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Task: find shortest path
Solution: Breadth-first search (BFS)

Running time: Θ(m)

Alternative: bi-directional BFS
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Running time: Θ(m) Only in the
worst-case!
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Goal: find definition that works on real graphs and in proofs
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Relative expansion overlap

s t

b-expansion-overlap

idea: sublinear if expansion-overlap
d(s;t) > const.

even better: ignore cheap start

cs ≤ m¸ ct ≤ m¸d¸(s; t)

Theorem 2
We have cbi(s; t) ∈ Õ

`
m1−"´ for s; t ∈ V with b-expansion overlap of length at least

c · d¸(s; t) for constant c and " = c(1−¸)
2(logb(b

+)+c) > 0, for maximum expansion b+.
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`
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d¸(s; t) ≥ a logb m for any const. a: Theorem 1 applies
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`
m1−"´ for s; t ∈ V with b-expansion overlap of length at least

c · d¸(s; t) for constant c and " = c(1−¸)
2(logb(b

+)+c) > 0, for maximum expansion b+.

Proof sketch:
Case distinction on d¸(s; t)

d¸(s; t) ≥ a logb m for any const. a: Theorem 1 applies
otherwise:

s t

cs ≤ m¸ ct ≤ m¸d¸(s; t)

cbi(s; t) ≈ m¸ · b+d¸(s;t) ≤ m¸ ·ma logb(b
+)



Deterministic Performance Guarantees for Bidirectional BFS on Real-World Networks Marcus Wilhelm, Thomas Bläsius – Theorietag 202211

Relative expansion overlap

Theorem 2
We have cbi(s; t) ∈ Õ

`
m1−"´ for s; t ∈ V with b-expansion overlap of length at least

c · d¸(s; t) for constant c and " = c(1−¸)
2(logb(b

+)+c) > 0, for maximum expansion b+.

Proof sketch:
Case distinction on d¸(s; t)

d¸(s; t) ≥ a logb m for any const. a: Theorem 1 applies
otherwise:

s t

cs ≤ m¸ ct ≤ m¸d¸(s; t)

cbi(s; t) ≈ m¸ · b+d¸(s;t) ≤ m¸ ·ma logb(b
+)

works out for suitable choice of a
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S1 S2

consider ratio of S1=S2 instead
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A tight characterization

Intuition:
suppose d(s; t)− d¸(s; t) large, d¸(s; t) small

s t

small or “negative” overlap allowed

S1 S2

T1T2

consider ratio of S2=S1, T2=T1 instead
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S1 S2

T1T2

Definition:  = max(S2;T2)
min(S1;T1)

Theorem 3
Bi-diretional BFS runs in Õ

`
m1−"´ time with " > 0 if  < 1−¸

1−¸+¸ logb(b
+) . Otherwise there

are instances with running time in Θ(m).
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Bi-diretional BFS runs in Õ

`
m1−"´ time with " > 0 if  < 1−¸

1−¸+¸ logb(b
+) . Otherwise there

are instances with running time in Θ(m).

Proof sketch 1:
Case distinction on length of expansion overlap

length at least c · logb(m): Theorem 1
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Theorem 1
We have cbi(s; t) ∈ Õ

`
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More info:
scale.iti.kit.edu/resources/supplemental/
On ArXiv soon
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