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Abstract

Hitting sets are vertex sets of hypergraphs that have a nonempty intersection with
every hyperedge. The problem of enumerating all (inclusion-)minimal hitting sets is
known as the TRANSVERSAL HYPERGRAPH problem and has many applications, for
example in data profiling, system diagnosis and computational biology. It is a long-
standing question whether output-polynomial algorithms exist, i.e. algorithms whose
runtime is polynomial in the combined input and output size. The most efficient
algorithm in practice is arguably Minimal-to-Maximal Conversion Search (MMCS) by
Murakami and Uno. While lower bounds have been proven for some other hitting set
enumeration algorithms, little is known about the theoretical worst-case complexity of
MMCS—despite its relevance in practice. We close that gap by providing a class of
graphs for which MMCS takes exponential time to output the polynomial number of
minimal hitting sets. Thereby, we prove that MMCS is not output-polynomial, not
even if we restrict the inputs to graphs. To be precise, this result assumes the worst
case regarding the internal decisions of MMCS. We consequently suggest introducing a
heuristic that makes these decisions in a way that ensures output-polynomially on our
particular class of graphs. Further, we argue that this heuristic is beneficial on general
inputs. We leave the question, whether MMCS with our heuristic enhancement is
output-polynomial on general inputs as an open problem. Moreover, we investigate how
the existing heuristic and pruning strategy of MMCS affect its runtime. Furthermore,
we prove that MMCS is output-polynomial on paths and cycles.

Zusammenfassung

Hitting Sets sind Knotenmengen von Hypergraphen, die einen nichtleeren Schnitt mit
jeder Hyperkante haben. Das Problem, alle (inklusions-)minimalen Hitting Sets aufzu-
zéhlen, ist als TRANSVERSAL HYPERGRAPH-Problem bekannt und hat viele Anwendun-
gen, bspw. in Data Profiling, Systemdiagnose und Bioinformatik. Es ist eine langjéahrig
offene Frage, ob ausgabepolynomielle Algorithmen existieren, also Algorithmen, de-
ren Laufzeit polynomiell in der kombinierten Eingabe- und Ausgabegréfie ist. Der in
der Praxis wohl effizienteste Algorithmus ist Minimal-to-Maximal Conversion Search
(MMCS) von Murakami und Uno. Wihrend fiir einige andere Aufzihlungsalgorithmen
untere Laufzeitschranken bewiesen wurden, ist wenig iiber die theoretische Worst-Case-
Komplexitat von MMCS bekannt — trotz seiner Relevanz in der Praxis. Wir schlieflen
diese Liicke, indem wir eine Graphklasse angeben, fiir die MMCS exponentielle Zeit
benétigt, um die polynomiell vielen minimalen Hitting Sets auszugeben. Dadurch be-
weisen wir, dass MMCS nicht ausgabepolynomiell ist, auch nicht, wenn wir die Ein-
gaben auf Graphen beschrinken. Um genau zu sein, geht dieses Resultat vom Worst
Case beziiglich der internen Entscheidungen von MMCS aus. Folglich schlagen wir die
Einfithrung einer Heuristik vor, die diese Entscheidungen so triftt, dass auf unserer spe-
ziellen Graphklasse Ausgabepolynomialitét sichergestellt wird. Zudem argumentieren
wir, dass diese Heuristik auch auf allgemeinen Eingaben von Vorteil ist. Ob MMCS mit
unserer heuristischen Erweiterung auf allgemeinen Eingaben ausgabepolynomiell ist,
belassen wir als offenes Problem. Auflerdem untersuchen wir, wie sich die bestehende
Heuristik und Pruning-Strategie von MMCS auf dessen Laufzeit auswirken. Weiterhin
beweisen wir, dass MMCS auf Pfaden und Kreisen ausgabepolynomiell ist.
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1 Introduction

A hypergraph J{ is a set of subsets of a finite vertex set V. Elements of J are called
hyperedges, or simply edges. Hypergraphs generalize graphs by allowing more or less
than two vertices per edge. A hitting set of a hypergraph J is a vertex set that has
a nonempty intersection with every hyperedge of . Hitting sets of graphs are better
known as vertex covers. Since any superset of a hitting set is itself a hitting set, we are
usually interested only in the (inclusion-)minimal hitting sets, i.e. hitting sets whose
proper subsets are all non-hitting. The set of minimal hitting sets of J is also known
as the transversal hypergraph or the dual of J.

In many applications, it is required to list all minimal hitting sets, which is known
as the TRANSVERSAL HYPERGRAPH problem. This enumeration problem was intro-
duced in 1987, independently by Demetrovics and Thi, Mannila and Raiha, and Reiter
[DV87| MR87 | Rei87] in the contexts of data profiling and system diagnosis. In data
profiling, hitting sets are equivalent to unique column combinations, i.e. sets of columns
whose value combinations are without duplicates. To be specific, for a given dataset,
the considered hypergraph is the one, where each column appears as a vertex, and
where, for each pair of rows, the set of columns in which the two rows differ, is a
hyperedge. Unique column combinations can be used for query optimization, as sur-
veyed in [KPN22|. Another application relates to monotone Boolean functions, where
we consider formulas consisting of finitely many variables and the conjunction and
disjunction operators, but not the unary negation operator. Here, the problem of com-
puting the disjunctive normal form from the conjunctive normal form is equivalent to
solving the TRANSVERSAL HYPERGRAPH problem, as explained in [GV17]. Moreover,
the TRANSVERSAL HYPERGRAPH problem is equivalent to the problem of listing all
maximal independent sets, giving rise to further applications. To be specific, a vertex
set is a hitting set if and only if its complement is an independent set, which is a set that
does not contain any edge. Furthermore, the TRANSVERSAL HYPERGRAPH problem is
computationally equivalent to the problem of enumerating all minimal dominating sets
of graphs, as shown in [KLMN14|. That means that there exist polynomial time reduc-
tions between both problems. Further applications in various domains such as system
diagnosis, computational biology and data mining are surveyed in [GV17].

The time complexity of the TRANSVERSAL HYPERGRAPH problem is still unknown.
Since the number of minimal hitting sets can be exponential in the input size, a poly-
nomial algorithm cannot exist. As a result, we express the complexity of the problem
in terms of the input size and output size. It remains an open question whether an
output-polynomial algorithm exists, i.e. an algorithm whose runtime is polynomial in
the input size plus output size. Progress has been made in showing that the prob-
lem is output-polynomial on certain classes of hypergraphs. For example, even before
the problem was investigated on hypergraphs, there were already output-polynomial
algorithms enumerating all minimal vertex covers of graphs, e.g., [TIAS77|JYP88|.
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Further, in [EG95, Theorem 5.2], an algorithm is presented that is output-polynomial
on classes of hypergraphs with bounded edge size, in particular on the class of all
graphs. This is further generalized in [KBEGO7], where an algorithm is presented that
is output-polynomial on classes with bounded edge intersections. These are classes
for which k¥ € N and r € N, exist, so that the intersection of k arbitrary edges has
cardinality at most r. In particular this includes classes with bounded edge size and
also classes with bounded degree. For multiple other classes of hypergraphs, output-
polynomial algorithms have been presented in the literature as well. Recently, many of
these results have been generalized in a preprint by Mary [Mar26], where an algorithm
is presented that is output-polynomial on all classes of hypergraphs with bounded
VC-dimension.

Many algorithms for the TRANSVERSAL HYPERGRAPH problem and equivalent prob-
lems have been proposed. The one with the lowest asymptotic bound N°0gN) jg
presented in [FK96], where N is the combined input and output size. In practice,
the fastest algorithm on most instances is Minimal-to-Maximal Conversion Search
(MMCS) by Murakami and Uno [MU14]. Its efficiency on real-world instances has
been shown in [GV17]. As a result, MMCS is used in practical settings. For example,
in [Bir+20], the authors propose a specialized algorithm for the discovery of unique
column combinations, that uses MMCS under the hood. A similar approach, also
based on MMCS, is proposed in [Ble+24] for discovering functional dependencies of
datasets.

For some other hitting set enumeration algorithms, lower bounds have been shown,
implying that they are not output-polynomial [Tak08 | Hag09]. Despite the practical
relevance of MMCS, no similar results exist for MMCS. Only the runtime of a sin-
gle step of MMCS is known to be polynomial in the input size. We close that gap
by providing a class of graphs for which MMCS needs exponential time to list the
polynomial number of minimal hitting sets. In that way, we prove that MMCS is
not output-polynomial, not even if we restrict the inputs to graphs instead of general
hypergraphs. This result considers the worst case regarding the internal branching
decisions of MMCS. We also provide a class of hypergraphs, very similar to the men-
tioned class of graphs, on which this worst-case assumption is not necessary to prove
exponential runtime. Both results, however, depend on MMCS choosing a particular
ordering of vertices in every step. Since the ordering of vertices is not specified in
MMCS, we propose to augment MMCS with a certain heuristic for ordering vertices.
We show that this makes MMCS output-polynomial on the mentioned classes, but
whether it becomes output-polynomial on general inputs is left as an open problem.
Further, we argue that the proposed heuristic for ordering vertices is useful in general,
by proving that it minimizes the number of potential branching points among all direct
child nodes in every step.

Besides, we show that the choice of the heuristic which MMCS uses to select an edge
to branch on can have a large impact on its runtime. Specifically, the default heuristic
can lead to an exponential increase or an exponential decrease in runtime compared to
some other heuristic, depending on the input hypergraph. Additionally, we show that
disabling the so-called violator pruning strategy can increase the runtime of MMCS
from polynomial to exponential on certain inputs.



In the presence of an exponential lower bound to the runtime on general inputs, it
becomes an interesting question on which classes of hypergraphs MMCS is output-
polynomial. We show that this is the case on paths and cycles by proving that they
have exponentially many minimal vertex covers. As secondary results, we include
two observations about MMCS and minimality that, to our knowledge, have not been
published before. Namely, that the default heuristic prevents a certain kind of dead
end in the search tree and that MMCS can behave differently on a hypergraph and its

minimization.






2 Preliminaries

We start by repeating the definitions from the introduction and introducing some
notation that we use throughout this thesis.

Notation 2.1 We write S LI T for the disjoint union of two sets S and T

Definition 2.2 A hypergraph is a pair (V, %), where V is a finite set of vertices and
H is a set of subsets of V. The elements of A are called hyperedges or simply edges.
When the vertex set is clear from the context, we often denote a hypergraph just by
the edge set H .

Definition 2.3 We say a vertex set T' C V is a hitting set if and only if TN E # () holds
for all edges F € . Further, we call a hitting set T (inclusion-)minimal if and only
if there is no proper subset 7 C T that also is a hitting set.

We define the transversal hypergraph Tr(J) of a hypergraph H as the set of all its
inclusion-minimal hitting sets.

As an example, let us consider the following hypergraph.

Uy

a Gﬂ@ Uz

U3

H = {{w17w27w3a w4}7 {wlvul}a {w27u2}7 {wSa U3}, {w47 u4}}

Here, the highlighted vertices form the minimal hitting set {w;, wy, ug,u,}. All proper
supersets of it are non-minimal hitting sets and all proper subsets are non-hitting.
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An interesting property of the transversal hypergraph is that the transversal of the
transversal consists exactly of the inclusion-minimal edges of . A proof can be found
in the standard textbook by Berge from 1984 [Ber84, Chapter 2]. For that reason, the
transversal hypergraph is also known as the dual.

Interestingly, the TRANSVERSAL HYPERGRAPH problem is equivalent to its correspond-
ing recognition problem. More specifically, one can enumerate the transversal hyper-
graph in output-polynomial time if and only if one can solve the following decision
problem in polynomial time. Given two hypergraphs #; and J{,, decide if J; is the
transversal of 7, i.e. if H; = Tr(7(,). This is proven in [BI95]. Other equivalent prob-
lems are enumerating all maximal independent sets of hypergraphs and enumerating all
minimal dominating sets of graphs [KLMN14], as described in the introduction.

2.1 MMCS

Minimal-to-Mazimal Conversion Search (MMCS) is an algorithm that enumerates all
minimal hitting sets of a hypergraph (V, % ). In other words, it lists all the edges of
the transversal hypergraph Tr(%). It was first described by Murakami and Uno in
the conference paper preceding [MU14].

It generates a search tree, where every node consists of a partial solution S C V and
a candidate set C C V \ S. MMCS generates the search tree in such a way that the
subtree under a node (S, C) includes all minimal hitting sets that contain the partial
solution S and consist only of vertices from S LI C. In particular, the entire search tree
under the root node (0, V') includes all minimal hitting sets.

To understand MMCS, we need to understand how the children of a given node are
generated, i.e. we need to understand the recursive step of MMCS. For that, we first
need a few concepts and some notation.

Definition 2.4 Unhit Edges
For a vertex set S C V, we define unhit(S) := {E € K | EN S = (0} as the set of edges
that are not hit by S.

Clearly, S is a hitting set if and only if unhit(S) = (). Besides that, MMCS relies
heavily on the concept of irredundancy.

Definition 2.5 Irredundancy and Private Edges

For a vertex set S C V and a vertex v € S, we define the set of private edges
priv(S,v):={E € H | ENS = {v}}. This is the set of edges that are only hit by the
vertex v out of S.

If every vertex of a set S has at least one private edge, i.e. priv(S,v) # () for all v € S,
we call S irredundant. Otherwise, we call it redundant.

A central idea behind MMCS is to restrict the search to irredundant partial solutions.
To see why we can still find all minimal hitting sets, we need the following two lemmas
about irredundancy.
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Lemma 2.6 Characterisation of Minimal Hitting Sets
S C V is a minimal hitting set if and only if it is an irredundant hitting set.

Proof. A set S C V is irredundant if and only if leaving out any vertex causes an edge
that was previously hit to become unhit. This is because when leaving out a vertex v,
precisely the edges priv(S,v) become unhit. In other words, S is irredundant if and
only if it is minimal among the sets hitting the same edges as S. Hence, for hitting
sets, irredundancy coincides with minimality. This is a well-known result. a

Lemma 2.7 If a set S C V is redundant, then any superset S D S is also redundant.

Proof. We show that, when adding a single vertex u to a set S, then for all v € S, the
set of their private edges does not grow. More precisely, for all u ¢ S and all v € S, it
holds that priv(S U {u},v) = priv(S,v) \ {E € H | u € E}, cf. [MU14, Lemma 2.1].
This is derived in the following.

E epriv(SU{u},v) < EN(SU{u})={v} < ENnS={v} andu¢ E

=(ENS)U(EN{u}) < Eepriv(S,v)

Consequently, any vertex that makes S redundant, i.e. has no private edge with respect
to S, will not have a private edge with respect to S U {u} either. That implies that
S U {u} is redundant too. By induction, this result transfers to any superset of S. @

These two lemmas allow MMCS to prune all redundant partial solutions, since any
superset of a redundant set cannot be a minimal hitting set. This is because, all
minimal hitting sets are irredundant by Lemma 2.6 and once a partial solution is
redundant, any superset of it will remain redundant by Lemma 2.7. Recall here that the
descendants of a partial solution are all supersets of it. So essentially, by adding more
and more vertices, MMCS generates all maximal irredundant sets. That includes all
minimal hitting sets, hence the name Minimal-to-Maximal Conversion Search!.

As an example, let us consider the hypergraph from before again.

Uy

a @0@ U

U3

H = {{wh Wo, W3, w4}7 {wl’ Ul}a {’LU2, u2}7 {w3a U3}, {w47 u4}}

!The meaning of the name is not mentioned in the original paper by Murakami and Uno [MU14].
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Here, the selected vertices form the set S = {u;, u,, u3, uy }, which is irredundant, since
every u, € S has a private edge {w;,u,}. In fact, it is a maximal irredundant set, since
adding any vertex w;, causes the vertex u, to lose its private edge. But .S is not a hitting
set since the edge {w;, wsy, w3, w,} remains unhit. This demonstrates that, while all
minimal hitting sets are maximally irredundant, the reverse is not true.

Now, we can describe the recursive step of MMCS, which determines how MMCS re-
cursively generates the search tree. To generate the direct children of a node (S,C),
MMCS checks if there is an edge E € unhit(S). If not, then S is a hitting set. More-
over, S even is a minimal hitting set, since MMCS only generates irredundant nodes.
Therefore, MMCS outputs S in that case and does not generate any children. If, on
the other hand, there are unhit edges, then MMCS selects one edge E € unhit(S)
according to a heuristic, which is described later. In principle, any edge E € unhit(.5)
would be a valid choice. Then MMCS generates child nodes for the partial solutions
SU{v},...,SU{v,}, where {v;,...,v,} = ENC. These are all the possibilities to
hit the selected edge FE with the available candidates. To prevent duplicates in the
enumeration, the candidate sets for the child nodes are chosen so that SU{v;} has the

candidate set C'\ {vy, ..., v,}. This is visualized in the following figure.
S,C
SUfn L ON o} | | SU{mh O\ {oru} | o | SU{B 1O oy, oo}

A visualization of child node generation in MMCS

As described earlier, MMCS checks if a child partial solution is redundant and in
that case does not further process it, causing redundant child nodes to be leaves in
MMCS’ search tree. Optionally, MMCS can prune so-called violating vertices from the
candidate sets of all child nodes, which is described later. This pruning technique
is enabled by default. Finally, MMCS continues recursively with every generated
irredundant child node.

For details on how to efficiently implement MMCS, in particular the redundancy check,
see the original paper [MU14]. They achieve polynomial runtime for a single step of
MMCS, cf. [MU14, Theorem 3.1]. As a consequence, MMCS is output-polynomial on
a certain class of hypergraphs if and only if the generated search tree has polynomial
size on that class.

Note that MMCS leaves some decisions to the specific implementation. It does not
specify how to order the vertices {vy,...v,} = ENC for the child node creation, which
has an effect on the child nodes’ candidate sets. Later, in Chapter 4, we will see that
these decisions can make a significant runtime difference.
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Edge Selection Heuristics

As described above, MMCS selects one edge E € unhit(S) in every recursive step
according to a heuristic. Regarding the correctness of the algorithm, any unhit edge
may be selected. But as we will see in Chapter 4, different heuristics can lead to
drastically different runtimes for certain inputs. The default heuristic for selecting an
edge is the min-heuristic.

Definition 2.8 The min-heuristic chooses an edge E € unhit(S), for which |E N C] is
minimum, where C' is the current candidate set.

Note that if multiple edges satisfy this condition, the min-heuristic does not specify
which of them to select. This is up to the implementation.

The intuition behind the min-heuristic is that it minimizes the number of child nodes
that are created for the current node, since one child node is created for every v € ENC.
An edge case in which the benefits of that become particularly clear, is the case, where
there is an unhit edge F with |[E N C| = 1. In that case, MMCS will create only a single
child node by adding the single vertex v € E N C to the partial solution. Intuitively
this makes sense, since v is the only available vertex that hits the edge F, and thus
has to be added to the partial solution sooner or later.

Violator Pruning

As mentioned earlier, MMCS can optionally prune violating vertices from the candidate
sets of all child nodes, before it continues recursively with all child nodes.

Lemma and Definition 2.9 Violating Vertices

If SU{v} is redundant and S is a (proper) superset of S, then SU{v} is also redundant.
Similarly, if SU{v} is a minimal hitting set and S a proper superset of S, then SU{v}
is redundant.

In both cases, we say that v is (S-)violating.

When violator pruning is enabled, MMCS prunes all vertices of ENC' that are violating
from all candidate sets, where FE is the selected edge and C' the current candidate set.
Note that for every v € ENC, MMCS checks if SU{v} is redundant or hitting anyway,
so enabling violator pruning does not require any additional computations. In theory,
one could extend violator checking and pruning to all candidate vertices, but that
would require additional computation, so we restrict violator pruning to the vertices
of ENC. To see why pruning violating vertices is justified, we consider a partial
solution S and some partial solution S D S in the subtree under S. If we then added
an S-violating vertex v to S, then S U {v} would be redundant by the definition of
violating vertices, cf. Lemma and Definition 2.9. Therefore, any S-violating vertex can
be safely pruned from the candidate sets of all child nodes of S.

In the explanation above, it seems that violator pruning merely avoids the redundancy
check for SU{v}, but it has a larger impact, due to how it interacts with the selection
of edges. In particular, when using the min-heuristic the reduced candidate sets can
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affect which edge is selected. Intuitively, violator pruning excludes vertices from the
candidate sets, from which we already know that their addition will lead directly to
a leaf node. Recall that the intuition behind the min-heuristic was to minimize the
number of branches at the current node. But the min-heuristic does not distinguish
between branches that directly lead to leaf nodes and branches that go on longer.
Intuitively, we should minimize the latter, since branches leading directly to a leaf node
are processed very quickly. By enabling violator pruning, we take some of the branches
that lead directly to leaf nodes out of the calculation—the branches corresponding to
the addition of a vertex that has been identified as a violator. Intuitively this leads to
the min-heuristic minimizing the number of branches from which we currently have to
expect that they go on for longer than just a single leaf node. In section Section 4.2,
we see a class of hypergraphs where enabling violator pruning along with the min-
heuristic reduces the runtime significantly. This is precisely because violator pruning
removes many vertices from the candidate sets, causing the min-heuristic to “focus” on
the vertices that actually matter. This results in the selection of the edge that easily
resolves the problem over one of the edges that inflates the search tree.

Violator pruning is not required for the correctness of MMCS, but we hope that it
improves the runtime, as argued above. It is enabled by default.

2.2 Some Results about MMCS and Minimality

In this section, we present two observations about MMCS that, to our knowledge, have
not been published before.

A Consequence of the Min-Heuristic

In general, MMCS can encounter a partial solution where there is still an unhit edge
but no way to hit it with the available candidates. While the original MMCS paper
[MU14] does not explicitly mention this possibility, its occurrence is not an issue for
the correctness of MMCS. If MMCS encounters such a node, it will at some point
select an edge that has an empty intersection with the current candidate set. At that
point, it will implicitly abort the branch, since there are no vertices to add to the
partial solution. That said, if we use the min-heuristic, which is the default, then this
situation cannot occur anyway. We show this in the following lemma.

Lemma 2.10 If MMCS always selects an unhit edge E for which £ N C is inclusion-
minimal, i.e. there is no unhit edge F with F NC C E N C, then the candidate sets
of all nodes of the MMCS tree have a nonempty intersection with every edge that
is unhit at that node. As always, C stands for the current candidate set here. This
result holds regardless of whether violator pruning is enabled.

Proof. The proof idea is by Max Gottlicher via personal communication. It goes by
induction over the MMCS tree.

Base case. The candidate set of the root node contains all vertices and therefore has
nonempty intersection with every edge.

10
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Induction step. Let (S,C) be the current node and E € unhit(S) the edge selected
for branching. We assume for contradiction that the child node (S U {v},C \ () has
an unhit edge F' € unhit(S U {v}) with F N (C \ Cy) = (. In other words, the set
C, of vertices that are removed from the candidate set contains F'N C entirely. At
the same time, Cj is always a subset of £ N C by the definition of MMCS. We can
conclude FNC C C, C ENC. Since F € unhit(S U {v}), we know that v ¢ F, while
v € ENC holds by the definition of MMCS. Therefore, FF' N C is a proper subset of
E N C, contradicting the assumption that E was selected for branching. a

Note that if we use the min-heuristic, i.e. if we always select an edge whose intersection
with the candidate set has minimum cardinality, then that intersection is in particular
inclusion-minimal. We have therefore shown that the use of the min-heuristic prevents
MMCS from encountering this particular kind of dead end in its search.

MMCS and Hypergraph Minimization

It is well known that the transversal hypergraph only depends on the inclusion-minimal
edges. More specifically, with min(#) := {E € K | AE’ € K s.t. E’ C E}, it holds
that Tr(#) = Tr(min(%)). This is because a set S C V(H') that hits all inclusion-
minimal edges, automatically hits all their supersets too. In the other direction, if a
set S hits all edges of 7, then that includes, in particular, all edges of min(#). While
the transversal hypergraph is only affected by inclusion-minimal edges, MMCS can
behave differently on the inputs A and min(J). However, if we use the min-heuristic,
this is only due to redundancy checks, which we show in the following.

The key observation is that irredundancy in J is not the same as irredundancy in
min(F). Sets that are irredundant in min(#) are also irredundant in #. This is
because, if a set S C V is irredundant in min(#), then every vertex v € S has a
private edge E, € min(#). This private edge E, is also part of J, implying the
irredundancy of S in . The other direction does not hold in general, as we can see
in the following hypergraph.

H = Fy U {{vy,vq,v4}}
= {{Ula ’1)2}, {’027 U3}’ {US’ U4}a {U4’ Us}a {’057 Uﬁ}} U {{vb Vg, ’04}}

Here, the set S = {vs,v,,v5} is irredundant in J, since v, has the private edge
{vy,vq,v,}, vg has {v,, v3} as a private edge, and vy has {vs, v4} as a private edge. But
S is redundant in the path F; = min(J), since the only private edge that v, has in
H is not part of min(K).

MMCS can therefore behave differently on the inputs A and min(Z). On the input
J, it might process the partial solution S, while on min(%'), S is pruned, because it
is redundant in min(J). This, however, is the only reason why MMCS might behave
differently as long as we use the min-heuristic, as the following lemma states.

Lemma 2.11 With the min-heuristic, the MMCS tree for the input # is the same as
the MMCS tree for the input min(F), if MMCS never considers partial solutions that
are irredundant in ¢, but redundant in min(%).

11



2 Preliminaries

For this lemma to hold, we need to assume the following things about the implemen-
tation of MMCS. Firstly we assume that the chosen order of vertices in £ N C' does
not depend on E, but only on the set ENC'. Secondly we assume that the selection of
an edge among multiple edges E,, ..., E, with |[E; NC| = = |E, N C| only depends
on the intersections E; N C, ..., E;, N C and not on the edges themselves.

Proof. We have to show that all the decisions that MMCS makes, are the same for the
input K and min(%’). By assumption, redundancy checks do not depend on whether
the input is A or min(H).

Also, the selection of vertices to branch on is the same in both cases. The min-heuristic
selects an edge E for which |E N C| is minimum, where C is the current candidate
set. Let Ey,...,E, be the edges of min(J) that have this property. If there is an
edge E, €  with E, D E, that also satisfies that property, we can conclude that
E,NC D E;NC. But since both these intersections have the same cardinality, we can
conclude E; N C = E; N C. Therefore, MMCS on % will select an inclusion-minimal
edge E; for some j or a superset Ej of it. Since the branching happens on the vertices

E,NC= E’j N C, both edge selections result in the same child partial solutions.

Finally, by assumption, the order of the vertices in E,NC = Ej NC does not depend on
whether E; or Ej was selected, resulting in the same candidate sets in both cases. Recall
here that the order of vertices determines the candidate sets of the child nodes. a

Having introduced all required concepts and notation, and having made two interest-

ing new observations about MMCS, we are now ready for the main chapters of this
thesis.
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3 Output Polynomiality on Certain Classes
of Hypergraphs

Before we investigate lower bounds for MMCS, we first spend a chapter looking at
certain classes of hypergraphs on which MMCS is output-polynomial. More specifically,
we look at paths and cycles. Both are classes of graphs, i.e. hypergraphs, where every
edge consists of exactly two vertices. On graphs, (minimal) hitting sets are better
known as (minimal) vertex covers. The output-polynomiality in both cases relies on
the following lemma.

Lemma 3.1 MMCS is output-polynomial on all classes of hypergraphs that have ex-
ponentially many minimal hitting sets, regardless of which heuristic is used and
whether violator pruning is enabled. More precisely, if for a class of hypergraphs,
|Tr(H)| > CalVI#1%| holds for all sufficiently large J in the class with constants
C > 0 and a > 1, then there is a polynomial in the input size plus output size that
bounds the runtime of MMCS from above.

Proof. Let us denote the number of vertices by n and the number of edges by m.
First, we observe that MMCS takes at most exponential time, regardless of which
heuristic is used and whether violator pruning is enabled. This is because the MMCS
tree can contain at most 2" nodes, one for every possible subset of V(). Note that
MMCS avoids duplicate nodes by using candidate sets. Since the runtime per node
is polynomial in n and m, we can bound it by @(2""™) to conclude that the total
runtime of MMCS is in O(4™1t™).

Note that exponentials with different basis can be written as polynomials of each other.
Therefore, the total runtime of MMCS grows at most polynomially in Ca™"™, which
bounds the number of minimal hitting sets from below. More rigorously, we can rewrite
4ntm = (gntm)los.4 which is a polynomial in the term a™*™. a

3.1 Paths

The goal of this section is to show the following theorem.

Theorem 3.2 MMCS is output-polynomial on paths, regardless of which heuristic is
used and whether violator pruning is enabled.

Definition 3.3 We denote the path on n vertices and m = n — 1 edges with P, and its
vertices with V/(B,) = {vy,...,v,}

13



8 Output Polynomiality on Certain Classes of Hypergraphs

To prove this theorem, we use Lemma 3.1. For that, we need to find exponentially
many minimal vertex covers of paths. To be able to explicitly construct these, we
first characterize minimal vertex covers of paths. For that, it is helpful to view vertex
sets of P, as a sequence of n selected and unselected vertices. For example, @O-@
corresponds to the vertex set {vy,v3} C V(F;). We use this notation to formulate the
following two lemmas.

Lemma 3.4 Aset S C V(P,) is a vertex cover if and only if there are no two consecutive
vertices absent from S, that is, there is no subsequence -O-O- in S.

Proof. The statement follows directly from the fact that S hits an edge if and only if
it selects one of its two vertices. a

Lemma 3.5 Aset S C V(P,) is irredundant if and only if there are no three consecutive
vertices included in S and neither {v;,v,} C S nor {v,_;,v,} CS. In other words, S
is irredundant if and only if it does not contain the subsequence -@-@-@—, does not
start on @@—, and does not end on @-@.

Proof. Recall from Definition 2.5 that S is redundant if and only if it contains a vertex
that has no private edge, i.e. a vertex whose neighbors are all contained in S too.
Hence, S is redundant if and only if there are three consecutive vertices selected or if
the first two vertices or the last two vertices are selected. a

Since minimal vertex covers are the same as irredundant vertex covers by Lemma 2.6,
these two lemmas provide a characterization of minimal vertex covers of paths. With
this characterization, we can now explicitly construct exponentially many minimal
vertex covers in the following theorem.

Theorem 3.6 Paths have exponentially many minimal vertex covers, specifically

TH(B) > 4 (V2)" > 4 (V)"

Proof. We consider sequences starting on O—, followed by a concatenation of the build-
ing blocks @@-O-@@-O- and -@-O-@-O-@-O- in arbitrary order and of arbitrary
length. That means we consider sequences of the following form.

O- building block — building block — --- — building block

With Lemma 3.5, we can see that the constructed sequences are irredundant. The
building blocks do not contain -@-@-@- and the concatenation cannot generate any
new —-@-@-@-, since both building blocks end on —O. For the same reason, the sequences
cannot end on —-@-@, and because of the starting segment O-, the sequences can not
start on @@ either, allowing us to conclude their irredundancy.

14



3.2 Clycles

With Lemma 3.4, we can see that the constructed sequences are vertex covers and
therefore even minimal vertex covers, by Lemma 2.6. The building blocks do not
contain -O-O- and since they both start with -@—, the concatenation cannot generate
any new —O-O-. For the same reason the additional start on O— does not generate any
new -O-O-.

For every k € N, this construction provides us with 2* sequences of length 6k+ 1 which
prove |Tr(Byy)| > 25,

To get the same bound also for paths on 6k+1 vertices for ¢ € {2,...,6}, we can simply
extend our constructed minimal vertex covers by 1,2,...,5 vertices. If a minimal
vertex cover starts on O—, as all our constructed sequences do, we can just concatenate
an additional @ to the start. The sequence, that is now one vertex longer, is still a
minimal vertex cover, since the added selected vertex hits the added edge, which would
be otherwise be unhit. To further extend our constructed minimal vertex covers, we
need to define how to extend minimal vertex covers that start on @-. In that case, we
can concatenate an additional O to the start. The resulting sequence is still a minimal
vertex cover, since the added edge is already hit by the selected vertices. By alternately
concatenating O- and @ to the start, we can therefore construct 2*¥ minimal vertex
covers of Py, o, Fypiss s Pypsg. For example, for By, 4, we get 2 minimal vertex
covers of the following form.

@-O-@-0O—@-0O- building block — building block — --- — building block

We can conclude that |Tr(F,,;)| > 2* for i € {1,2,...,6}. Using' |21] > 2 — 1, we
can finally conclude

n—1

(P > 2lF | > 081 = (V2)".

N|—=

This lower bound is not tight, but sufficient for us. To count the number of minimal ver-
tex covers exactly, one could consider all concatenations of the building blocks —-@-O-
and —-@-@-O—-. However, their different lengths make counting more tedious.

3.2 Cycles

Having shown that MMCS is output-polynomial on paths, we now show the same
result for cycles.

Theorem 3.7 MMCS is output-polynomial on cycles, regardless of which heuristic is
used and whether violator pruning is enabled.

Definition 3.8 We denote the cycle on n vertices and m = n edges with C, and its
vertices with V(C,,) = {vy, ..., v, }.

IThis inequality can be seen by writing n — 1 = 6£ + j for some £, j € N, with j < 6.
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8 Output Polynomiality on Certain Classes of Hypergraphs

Again, we rely on Lemma 3.1 to deduce output-polynomiality from an exponential num-
ber of minimal vertex covers. For that, we use the fact that paths have exponentially
many minimal vertex covers to construct exponentially many minimal vertex covers of
cycles. As earlier, we first characterize minimal vertex covers of cycles before going into
the construction. For that, we again interpret subsets S C V(C,,) as sequences of se-
lected and unselected vertices, except that the sequences are now cyclic. The following
example is the cyclic sequence representing the subset {v;,v,} C V(C,). The top-most

vertex always corresponds to the vertex v;, and we go around clockwise.

U1

U3

We use this notation to formulate the following two lemmas.

Lemma 3.9 A set S C V(C,) is a vertex cover if and only if there are no two consec-

utive vertices absent from S, that is, there is no subsequence -O-O- in §.

Proof. As with Lemma 3.4, the statement follows directly from the fact that S hits an
edge if and only if it selects one of its two vertices. a

Lemma 3.10 A set S C V(C,) is irredundant if and only if there are no three consec-
utive vertices included in S, i.e., there is no subsequence -@-@-@— in S.

Proof. Analogously to the proof of Lemma 3.5, this statement follows from the fact
that a vertex in S has no private edge if and only if both its neighbors are contained
in S. a

Note that Lemma 3.9 and Lemma 3.10 are very similar to the respective lemmas that we
had for paths, namely Lemma 3.4 and Lemma 3.5. However, for cycles it is important
to read the sequences as cyclic. For example, we consider -@-@—@— a subsequence
of the sequence corresponding to the vertex set {vy,v,,v,,v5} C Cy. Here, the three
consecutive vertices making the set redundant are vg,v; and v,. Having understood
vertex covers and irredundancy in cycles, we can now construct exponentially many
minimal vertex covers of cycles in the following theorem.

Theorem 3.11 Cycles have exponentially many minimal vertex covers, specifically
11/g n 11/g n+m
Te(G)I = (5) " (V2) =(3) "(V2) .

Proof. We construct exponentially many minimal vertex covers of C,, from the minimal
vertex covers of P, -, where n > 5. For that, we consider the following construction.
For each T' € Tr(F,_5), we construct a unique set 7' € Tr(C,,) in the following way.

n
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3.2 Clycles

Vo

Uy

We call the inserted sequence N = -@-O-@-O-@-. For example, we get the following 7',
when T' is @-O-@@-O-O-. The inserted sequence N as well as the edges connecting
to T are highlighted.

V11 Vo

Ug Us

U7 Vg

We show that for every T' € Tr(P, 5), the constructed 7' is a minimal vertex cover
of C,,. Because then, since the map T = T’ is injective, we can conclude that

ITH(C,)| > [Tr(B, )| > 4 (V2)" " = 1 (¥2) " (¥2)"

=2-""/e

|

We can see that 71" is a vertex cover. The selected vertices in N hit all edges in the
inserted pattern including the two edges connecting to T'. Since 7" hits the remaining
edges by assumption, all edges of C,, are hit.

Similarly, we can show that 7 is irredundant by contraposition. If 7" is redundant, i.e.,
contains the subsequence -@-@-@—, we consider two cases.

(1) If that subsequence uses no vertices of the inserted sequence N, then -@-@-@-
must be a subsequence of T', implying the redundancy of T.

(2) In the other case, we know that one of the two ends of the inserted sequence
N = -@-0-@-0—@- must be used, since the middle one is neighbored by —-O- on
both sides. Therefore, T' must start with @-@- or end on @@, which implies that
T is redundant.

In conclusion of this chapter, we have seen that MMCS is output-polynomial on cycles
and paths. The central argument was that both of these classes of graphs have ex-
ponentially many minimal vertex covers, allowing MMCS exponential runtime while
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8 Output Polynomiality on Certain Classes of Hypergraphs

still being output-polynomial on these classes. Having shown upper bounds for certain
classes of inputs, we now move on to showing lower bounds for MMCS in the next

chapter.
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4 Lower Bounds for MMCS

In this chapter we prove lower bounds for different configurations of MMCS. We
achieve this by constructing hypergraphs for which MMCS needs exponential run-
time, while the number of minimal hitting sets, i.e. the output size, is at most poly-
nomial. Note that in that case output-polynomiality and (input-)polynomiality are
the same. Thereby we see what effects different heuristics and violator pruning can
have on the runtime of MMCS. But most importantly, we prove that MMCS is not
output-polynomial in its default configuration, i.e. with the min-heuristic and enabled
violator pruning. Since this result relies on assuming the worst case regarding the
ordering of vertices, we propose to use a certain heuristic to determine the ordering of
vertices, which is otherwise not specified by MMCS. With that particular heuristic in
place, MMCS now only needs polynomial time for the particular class of hypergraphs
for which it needed exponential runtime before.

4.1 MMCS with a Non-Min-Heuristic

In this section, we consider MMCS with a heuristic that always selects an unhit edge
E for which |E'N C] is not minimum, as long as there is such an edge. We call such a
heuristic a non-min-heuristic, since it decides differently than the default min-heuristic,
whenever possible. In the following, we construct a particular class of hypergraphs
on which MMCS with the min-heuristic is output-polynomial, while it is not output-
polynomial with a non-min-heuristic. We prove the following theorem.

Theorem 4.1 MMCS with a non-min-heuristic, with or without violator pruning, is
not output-polynomial.

To prove this, we construct a class of hypergraphs for which the MMCS tree grows
exponentially, while all hypergraphs have just one minimal hitting set and polynomially
many edges and vertices. Consequently, the size of the MMCS tree is not output-
polynomial, implying that the runtime cannot be output-polynomial either. In the
rest of this section, we will consider the following class of hypergraphs, parameterized
by a positive integer £.

Hyi={{w,u;,u;} |i€{0,....,0 —1}} U {{w}}
V(FH,) = {w,ug, oy Up_q, UG, - Up_1 }

The following is a visualization of J(;, where w is the vertex in the center.
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4 Lower Bounds for MMCS

Visualization of J;

First, we investigate the number of minimal hitting sets of 7.

Lemma 4.2 7, has exactly one minimal hitting set, namely {w}.

Proof. Any minimal hitting set of #, must contain w, since this is the only vertex
hitting the edge {w}. Because all other edges are supersets of that edge, the set {w}
already is a minimal hitting set. a

Having understood the number of minimal hitting sets, we now want to build some
intuition on why the MMCS tree of #, grows exponentially. Note that a non-min-
heuristic will select all edges {w,u;,u;} for all ¢ before it selects the edge {w}. This
causes MMCS to build up all combinations of the form (u, or w;), (u; or uj), ...,
(up_q or uj,_;). Note that all such combinations and their subsets are irredundant,
otherwise MMCS would not generate them. Hence, the MMCS tree has exponential
size. Note that while the mentioned partial solutions are irredundant, they are not
ertendable, i.e. they cannot be extended to a minimal hitting set by adding vertices.
This is because {w} is the only minimal hitting set. MMCS only recognizes this when
it selects the edge {w} as the last edge of every branch, upon which all other vertices
lose their private edge, causing MMCS to discard the considered partial solution as
redundant. As a short remark, we note that pruning all non-extendable partial solu-
tions is computationally infeasible, since checking extendability is W[3]-complete, as
shown in [Bl4+22, Theorem 2]. This is why the pruning of partial solutions is based
on irredundancy instead of extensibility. In the following lemma, we now formalize
the intuition to prove that the MMCS tree grows exponentially. We use the notation
Up:=Au; | i € I} U{u; | i € I} for index sets I C {0,...,£ — 1}. Also, we write
I° = {0,..., 0 —1}\ I

Lemma 4.3 We consider MMCS with a non-min-heuristic, with or without violator
pruning. Then for k < ¢, the k-th level of the MMCS tree contains 2¥ nodes of the
form (S, C), where there is an index set I C {0, ...,£ — 1} consisting of k indices such
that S C U; is irredundant and C D Upe.

For example, the following illustrates how the MMCS tree for 3 might look like,
omitting candidate sets for clarity.

20



4.1 MMCS with a Non-Min-Heuristic

/ / / 77 ’ o
U UogUsz | | U UYUS U USUy uUjUsUy | | U UZU,Y

7.7 / /
U UgUs U UgUs U UsUy

A possible MMCS tree for #4

Proof. The proof goes by induction over the levels of the MMCS tree.

Base case. The statement holds for the 0-th level, which consists only of the start
node (,V). The empty set () is irredundant and the conditions are met with the
empty index set I = ().

Inductive step. We assume that the statement holds for the (k — 1)-th level, where
k < ¢. We consider an arbitrary node (S, C) in the (k — 1)-th level and investigate its
child nodes.

By the induction assumption, we know that there is an index set I C {0,....,£ — 1}
containing k — 1 indices, such that S C U; is irredundant and C 2 Uj.

To find out, what edge is selected in this situation, we recall that a non-min-heuristic
selects an unhit edge F for which |E N C| is not minimum, if such an edge exists. The
unhit edges are exactly the edge {w} and all edges of the form {w,u,,u.} with i € I°.
There is an edge of the latter form, because |[I| = k — 1 < £. Since the candidate
set C contains U, we know that [{w,u;,u;} N C| > 2. Because [{w} N C| < 1, the
non-min-heuristic selects an edge {w, u;, u}} for some j € I e

MMCS creates the partial solutions S U {u;} and S U {u}} as child nodes. Both are
irredundant, since u; and u; hit only one edge of the hypergraph, which implies that
all vertices of S keep their private edges.

Which vertices end up in a candidate set, depends on which child node the candidate set
belongs to and, if violator pruning is enabled, which vertices are violating vertices. But
in any case, MMCS removes at most the vertices of the selected edge from the candidate
set, implying that the child nodes’ candidate sets are supersets of C' \ {w,u;,u;} 2

Uitoggpye

Therefore, the two generated child nodes satisfy the conditions with the index set
T U{j}. Since this construction works for all the 2*~! nodes on the (k — 1)-th level, we
can conclude that the k-th level contains 2* nodes of the required form. a
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4 Lower Bounds for MMCS

Theorem 4.1 now directly follows from Lemma 4.2 and Lemma 4.3, as argued above.
As mentioned in the beginning of this section, the runtime changes drastically if we
switch to the min-heuristic, which is the default. This is demonstrated in the following
lemma.

Lemma 4.4 With the min-heuristic, with or without violator pruning, MMCS pro-
cesses J{, in linear time and the MMCS tree has constant size.

Proof. The min-heuristic selects the edge {w} as a first edge because all other edges
are supersets of {w}. Since no edges remain unhit, MMCS is already done. While the
MMCS tree consists only of one node, MMCS still takes linear time to process this
node. In particular, finding the edge {w} among all £ edges takes linear time. a

In this section, we have seen a particular class of hypergraphs on which MMCS is
output-polynomial with the min-heuristic, but exhibits exponential runtime with a
non-min-heuristic. However, this behavior can be exactly reversed, as we will see this
in the next section.

4.2 MMCS with the Min-Heuristic and No Violator Pruning

In this section, we make a step closer to MMCS’ default configuration by considering
the min-heuristic, which is the default heuristic. As introduced in Definition 2.8, it
always selects an unhit edge, for which the intersection with the current candidate set
has minimal cardinality. Yet, we still differ from the default configuration of MMCS
in that we consider violator pruning disabled. We construct a particular class of
hypergraphs on which MMCS in the mentioned configuration is not output-polynomial.
Interestingly, it becomes output-polynomial if we switch back to a non-min-heuristic,
implying that the min-heuristic is not always optimal.

The goal of this section is to prove the following theorem. It assumes the worst case
regarding ordering of vertices. That is, we assume the worst case in how MMCS orders
the vertices of E N C, where C is the candidate set of a certain tree node and F is the
edge selected for the generation of child nodes. The ordering of vertices only affects
the candidate sets of the child nodes. Recall that MMCS does not specify the ordering
of vertices.

Theorem 4.5 MMCS with the min-heuristic and without violator pruning is not
output-polynomial, where we assume the worst case regarding ordering of vertices.

Again, we prove this by explicitly constructing a class of hypergraphs for which the
MMCS tree grows exponentially, while the number of minimal hitting sets only grows
polynomially. Of course the number of vertices and edges may grow at most poly-
nomially too. Then we can conclude that the MMCS tree is not output-polynomial,
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4.2 MMCS with the Min-Heuristic and No Violator Pruning

implying that the runtime is not output-polynomial either. We consider the following
class of hypergraphs, parameterized by a positive integer ¢. Let W = {wy, ..., w,_1},
U={ug,...,uy_1} and U" = {wy, ..., uy_, }. All indices are modulo £.

Hy = {{ug, ui} UWNA{w;_q, w;_g,w; 5} [i€{0,....0 —1}}U{W}
V(%) = WUU LU

The following visualizes #,, where the colored area represents the edge W. Every
colored line represents one of the other edges and should not be confused for a path
consisting of multiple edges of size 2.

Visualization of

Before we investigate how MMCS handles this class of hypergraphs, we first show
that the number of minimal hitting sets grows at most polynomially in the following
lemma.

Lemma 4.6 The hypergraph %, has at most n* minimal hitting sets, where n = 3¢
denotes the number of vertices of 7.

Proof. We use the notation E; = {u,,u;} UW \ {w,_;,w,_5,w,_3}. As before, all
indices are modulo 4.

Because of the edge W € 7, any minimal hitting set must contain w; for at least
one j € {0,...,£ —1}. The vertex w; alone already hits all edges except for the three
edges £, 1, E; ., and E; 5. Since all vertices in a minimal hitting set have their own
private edge, i.e. an edge that is hit by that vertex and by no other vertex from the
set, any minimal hitting set can consist of at most 4 vertices. Therefore, there are at

most (}) < n* minimal hitting sets. a

Before we investigate the min-heuristic, we first show that MMCS with a non-min-
heuristic is output-polynomial on 7.
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4 Lower Bounds for MMCS

Lemma 4.7 With a non-min-heuristic, with or without violator pruning, MMCS pro-
cesses J{, in output-polynomial time.

Proof. Recall that a non-min-heuristic selects, whenever possible, an unhit edge E for
which |E N C| is not minimum, where C is the current candidate set. In the first step,
it therefore selects the edge W € 7, since all other edges have minimum cardinality.
Consequently, every partial solution on the first level consists of a vertex from W. As
argued in the proof of Lemma 4.6, only 3 edges remain unhit. When going from one
level to the next, at least one previously unhit edge must become hit. As a result, the
MMCS tree has depth at most 4 and therefore polynomial size, implying polynomial
runtime. a

Now we shift our attention back to the min-heuristic. We show that with it, the runtime
is exponential, where we consider violator pruning disabled for now. Together with
Lemma 4.7, this shows that the min-heuristic is not always optimal. This is not entirely
surprising, because the min-heuristic minimizes the number of branches greedily by
minimizing the number of child nodes of the current node. However, that is not to say
that we should prefer a non-min-heuristic, since we had the exact opposite behavior
in the previous section. On the particular class of hypergraphs that we investigated
there, the runtime with a non-min-heuristic is exponential while the runtime with the
min-heuristic is polynomial.

Before proving the exponential runtime in the following lemma, we want to build
some intuition. Note that all the edges E; = {u;,u;} UW \ {w,_;,w;_o,w, 3} are
selected by the min-heuristic, before it selects the largest edge W. Just as in the last
section, this causes MMCS to generate, among others, all combinations of the form
(ug or ug), (ug or wp), ..., (u,_q oru, ;). Note that all of these and their subsets
are irredundant, otherwise MMCS would not generate them. Hence, the MMCS tree
grows exponentially. Note that the mentioned partial solutions are not extendable,
because all minimal hitting sets have size at most 4. But since MMCS only checks
for irredundancy and not for extendability, it discards the mentioned partial solutions
only after the last remaining edge W is selected. Because then a vertex of W is added
which makes the partial solution redundant. To formalize this intuition, we require
a specific ordering of vertices. This is the reason why we need to assume the worst
case regarding the ordering of vertices in Theorem 4.5. For the proof, we use the same
approach as in the proof of Lemma 4.3. That is, we use induction over the levels of
the MMCS tree to keep track of how many nodes of a certain form are in each level.
Again, we use the notation U, := {u; | i € I} U{u} |i € I} and I°:={0,...,£ —1}\ T
for index sets I C {0,...,¢ —1}.

Lemma 4.8 We consider MMCS with the min-heuristic and disabled violator pruning
and assume that the vertices of £ N C' are always ordered so that child nodes corre-
sponding to vertices from U and U’ get the largest candidate sets.

Then for k < ¢, the k-th level of the MMCS tree contains 2% nodes of the form (S, C),
where there is an index set I C {0,...,¢ — 1} consisting of k indices, such that S C U;
is irredundant, C' O U, and C' O W.

Proof. The proof goes by induction over the levels of the MMCS tree.
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4.2 MMCS with the Min-Heuristic and No Violator Pruning

Base case. The statement holds for the 0-th level, which consists only of the start
node ((,V). The empty set () is irredundant and the conditions are met with the
empty index set I = ().

Inductive step. We assume that the statement holds for the (k — 1)-th level, where
k < ¢. We consider an arbitrary node (S, C) in the (k — 1)-th level and investigate its
child nodes.

By the induction assumption, we know that there is an index set I C {0,...,£ — 1}
containing k — 1 indices, such that S C U; is irredundant, C O U and C 2O W.

The unhit edges are exactly the edge W and E, for all i € I°, where we again denote
E; = {u;,u;} UW \{w,_;,w;_o,w,;_3}. There is an edge of the latter form, because
|I| = k—1 < £. Since the candidate set C contains both U, and W by assumption,
we know that for every i, |E; N C| =2+ |[W| —3 = £ — 1. For the edge W, we have
|[W N C| = |W| = £. Therefore, the min-heuristic selects an edge E; for some j € I°.
Note that we need the assumption C' O W in order for Ej to be selected. If we had
w;_1,W;_o,w;_3 & C, then the edge W would be selected, because we could calculate
|E; N Ol = [{ug, wit| + [(W\A{w;_y,w; g, w;_3}) NC|=24+[WNC|>[WNC|.

Since E; is selected, MMCS creates the partial solutions SU {u;} and SU{uj} as child
nodes. Both are irredundant, since u; and u; hit only one edge of the hypergraph,
which implies that all vertices of S keep their private edges.

By assumption, the child nodes corresponding to vertices of U and U’ get the largest
candidate sets. Since violator pruning is disabled, these are the candidate sets, where
at most u; and u; are removed. Therefore, the child nodes’ candidate sets contain not
just Upygsye but also W. Note that without that assumption, S U {u;} and S U {u,}
might get candidate sets that do not fully contain W, which would break the induction.

Altogether, we see that the two generated child nodes satisfy the conditions with the
index set TU{j}. Since this construction works for all the 2! nodes on the (k—1)-th
level, we can conclude that the k-th level contains 2% nodes of the required form. W@

Theorem 4.5 now directly follows from Lemma 4.6 and Lemma 4.8. Note, however,
that we have not yet considered MMCS in its default configuration, since we disabled
violator pruning. If we enable it, MMCS processes this #, in polynomial time, as
shown in the following lemma.

Lemma 4.9 With the min-heuristic and with violator pruning enabled, MMCS pro-
cesses J{, in polynomial time. More precisely, the MMCS tree has depth at most 11.

Proof. If some partial solution S contains a vertex from W, the subtree under the
node (S,C), for any candidate set C, has depth at most 4. This is because after
having selected a vertex from W, at most 3 edges of J, can remain unhit, while every
vertex added in a step of MMCS hits at least one edge that was previously unhit. In
the proof of Lemma 4.6, we used the same argument to show that minimal hitting sets
of J#{, contain at most 4 vertices.
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4 Lower Bounds for MMCS

We will show that selecting a vertex from W becomes inevitable within a constant
number of levels. To build some intuition, we recall from the proof of Lemma 4.8
that we can only guarantee that the min-heuristic selects an edge of the form E; =
{uj, ujb UW N\ A{w;_q,w;_o,w;_ 5} for some j, if the current candidate set contains all
vertices from W. Otherwise, the edge W might be selected, causing all child nodes to
contain a vertex from W. Therefore, we will track the candidate sets over few levels
and show that almost all vertices from W are pruned as violating vertices.

Let us consider an irredundant partial solution S on the fourth level containing no
vertex from W. We do not need to consider redundant partial solutions, since they are
already leaves in the MMCS tree. Without loss of generality, we assume that the next
selected edge is E; = {u;,u;} UW \ {w;_1,w;_ 5, w,;_3}, because if the next selected
edge would be W, then all child nodes would contain a vertex from W.

Having selected E;, MMCS branches on the vertices u; and u;, as well as the vertices

from W\{w;_;,w; 5,w; 3}. To track the candidate sets of the child nodes, we observe
that S U {w,} is redundant for all ¢. This is because the 4 vertices that are not in W
previously had private edges, while w;, hits all but 3 edges, therefore making at least
one of the 4 vertices lose their private edge. As a consequence, all vertices that MMCS
considers for branching that are part of W are violating and thus removed from all
child nodes’ candidate sets. From W only the vertices w;_;, w; o and w; 5 might
remain in the candidate set, since they are not part of the selected edge E;.

Only in that way we might get partial solutions on the fifth level that still contain no
vertices from W. We consider such a node and assume again without loss of generality
that the next selected edge is E), = {ug,u,} U W \ {w,_,,w,_o, w,_3}. As before,
we can see that all vertices that MMCS considers for branching that are part of W
are violating and thus removed from all child nodes’ candidate sets. Since E; # E,
at least one of the vertices w;_;, w; 5 and w, 5 that has previously remained in the
candidate set is now removed as a violating vertex. Repeating this one more time, we

lose yet another such vertices from the candidate set.

We can conclude that if there is an irredundant partial solution S in the seventh
level containing no vertex from W, its candidate set C' may contain at most one
vertex from W. To conclude our proof, we can see that the min-heuristic will select
the edge W in that situation. This is because for any unhit edge of the form FE, =
{u;,w;} UW N\ {w,;_1,w,;_o,w, 3} for some i, we can do the following calculation, in
which we use that C contains at most one vertex from W.

|E,NC| = \{uz,u;} U (W \A{w;_1,w;_o,w; 3})NC]|
=2+ [WNC| - {w;_1,w;_o,w; 3} NC|
>2+|WNCl—1>|WnNC|

In conclusion, all irredundant partial solutions in the eighth level must contain a vertex
from W. We can conclude that the MMCS tree has depth at most 11, which implies
that it contains at most n'? nodes, where n = 3¢ is the number of vertices. a
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4.8 MMCS in Its Default Configuration

We want to mention as a short remark that it is possible to generalize the class of
hypergraphs by introducing a gap parameter g € N. It represents how many vertices
of W an edge leaves out. Above we had g = 3.

‘7_[[9 = {{uzaug} UWN\ {wiflawif% 7wi—g} | S {07 7€ - 1}} U {W}
V(H])=Wuuuu’

Now in the general case, /; has at most n9*! minimal hitting sets, cf. Lemma 4.6.
The proof works in the same way. The central argument that a vertex w; € W hits all
except for g edges, works for all g € N, not just for g = 3. Likewise, in the general case
but with the restriction g > 3, the MMCS tree has exponential size, cf. Lemma 4.8. We
need g > 3 to ensure that the min-heuristic does not select the edge W before all other
edges have been selected. With that observation the proof works exactly like above.
Also, enabling violator pruning reduces the runtime to being polynomial in the general
case, cf. Lemma 4.9. The proof works like before, but it may take more levels until
the candidate sets contain at most one vertex from W. For completeness, it should be
stated that this result still considers the min-heuristic and disabled violator pruning
and assumes the worst case regarding the ordering of vertices, as before.

In this section, we have seen a particular class of hypergraphs, on which MMCS with
the min-heuristic and without violator pruning is not output-polynomial, while it be-
comes output-polynomial when we enable violator pruning. Interestingly, it also be-
comes output-polynomial if we switch the min-heuristic for a non-min-heuristic, con-
trasting the behavior we have seen for a different class of hypergraphs in the previous
section.

4.3 MMCS in lts Default Configuration

In this section, we finally consider MMCS in its default configuration, i.e. with the min-
heuristic and with violator pruning enabled. We construct a class of hypergraphs and
a class of graphs on which MMCS is not output-polynomial in its default configuration.
The insight gained through these classes, suggests augmenting MMCS with a heuristic
for ordering vertices, which we motivate in this section. By constructing these classes,
we prove the following two theorems. As in the last section, we assume the worst
case regarding the ordering of vertices, cf. notes before Theorem 4.5. For the second
theorem, we additionally assume the worst case regarding the selection of edges. That
is, we assume the worst case in how MMCS selects an edge among all the edges that
satisfy the min-heuristic.

Theorem 4.10 MMCS in its default configuration, i.e. with the min-heuristic and vi-
olator pruning enabled, is not output-polynomial, where we assume the worst case
regarding the ordering of vertices.

Theorem 4.11 MMCS in its default configuration is not even output-polynomial on
graphs, where we assume the worst case regarding the ordering of vertices and selection
of edges.
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Recall that minimal hitting sets on graphs are better known as vertex covers. While
it is currently unknown whether there are output-polynomial algorithms enumerating
all minimal hitting sets of hypergraphs, it is known that there are output-polynomial
algorithms enumerating all vertex covers of graphs [TIAS77|JYP88]. Theorem 4.11
shows that MMCS is not one of them.

As in the previous two sections we prove these theorems by constructing a class of
hypergraphs for which the MMCS tree grows exponentially, while the number of
minimal hitting sets only grows polynomially. To simplify notation, we denote the
complete p-uniform hypergraph on a vertex set W as (V;) = {W' CW | |W|=p}
With that notation, we define, for every integer constant p > 2, the following class
of hypergraphs, parameterized by a positive integer £ > p. Let W = {wy, ..., w,} and
U={uy,...,u,}.

I = (V;) U {{u,w;} |1 €{1,....00}
V(H)) = A{wy, ..., wp,uyg, ..., upy =WUU

Note that in the case p = 2, the class of hypergraphs ]‘[52 is actually a class of graphs.
In that case (V;/) is the complete graph on the vertex set W, that is usually denoted
as K,. The following are visualizations with £ = 7 and p = 3 or p = 2, respectively.
For p = 3, we symbolize (V;/) with a colored area for readability. In the case of p = 2,
we draw all edges as simple lines, since H? is a graph.

Us Uy

Visualization of 3 Drawing of 2

First, we prove that # has at most polynomially many minimal hitting sets. Recall
that p is a constant in our setting.

Lemma 4.12 7} has at most n2P~Y) minimal hitting sets, where n = 2¢ is the number
of vertices.
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4.8 MMCS in Its Default Configuration

Proof. To hit all the edges F € (V;), a vertex set may omit at most p —1 vertices of W.
If it omitted p vertices, say wy,...,w, € W, then the edge {w,,...,w,} € (‘Z) would
be unhit.

Therefore, every minimal hitting set of ] must have a subset 77 C W consisting of
all except for p — 1 vertices of W. But that subset 7" already hits all edges of #}
except for p — 1 edges, namely the edges {w,,u;} for all w, ¢ T’. That implies that
there are at most nP~! ways to extend T’ to a minimal hitting set, where n = 2/ is
the number of vertices. This is because every vertex added to T” must have a private
edge, which in particular must be unhit by 7", which implies that there may only be
at most p — 1 vertices in a hitting set in addition to T”.

To conclude the proof, we see that there are exactly (pfl) sets in (ef(v,.}il))- Since

every minimal hitting set is a superset of such a set, and there are only n?~! ways to

extend such a set to a minimal hitting set, we can conclude that there are at most
(pfl)np*1 minimal hitting sets. Using (pfl) < P71 < nP71 we can finally conclude
|Tr ()| < n2PL). a

Before we prove the exponential growth of the MMCS tree, let us first build some
intuition. The min-heuristic selects all edges of the form {u;,w;} with some i, before
it selects any edge of (V;) For p = 2 this holds only due to our worst-case assumption
regarding the selection of edges among the edges satisfying the min-heuristic. For
p > 2, however, we do not need that assumption. Selecting all edges of that form causes
MMCS to build up all combinations of the form (u; or w,), (uy or wy), ..., (u, or wy).
Note that all such combinations and their subsets are irredundant, otherwise MMCS
would not consider them. Hence, the MMCS tree grows exponentially. To develop
this intuition in a formal proof, we require a specific ordering of vertices, which is
why we assume the worst case regarding the ordering of vertices in Theorem 4.10 and
Theorem 4.11. As in the previous two chapters, the proof uses induction over the levels
to keep track of how many nodes of a certain form are in each level.

Lemma 4.13 We consider MMCS with the min-heuristic and enabled violator pruning.
We assume that when an edge {u;,w;} is selected, the vertices are ordered so that
the child node corresponding to u; gets the larger candidate set. In the case p = 2,
we further assume that whenever an edge of the form {uj, w;, } for some j satisfies the
min-heuristic, then such an edge is selected and not an edge from (V;/)

Then for k < £, the k-th level of the MMCS tree contains 2* nodes of the form (S, C)
where there is an index set I C {1, ..., ¢} with |I| = k so that for all < € I, the partial
solution S contains either u,; or w; but not both and no other vertices. Furthermore,
every vertex of W is either a candidate or included in the partial solution, and the
candidate sets C' contains all vertices u; for ¢ ¢ I.

Proof. The proof goes by induction over the levels of the MMCS tree. However, before
we start with the induction, we first note that a partial solution S that satisfies the
conditions of the induction hypothesis is irredundant. By assumption, S can contain at
most one vertex from the pair {u,, w;} for all ¢ € {1, ..., £}. If one of them is contained
in S, it therefore has {u,;,w;} as a private edge. Consequently, every vertex of S has a
private edge, implying that S is irredundant.
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Base case. The statement holds for the 0-th level, which only consists of the start node
(0, V). All conditions are met with the empty index set I = ().

Induction step. We assume that the statement holds for the (k — 1)-th level, where
k < £ and consider a node (S, C) on this level. We denote its corresponding index set
as I C{1,...,¢}.

To investigate which edge the min-heuristic selects, we look at |E N C| for an unhit
edge FE € (V;) Since E is unhit, all w € E are not in S. By the induction assumption,
every w € E must therefore be in the candidate set C, allowing us to conclude that
|[ENC|=p. On the other hand, we have |{u;,w;} N C| = 2 for every unhit edge of
the form {u;, w,;} with some ¢. This is because the induction assumption guarantees
u; € C for all ¢ ¢ I, which is the case since {u;, w,} is unhit. Moreover, w; € C follows
from the same argument as before.

In the case p > 3, we can therefore conclude that the min-heuristic will select an unhit
edge {u;,w;} for some j. Note that since [I| = k — 1 < £, at least one such edge is
still unhit and thus available for selection. In the case p = 2, we need the additional
assumption that the particular implementation of MMCS selects such an edge even if

the unhit edges from (VQV) also satisfy the min-heuristic.

Having selected the edge {u;,w;}, MMCS considers the partial solutions SU{w;} and
S U{uj}. By assumption, the latter gets assigned the larger candidate set, which in this
case, is C'\ {u,}, while the former receives C'\ {u;, w,} as candidate set. No vertices
are pruned as violators, because both considered partial solutions are irredundant and
non-hitting. They are irredundant, because they satisfy the conditions of the induction
hypothesis for the index set I U {j}, and we have shown above that we can conclude
irredundancy from these conditions. Since |I U {j}| = k < ¢, there is still an unhit
edge, implying that the partial solutions are not yet hitting sets.

To conclude the induction step, we need to check that the candidate sets of both child
nodes satisfy the conditions for the index set /U{j}. Since we removed at most u; and
w; from the candidate sets, both of them contain all u; and w; for all s ¢ I U {j}. The
more interesting condition is that every vertex of W is either in the partial solution or
the corresponding candidate set. For the child node (S U {u;}, C'\ {u;}), this is clear
since swapping u; from the candidate set to the index set does not affect any vertex of
W. For the child node (SU{w;},C\{u;,w;}) the vertex w, is swapped and therefore
still either in the partial solution or the candidate set. Since all other vertices of W
are not affected by swapping w;, we can conclude that the condition is satisfied for
this child node too.

Altogether, we see that the two generated child nodes satisfy the conditions with the
index set I U{j}. Since this construction works for all the 2~ nodes on the (k—1)-th
level, we can conclude that the k-th level contains 2¥ nodes that satisfy the required
conditions. a

Note that the assumption about the ordering of vertices really matters in this example.
Let us consider the case p = 2 for that. If for some node (S,C) the vertices of
the selected edge {w,;,u;} are ordered so that w; is the first vertex, then w; gets
excluded from candidate set of the partial solution SU{u,}, which is C” := C\{u;, w;}.

That implies that the vertex w; is neither in the partial solution S U {u,} nor in its
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4.8 MMCS in Its Default Configuration

corresponding candidate set C’. This in turn means that for all w; ¢ S U {w,}, the
edge {w;,w;} is unhit and [{w;,w;} N C’| = 1. This causes MMCS to select all these
vertices one after the other, without branching into two nodes at any step. In that
way, MMCS reaches either the minimal hitting set {u;,wy, ..., w;_1,w;q,...,w,} or a
superset of it. In both cases the branch is finished. With some further thoughts, we
generalize this argument for every p > 2 in the following lemma.

Lemma 4.14 If MMCS in its default configuration, upon selecting an edge {wj, uj} of
the input graph A, always orders the vertices so that the child node corresponding
to w; gets the larger candidate set, then the size of the MMCS tree is at most (20)P.

In particular MMCS is output-polynomial on J} in that case.

Proof. For a node (S,C), we define W, := W \ (S UC). The proof relies on the
following observation. If for a node (5, C'), the set W, has size p—1, then the subtree
under the node (S, C) is trivial, meaning that every descendant has exactly one child
until a redundant set or a minimal hitting set is found. In other words, there are no
branching nodes in the subtree under (S,C), i.e. nodes with two or more children.
To see this, consider w € W\ W,,. It has an edge E := {w} UW_,_ € (VZ) for which
E N C consists of only one vertex, namely w. Since the min-heuristic always selects
an edge for which that intersection has minimum cardinality, all w € W \ W, must
be selected before MMCS can branch into two or more nodes again. Similarly, since
{u;, w; }NC = {u,;} for all w, € W, all these vertices u, must be selected before MMCS
can branch into two or more nodes again. Note that |W,, | > p — 1 would imply that
there is an unhit edge that has an empty intersection with the candidate set, which
is not possible by Lemma 2.10. Hence, after adding all vertices mentioned above, the
resulting partial solution S’ must contain all vertices of W except for the p—1 vertices
that W, consists of. Additionally, it must contain all vertices u,; for which it does not
contain wy, i.e. for all w; € W,,. In that case, however, S’ is already a hitting set and
hence either a minimal hitting set or redundant. In both cases MMCS is finished with
that branch.

Taking the point of view of an adversary that tries to maximize the number of branching
nodes in the MMCS tree, we call adding a vertex to W, a bad choice. In these terms,
MMCS can only make p — 1 bad choices until no further branching points can occur.

Whenever MMCS selects an edge {u;, w,} for anode (S, C) with u,, w;, € C, it generates
the child node (S U {u;},C \ {u;,w,;}). Here we used the assumption that the child
node corresponding to w; gets the larger candidate set. Note that w, now is unselected
and excluded from the candidate set, i.e. MMCS made a bad choice for that child node.
That implies that MMCS makes one bad choice for one child node. Also, consider the
case where an edge E € (VX) is selected. W.l.o.g., its intersection with the candidate
set is ENC = {wy,...,w,}. Then MMCS generates the child nodes (S U {w,},C \
{wy,...,w;}). That implies that for one child node, namely (S U {w;},C \ {w;}), no
bad choice is being made while for the next child node (S U {w,},C \ {w;,w,}), one
bad choice is being made with w;, whereas for the third child node, two bad choices
are being made, and so on until the last child node (S U {w}, C\ {wy, ..., w;}) makes
k — 1 bad choices with w,,...w,_;. So whatever edge is selected, if there are k child
nodes, then one makes no bad choice, the next makes one bad choice, the next makes
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two bad choices, and so on. Intuitively, this implies that in most branches, it only
takes few branching nodes until the p — 1 bad choices have been made, at which point
no further branching nodes can occur.

To calculate how large the MMCS tree can be, we consider the number N, (d) which is
defined as the maximum number of branching nodes that can occur in a tree that has
depth d and in which there cannot be any branching nodes after b bad choices. The
observation above about the number of bad choices per child node can be written as
the following recurrence formula, where d € Ny and b € N.

b—1
Ny(d+1) <14 > N, ,(d) (4.1)
=0

The 1 comes from the root node of the tree and the sum goes over all its child nodes.
For the child node with index i, we make ¢ bad choices, so the subtree under that child
nodes has only b — ¢ bad choices left until no further branching nodes may appear.
Also, that subtree has depth d, since its parent has depth d + 1. For all child nodes
with index ¢ > b that might be generated, all b bad choices are exhausted, which is
why the sum only goes up to ¢ = b — 1. Of course, there might be fewer than b child
nodes, but we do not aim for a tight bound here. To connect this back to the size
of the MMCS tree, note that the number of branching nodes in the MMCS tree can
be bounded by N,,_;(2¢). This is because the MMCS tree has depth at most 2¢ and
admits at most p — 1 bad choices before no further branching nodes can occur.

We claim that N,(d) < d® holds for all b € N and d € N,. Assume for an induction
proof, that this holds for some fixed d € N,. Then we can do an inductive step using
Equation (4.1) and the binomial theorem.

b—1
Ny(d+1) <14 > N, ,(d)

=0

b—1

=0

b—1
b\ ., .
<14> (i)db—l = (d+1)
=0

To conclude the induction, note that N,(0) = 0 < 0° holds for all b € N.

Finally, note that between any two branching nodes, there can be at most 2/ non-
branching nodes. Given that the MMCS tree contains at most N, ;(2¢) < (2£)P~*
branching nodes, we can conclude that it contains at most (2¢)? nodes in total. a

The fact that the ordering of vertices determines whether MMCS needs exponential or
polynomial time on %, suggests that it might be beneficial to augment MMCS with
a heuristic for ordering vertices. To develop our consideration above into a heuristic
for ordering vertices, note that for almost all partial solutions .S, the vertices of W
have a larger degree in the subhypergraph unhit(S) than the vertices of U. With the
degree in the subhypergraph unhit(S), we mean the number of yet unhit edges that
the given vertex is part of. Let us consider p = 2 here. For every w, € W, as long
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as there are still three vertices of W missing from S, there are two unhit edges that
w; is part of. At the same time, any vertex u; € U is part of at most one unhit edge.
Note that if both vertices of a selected edge are non-violating, one of them is excluded
only from its own child node’s candidate set, while the other one is only also excluded
from the other child node’s candidate set. In K2, the large degree of a vertex w; € W
is precisely why excluding it from the candidate set of its sibling node is beneficial.
Because then, the intersection of every unhit edge containing w,; with the candidate
set gets smaller by one. This is precisely how many edges get to have an intersection
of size one when excluding w; from the candidate set of the sibling node. As we have
seen above, these intersections of size one cause MMCS to finish quickly. For edges
of size two, we therefore propose to order the two vertices so that the vertex of larger
degree in unhit(S) is excluded from both child nodes’ candidate sets. In the following
and final chapter, we investigate this heuristic rigorously and generalize it to the case
where there are more than two vertices to branch on. Unsurprisingly, we can see that
for every p > 2, this heuristic enables MMCS to process % in polynomial time.

Corollary 4.15 With the heuristic for vertex ordering that is described above and later
formally defined in Definition 5.1, MMCS solves # in polynomial time for every
p > 2, where we consider the min-heuristic and enabled violator pruning.

Proof. Upon selecting an edge {wj,uj}, the heuristic almost always orders the two
vertices so that the child node corresponding w; gets the larger candidate set. That
is precisely the condition of Lemma 4.14, which implies polynomial runtime. However,
there is one case, where the other child node could get the larger candidate set. This
happens only when the current partial solution S already contains all vertices of W
besides w; and p — 1 others, because then the degree of w; in unhit(S) is one. This,
however, is not a problem for the polynomial runtime, since MMCS can only run into
such partial solutions polynomially often and the subtree under them is polynomial.
Therefore, the entire MMCS tree can only be polynomially larger than it would be
under the conditions of Lemma 4.14. To see why MMCS can only run into such nodes
polynomially often, note that for any w, € S, the vertex u,; cannot be selected by .S,
otherwise S would be redundant. Hence, there are at most (ﬁ) 2P such partial solutions,
which is polynomial in £. To see why the subtree under such nodes is polynomial, note
that S hits all edges of (‘Z) except for one edge, namely the edge consisting of the
p unselected vertices. Also, at most p of the remaining edges are unhit, namely the
edges {w;,u;} for which neither w; nor u, is selected. With only a constant number
of edges remaining unhit, the MMCS tree under the considered node has polynomial
size, as we have argued before several times, e.g., in the proof of Lemma 4.12. a

Summarizing the most important results of this chapter, we have seen that MMCS is
not output-polynomial in its default configuration, where we had to assume the worst
case regarding the ordering of vertices. In fact, MMCS in its default configuration
is not even output-polynomial on graphs, if we additionally assume the worst case
regarding edge selection among all edges satisfying the min-heuristic. Moreover, we
have seen that the min-heuristic can lead to exponentially better or worse runtime
than a non-min-heuristic depending on the input. We have also seen that disabling
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violator pruning can exponentially increase the runtime. Finally, we have developed
an idea for a heuristic for ordering vertices that reduces the runtime from exponential
to polynomial on the class #} from this section.
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In this chapter, we investigate the heuristic for ordering vertices that arose in Sec-
tion 4.3. We prove that it is equivalent to minimizing the number of potential branching
points among all direct child nodes. What this means exactly is defined later.

Before stating the heuristic, let us first recall the role of the ordering of vertices. When
MMCS selects an edge E € unhit(S), we look at the intersection £ N C, where S is
the current partial solution and C' the corresponding candidate set. We denote the
vertices of ENC as vy, ...,v;,. For the rest of this chapter, we use the convention that
the chosen ordering vy, ..., v, results in the following candidate sets. For every ¢, the
partial solution SU{v,} gets the candidate set C\ {vy,...v;}. If there are any violating
vertices, all of them have to be removed from all candidate sets. In particular, the first
vertex v; is excluded from the most candidate sets while the last vertex v, is excluded
from the fewest. The same convention is used implicitly in the original paper [MU14].
To avoid confusion, we should note that the ordering of vertices we discuss here is
independent of the order in which an implementation chooses to recursively process
the child nodes. That said, we propose the following heuristic, which is based on our
intuition from Section 4.3.

Definition 5.1 The degree heuristic for ordering vertices sorts the vertices of E N C
descendingly by their degree in the subhypergraph unhit(S), where E is the selected
edge, S the current partial solution and C the corresponding candidate set. That
means the vertex with the largest degree in unhit(S) gets the largest candidate set.

wnbit(s) (V) = {E € unhit(S) | v € S}| for the degree of a
vertex v in the subhypergraph unhit(S) C K.

Here, we use the notation deg

In the rest of this chapter, we prove that the degree heuristic is equivalent to minimizing
the number of potential branching points among all child nodes.

Definition 5.2 A potential branching point of a (child) node (S’,C’) for which S’ is
irredundant and non-hitting, is a combination (E’,v) of an edge E’ € unhit(S’) and
a vertex v € B’ N C’. For S” being redundant or a hitting set, we say that the (child)
node (S’,C") has no potential branching points, since such nodes are always leaves in
the MMCS tree.

The intuition behind a potential branching point (E’,v) is that MMCS will create a
new branch for v if the edge E’, which is available for selection, is selected. Using this
definition, we can state the following theorem about the degree heuristic for ordering
vertices.
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Theorem 5.3 Upon branching on an edge E € unhit(S) for a node (S, C), ordering
the vertices of £ N C according to the degree heuristic for ordering vertices minimizes
the number of potential branching points among all direct child nodes of (S, C).

Proof. We prove the slightly stronger statement, that ordering the vertices in such a
way that minimizes the number of potential branching points among all direct child
nodes is equivalent to ordering the non-violating vertices descendingly by their degree,
while violating vertices can appear at any place in the ordering.

Let us consider a node (S, C) for which we already have selected an edge E € unhit(S).
We consider some ordering of the vertices EN C = {v,...,v,} and investigate how
many potential branching points there are among all child nodes.

First, observe that any child node (S’,C’) has fewer potential branching points than
its parent (S,C). We look at how much smaller the set of potential branching points
of a child node (S’,C") is compared to (S,C). Of course, we get rid of all potential
branching points involving an edge E’ € unhit(S) which is now hit by S’. But since
this does not depend on the candidates, the ordering of vertices has no effect on it, so
we can safely ignore this effect in our analysis. The candidate set C’ only affects the
number of potential branching points in the following way. If a candidate v € C gets
excluded from the child’s candidate set C’, then we get rid of any potential branching
points (E’,v) with an edge E’ that includes v. In other words by excluding v, we get
rid of deg, .. S,)(v) potential branching points.

In the following, we assume that there are no violating vertices or equivalently that all
child nodes are irredundant and non-hitting. Firstly, we can ignore all child nodes that
are redundant or hitting, since by definition, they have no potential branching points.
Secondly, we can ignore that violating vertices are excluded from the candidate sets
of all child nodes. While this can actually decrease the number of potential branching
vertices in all child nodes, this decrease does not depend on the ordering of vertices.
This is because violating vertices are excluded from all candidate sets regardless of the
ordering of vertices. We can conclude that only the ordering of non-violating vertices
matters.

We now count how many potential branching points we get rid of among all direct
child nodes. For that, let us consider the child node (S U {v;},C \ {vy,...,v;}) for
some 5. Since the vertices vy, ...,v; are excluded from the child node’s candidate set,
we get rid of the following number of potential branching points.

Z degunhit(SU{vi}) (UJ)
=1

Summing over all child nodes, we get rid of the following number N of potential
branching points in total.

N =

k %
i=1

deg umit(sufv, ) (V) (5.1)
=1

36



Only one step is missing to see why we maximize this number by ordering the vertices
according to the degree heuristic. This step involves the following observation, where
&;; = {F € unhit(S) | v;,v; € E}.

degunhit(su{vi}) (vj> = degunhit(S) (vj) - ‘61]|

This follows from unhit(S) = unhit(SU{v;}) U{E € unhit(S) | v; € E} by intersecting
both sides with {E € # | v; € E}. Using this we can decompose the number N of
potential branching points that we get rid of from Equation (5.1) into the following.

k1
N = —~ 4 Z degunhlt Z Z‘

7 =1 j=

M (1)

We can see that (II) does not depend on the ordering of vertices. The key observation
for this is that |&;;| = [£;;] for all 4, j, which follows directly from the definition of &;;.
We can therefore write (II) = ij\é’iﬂ =3 Z#j‘gz‘ﬂ- This is now independent of the
ordering of vertices, since all combinations of indices appear. We can conclude that
only (I) matters if we want to find an ordering of vertices that maximizes the number
of potential branching points that we get rid of. Since in (I), the summand is now
independent of the summation index i, we can rewrite (I) to the following.

( ) - kdegunhlt(S) <U1) o2 degunhlt( )(vk 1) +1 degunhlt( )(Uk)

This representation shows that in order to maximize the number of potential branching
points that we get rid of, we have to order the vertices decreasingly by their degree in
the hypergraph unhit(S). That means we must choose v; to be the vertex with the
largest degree in unhit(S), v, must have second-largest degree, and so on. a

As a final remark, we shortly note that minimizing the number of potential branching
points among all direct child nodes does not necessarily minimize the actual number
of grandchildren. Intuitively, we are trying to get as many intersections £ NC as small
as possible, whereas for the actual number of grandchildren only the smallest such
intersection of every child node matters.

In conclusion, we have seen that the degree heuristic, that arose from the example H}
in Section 4.3, minimizes the number of potential branching points among all child
nodes. This suggests that the degree heuristic might be beneficial in general, not just
on this particular example.

37






6 Conclusion

We showed exponential lower bounds for various configurations of MMCS even when
there are only polynomially many minimal hitting sets. Most importantly, we showed
that MMCS is not output-polynomial in its default configuration, i.e. with the min-
heuristic and enabled violator pruning. This result even holds when we restrict the
inputs to graphs instead of general hypergraphs, but for that case, we assumed the
worst case regarding the selection of edges among all edges satisfying the min-heuristic.
This shows that, while there are output-polynomial algorithms enumerating all vertex
covers of graphs, MMCS is not one of them. Furthermore, we saw that MMCS with
a non-min-heuristic can take exponential time, while the min-heuristic reduces the
runtime to being polynomial on that particular class of hypergraphs. This behavior
can also be exactly reversed, as we saw with a class of hypergraphs that is solved in
polynomial time using a non-min-heuristic but requires exponential time when using
the min-heuristic and disabling violator pruning. Enabling violator pruning in that
case makes the runtime polynomial again, demonstrating that violator pruning can
make a significant difference. Some of these results, especially the lower bound for
MMCS in its default configuration, assume the worst case regarding the ordering of
vertices. The ordering of vertices is not specified in MMCS, and it determines the can-
didate sets of the child nodes. We showed that a certain ordering of vertices reduces
the runtime from exponential to polynomial on the class of hypergraphs that disproves
output-polynomiality for MMCS. Based on the intuition from this example, we pro-
pose to augment MMCS with a heuristic for ordering vertices based on their degree
among all edges that remained unhit so far. We showed that this heuristic minimizes
the number of potential branching points among all child nodes, suggesting that it
could improve the performance of MMCS in general, not just on the particular class
of hypergraphs from which it arose. Besides lower bounds, we showed that MMCS
is output-polynomial on paths and cycles due to their exponential number of mini-
mal hitting sets. As secondary findings, we made two interesting observations about
MMCS that, to our knowledge, have not been published before. Firstly, we showed
that the min-heuristic prevents MMCS from running into the situation where the can-
didate set is not sufficient to hit all remaining edges. Secondly, we showed that while
only inclusion-minimal edges matter for the transversal hypergraph, MMCS behaves
differently on a hypergraph # and on its minimization min(#’) due to redundancy
checks.

Future Work

While we have seen that the use of the min-heuristic can cause the runtime to increase
from being polynomial to being exponential in certain cases, and the opposite in other
cases, we have not shown a similar result for violator pruning. We saw a class of
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6 Conclusion

hypergraphs on which enabling violator pruning decreased the runtime from being
exponential to being polynomial. It might be interesting to investigate if there are
hypergraphs on which the opposite behavior is displayed.

It is currently still unknown whether there are output-polynomial algorithms enumer-
ating all minimal hitting sets of hypergraphs. We showed that MMCS, which on many
instances is the most efficient algorithm for enumerating minimal hitting sets, is not
output-polynomial. That said, augmenting MMCS with our proposed heuristic for or-
dering vertices could, in principle, make MMCS output-polynomial. It is an interesting
topic for future research to see if and how one could modify the hypergraph %} from
Section 4.3 to cause MMCS to need exponential time even with that new heuristic in
place. If this is successful, it might give further hints on how to modify MMCS to
improve its performance in practice or even make it output-polynomial.

While we showed that the new heuristic for ordering vertices minimizes the number of
potential branching points among all direct child nodes, it would be a very interesting
topic of future research to empirically evaluate the effects of the new heuristic on many
instances in practice.

Another interesting idea would be to add another strategy for candidate pruning. Note
that when we add a vertex u; from the hypergraph # from Section 4.3, then we can
remove the vertex w,; from the candidate set of S U {u;}. This is because adding u;
only hits a single previously unhit edge {w;,u,}, and that edge contains w,. So adding
w; to S U {u,;} later, would cause u; to lose its only private edge. With that pruning
technique, MMCS solves H in polynomial time for the same reason that is given in
the proof of Lemma 4.14, even without the new degree heuristic for vertex ordering.
In general, we propose the following strategy for candidate pruning. Upon adding a
vertex v to a partial solution S, we check if v hits only one previously unhit edge. If
that is the case, then we remove all vertices of that edge from the candidate set of
S U {v}. Note that this check can easily be integrated in the original implementation
of MMCS [MU14], since that implementation already iterates over all edges that are
hit by v and stores if those edges have remained unhit so far.

Lastly, it might be interesting to find larger classes of graphs or hypergraphs on which
MMCS is output-polynomial. A potential candidate would be the class of trees. Here,
the approach that worked for paths and cycles does not work, because trees do not
necessarily have exponentially many minimal hitting sets. For example, the star K, ,
consisting of a center vertex that is adjacent to all other n vertices, has exactly two
minimal vertex covers for every n € N. Nevertheless, there is a limit to how general
such classes of hypergraphs can be, since we could show that MMCS is not output-
polynomial on the class of all graphs.
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