded by analyzing the quality of weighted embeddings with weights (s-hop(-))”
and compared it to embeddings with weights deg(-)?. Table 7.1 gives an overview of this

- s
{u e V(G) | dist(u,v) < {dla;nﬂ + 1}’)

{u € V(G) | diste(u, v) < [diamﬂ}‘ :

comparison.

In particular, using k-hop centrality outperforms degree-based weighting on complete trees
and yields comparable results on grids. The analysis on arbitrary graphs and grid graphs
was inconclusive: For both weight assignment methods, there exist graphs that can not
be embedded under some conditions. However, particularly on grid graphs it seems like
counterexamples for the k-hop centrality are much rarer as ones for degree-based weights.
For RGGs it seems as degree-based weights are more suitable than k-hop based weights,
however no conclusive evidence for this claim was found.

In summary, our modification appears to yield embeddings that are at least as good as, if not
better than, those obtained with degree-based weights across all graph classes we considered,
except RGGs. However, we have not examined geometric inhomogeneous random graphs
(GIRGs) or real-world networks, where degree-based weights have been shown to perform
well in experiments [BHKM24]. Whether replacing the first step of the WEMBED algorithm
with a k-hop-based weight assignment is beneficial depends on how well it performs on
these two graph classes. Therefore, experimental research in this direction would be highly
valuable.

Another caveat to keep in mind is that all our results assume that, given the right weights,
the embedding positions can be determined effortlessly. However, in practice, WEMBED relies
on gradient descent to optimize the positions, and it is not guaranteed to always succeed.
Analyzing whether it does is an interesting problem. This question is particularly relevant for
embeddings of grids, as the proof of Theorem 4.4 carefully partitions the graph into multiple
subgraphs and embeds them separately. It seems unlikely that a machine learning algorithm
could replicate this process.

Furthermore, we note that we used trees as the example for a graph with a homogeneous
degree distribution that cannot be embedded with homogeneous weights. However, hyperbolic
tilings are another class of graphs with that property. As they can be trivially embedded in
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7. Conclusion

Table 7.1.: Comparison of the existence of weighted embeddings with weights set to degree
centrality (deg v)? or (smooth) k-hop centrality s-hop(v)? on different classes of graphs, for

sufficiently large instances and sufficiently large f.

Degree centrality (deg v)”

(Smooth) k-hop centrality
s-hop(v)#

Complete trees

No embedding with sublinear
error for all graphs (Variant of
Corollary 3.2)

Perfect 1-dimensional
embeddings (Theorem 5.4)

Grids 2-dimensional embeddings with ~ 2-dimensional embeddings with
total error ©(4/n) (Corollary 4.5) total error ®(+/n) (Section 5.2)

Arbitrary trees See complete trees above Graph exists with no embedding
with sublinear error (Theorem
6.3)

Grid graphs (in- Simple/basic graph exists with ~ Complex graph exists with no

duced subgraphs of no embedding with sublinear embedding with sublinear error

grids) error (Theorem 6.9) (Theorem 6.7)

GIRGs and real- Low-dimensional embeddings of Unknown

world networks high quality (empirically)

[BHKM24]

the hyperbolic space it seems likely that they can also be perfectly embedded in a weighted
setting. Nevertheless, we were unable to find such embeddings for hyperbolic tilings. Whether
such embeddings exist, and whether using k-hop-based weights can yield them, remains an
open question.

On another vein, we note that calculating the k-hop neighborhood of all vertices in a graph
using Breadth-First Search or Depth-First Search has time complexity ©(nm + n?). This can be
computational infeasible for big real-world graphs. Hence, it might be useful to have a weight
assignment that can be calculated more easily, but behaves similar to the k-hop centrality.

Lastly, in Section 6.1 we identified a tree for which no suitable embedding with k-hop-
based weights exists. The proof relied on the fact that this tree had a highly ‘path-like’
structure (caterpillar). It would be interesting to investigate whether there exists another
counterexample that is more ‘tree-like’ or whether a positive result can be found for ‘tree-like’
trees. In either case, it remains true that not all trees can be embedded with k-hop-based
weights, nor can all trees be embedded with degree-based weights. As discussed at the end of
Section 6.1, it seems promising to find a middle ground between these two approaches, e.g.,
by considering an weight assignment that depends on hop,(-) for all k € {1,2,...,diam G}.
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A. Appendix

A.1. Proof of Lemma 4.1

Lemma A.1 (Lemma 4.1): For all a € IN,, there exists a perfect 1-dimensional weighted embed-
ding of the grid I, ;.

Proof. We show that ¢ = (p,, wy)vev(r,,), With w(x ) =27 and p(yy) = (=1)¥272~! for
all (x,y) € V(I,2), is a perfect 1-dimensional weighted embedding of I, ;. See Figure 4.1 for
an illustration of ¢

Let {(x1,y1), (x2,y2)} € E(T,2), Wlo.g. x1 < x; and y; < y,. Now, either x; = xp, 41 =
0,y2 = 1 or x; = x1 + 1,y; = y, holds. In the former case follows

2—2)(1—1 _ (_2—2)('1—1) _

diSt(lp(xl)O); w(xl,l)) = 27)(127)(1

In the second case follows

1.

2—2(x1+1)—1 _ 2—2)(1—1 2—2)(1 _ 2—2)(1—1

diSt(w(xl,yl)’¢(x1+1,y1)) = 9—x19—x1—1 = o—2x1-1 =1L

Now let (x1, y2), (x2,y2) € V(L2), with {(x1,y2), (x2,y2)} € E(I,2). W.lo.g. assume x; < x
and y; < y,. Now, either y; # yp, %2 > x1 + 1 or y; = y, X2 > x1 + 2. In the first case

<0
——
' 2—2x1—1 _ (_2—2.’)(2—1) 2—2x1—1
dist(Y(x,,0), Y(x,1)) = PR > G
holds and in the second case follows
>2—2x1—2

2—2.’){1—1 _ 2—23('2—1 2—23(1—2

diSt(w(xl,yl)’l//(xz,yl)) = 9-x1 97X > 9-2x1-2

——
<2~ (x2+2)

For the last inequality, we used

9=2x1=1 _ 9=2x=1 5 g2xi=1 _ 9g=2(xitl)=1 § o 9=2x1-2 _ 9=2x1-2 _ 5=2x1-2

Thus, we have shown that i is perfect. a

A.2. Proof of Lemma 5.3

Lemma A.2 (Lemma 5.3): Forallh > i > 0 andb > 2,

s-hop(v;) o 2 ifb=2
s-hop(viy1) — | 3b ifb>3

holds.
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Proof. We will use Lemma 5.2 multiple times in this proof. Furthermore, we will use that

—h+i < -1 follows from i < h.
We will show the claim for i = 0 first:
s-hop(vy) _ hopy(vy) bh02(b +1) —bh0 -1
s-hop(v;)  hop,(v)  2bh-(1-D/2 _ ph-1 _ 1

_bhb+1) -bh-1 b -1
©2bh—bhl—1  2ph —ph-1 -1
3 b’x —1
S 2bx—x-1
N
g(x)=
Here, we defined x := b"~1. We observe that for all x > 1
d b?2(2bx —x —1) — (b?>x —1)(2b - 1)
Eg(x) - 2bx —x -1
3 2b3x — b?x — b? — 2b%x + b2x +2b — 1
B 2bx —x—1
—b*+2b-1
T 2bx—x-1 <0
Thus g is monotonically decreasing (for x > 1) and
2
ey =90 2 Jim gt = Jim 7
x(b? —x71) , b? —x7!

= i Tt
ot x(2b—-1-x71)) o 2b—1—x 1)
4 23 . _
NS B0
We now show the claim for all even i > 2 (in that case i — 1 and i + 1 are odd):
s-hop(v;)  hop,(vi_1) oph=(i-1-1)/2 _ ph=(i~1) _ 1

s-hop(vip1) hop;, (vis1) T gph—(i+1-1)/2 _ ph—(i+]) _ 1
2bh—i/2+1 _ bh—i+1 -1 bh—i/2+1 (2 _ b—i/z _ b—h+i/2—1)

T oph—ij2 _ ph-i-1 _q = ph—i/2+1 (2b—1 — p-if2—2 _ b—h+i/2—1)
2 b—i/2 b—h+i/2—1

B B B
~—_—— —— —, —
C()ZZ Cri= Cyi=
Here, we set B := 2b~! — p~1/272 _ p=h+i/2-1 Now,
2
Cy > =,
0= 2p-1
1 1
C = - — <
2b1/2—1 —b2_ b—h+1—1 2b2/2—1 —_ b2 _p-1-1
1 1 2

< = — d
2—-2b=2 7 2-2.272 3 an
~ b—h+i/2—1 b—(i+1)+i/2—1 ) b—i/Z 2p~2

Cy = <
B B B 3
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Thus,

s-hop(v;) o h_ 2 2b™2 bbb 2b71 N 2b™3 S lb lb
s-hop(viy1) 3 3 3 3 | 120 27
<i+it=3

In the case b = 2, we observe that 1—7217 = % > %.
We will now show the claim for all odd i in a very similar way. Again, by Lemma 5.2 (i — 1

and i+ 1areevenandi > 1),
s-hop(vi)  hop,(vicy) bR~ D2(p+ 1) — ph=-1) 1

s-hop(vis1) - hop;, (vi+1) B bh=(+1)/2(p 4 1) — ph-(+1) 1
ph—if2+3/2 (1 + b1 —p-ifz-1/2 _ b—h+i/2—3/2)

= ph—i/2+3/2 (b‘l +b-2 — p-if2-5/2 _ b—h+i/2—3/2)
14p-1  poil2-1/2 p-h+if2-3/2

H]

B’ B’ B’
S N e’ e
=C =C] =Cy

where B’ := b1 + b™2 — p~i/275/2 _ p=h+i/2-3/2 Now

1 -1 14271 _ 12 cp
C/> 1+b S 1+0b S m—? ifb=
0= b-l+pb2_p-1/2-5/2 = p=14p=2_p-3 — bylrfb_z — ifb >3
o= 1 B 1
1= pil2=1/2 4 pi/2-3/2 _ p-2 _ p=h+i-1 = p1/2-1/2  p1/2-3/2 _ -2 _ }p-1-1
! < ! 1 d
= < = an
14+b71-2b2 " 1+b"1—bb2
ph+i/2=3/2  p-(i+1)+i/2-3/2 p-il2=1/2
Cy = < =b? <b2
B’ B’ B’
S—
o
If b = 2, this implies
s-hop(v;) 12 _, 23
_ > ——-1-2""=—
s-hop(vi41) 5 20

and if b > 3, we obtain

“hop(v;
s-hop(v;) Zb_l_b—z:b_b(b—1+b—3):b—9b:£b2lb.
shop(viey) N 27" 27~ 2

<3714373
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